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Preface

Kro a7 He ramenmuk npsimon,

He kpoBenbmuk, He KopabenbuK, —
JlBypymHUK 51, C IBOWMHOW AYIIOL,

S HOUM mpyT, A HHA 3ACTPEJLIINK.

O. Maugensmram. I'pudensras ona.

Who am 1?7 Not a straightforward mason,

Not a roofer, not a shipbuilder, —

I am a double agent, with a duplicitous soul,

I am a friend of the night, a skirmisher of the day.
O. Mandelshtam. The Graphite Ode.

1. What is the object of study in this book?

The main unifying theme of the two volumes of this book is the notion of ind-
coherent sheaf, or rather, categories of such on various geometric objects. In this
section we will try to explain what ind-coherent sheaves are and why we need this
notion.

1.1. Who are we? Let us start with a disclosure: this book is not really about
algebraic geometry.

Or, rather, in writing this book, its authors do not act as real algebraic geome-
ters. This is because the latter are ultimately interested in geometric objects that
are constrained/enriched by the algebraicity requirement.

We, however, use algebraic geometry as a tool: this book is written with a view
toward applications to representation theory.

It just so happens that algebraic geometry is a very (perhaps, even the most)
convenient way to formulate representation-theoretic problems of categorical na-
ture. This is not surprising, since, after all, algebraic groups are themselves objects
of algebraic geometry.

The most basic example of how one embeds representation theory into algebraic
geometry is this: take the category Rep(G) of algebraic representations of a linear
algebraic group G. Algebraic geometry allows us to define/interpret Rep(G) as the
category of quasi-coherent sheaves on the classifying stack BG.

The advantage of this point of view is that many natural constructions asso-
ciated with the category of representations are already contained in the package
of ‘quasi-coherent sheaves on stacks’. For example, the functors of restriction and

xi
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coinductiorﬂ along a group homomorphism G’ - G are interpreted as the functors
of inverse and direct image along the map of stacks

BG' - BG.

But what is the advantage of this point of view? Why not stick to the explicit
constructions of all the required functors within representation theory?

The reason is that ‘explicit constructions’ involve ‘explicit formulas’, and once
we move to the world of higher categories (which we inevitably will, in order to
meet the needs of modern representation theory), we will find ourselves in trouble:
constructions in higher category theory are intolerant of explicit formulas (for an
example of a construction that uses formulas see point (III) in Sect. below).
Rather, when dealing with higher categories, there is a fairly limited package of
constructions that we are allowed to perform (see Volume I, Chapter 1, Sects. 1
and 2 where some of these constructions are listed), and algebraic geometry seems
to contain a large chunk (if not all) of this package.

1.2. A stab in the back. Jumping ahead slightly, suppose for example that we
want to interpret algebro-geometrically the category g-mod of modules over a Lie
algebra g.

The first question is: why would one want to do that? Namely, take the
universal enveloping algebra U(g) and interpret g-mod as modules over U(g). Why
should one mess with algebraic geometry if all we want is the category of modules
over an associative algebra?

But let us say that we have already accepted the fact that we want to interpret
Rep(@G) as QCoh(BG@G). If we now want to consider restriction functor

(1.1) Rep(G) — g-mod,

(where g is the Lie algebra of G), we will need to give an algebro-geometric inter-
pretation of g-mod as well.

If g is a usual (=classical) Lie algebra, one can consider the associated formal
group, denoted in the book exp(g), and one can show (see Chapter 7, Sect. 5) that
the category g-mod is canonically equivalent to QCoh(B(exp(g))), the category of
quasi-coherent sheaves on the classifying stackﬂ of exp(g). With this interpretation
of g-mod, the functor is simply the pullback functor along the map

B(exp(g)) - BG,
induced by the (obvious) map exp(g) — G.

Let us now be given a homomorphism of Lie algebras « : g’ - g. The functor
of restriction g-mod — g’-mod still corresponds to the pullback functor along the
corresponding morphism

(1.2) B(exp(g')) 2% B(exp(g)).

What we call ‘coinduction’ is the functor right adjoint to restriction, i.e., it is the usual
representation-theoretic operation.

20One can (reasonably) get somewhat uneasy from the suggestion to consider the category of
quasi-coherent sheaves on the classifying stack of a formal group, but, in fact, this is a legitimate
operation.
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Note, however, that when we talk about representations of Lie algebras, the natural
functor in the opposite direction is induction, i.e., the left adjoint to restriction.
And being a left adjoint, it cannot correspond to the direct image along
(whatever the functor of direct image is, it is the right adjoint of pullback).

This inconsistency leads to the appearance of ind-coherent sheaves.

1.3. The birth of IndCoh.

What happens is that, although we can interpret g-mod as QCoh(B(exp(g))),
a more natural interpretation is as IndCoh(B(exp(g))). The symbol ‘IndCoh’ will
of course be explained in the sequel. It just so happens that for a classical Lie
algebra, the categories QCoh(B(exp(g))) and IndCoh(B(exp(g))) are equivalent
(as QCoh(BG) is equivalent to IndCoh(BG)).

Now, the functor of restriction along the homomorphism a will be given by the
functor

(fa)' : IndCoh(B(exp(g"))) - IndCoh(B(exp(g)));
this is the !-pullback functor, which is the raison d’étre for the theory of IndCoh.

However, the functor of induction g’-mod — g-mod will be the functor of IndCoh
direct image

(1.3) (fa):°°" : IndCoh(B(exp(g"))) ~ IndCoh(B(exp(g))).

which is the left adjoint of (f,)'. This adjunction is due to the fact that the
morphism f, is, in an appropriate sense, proper.

Now, even though, as was mentioned above, for a usual Lie algebra g, the
categories
QCoh(B(exp(g))) and IndCoh(B(exp(g)))

are equivalent, the functor (f,)PdCoh of is as different as can be from the
functor

(fa)«: QCoh(B(exp(g'))) - QCoh(B(exp(g)))
(the latter is quite ill-behaved).

For an analytically minded reader let us also offer the following (albeit some-
what loose) analogy: QCoh(-) behaves more like functions on a space, while
IndCoh(-) behaves more like measures on the same space.

1.4. What can we do with ind-coherent sheaves? As we saw in the example
of Lie algebras, the kind of geometric objects on which we will want to consider
IndCoh (e.g., B(exp(g))) are quite a bit more general than the usual objects on
which we consider quasi-coherent sheaves, the latter being schemes (or algebraic
stacks).

A natural class of algebro-geometric objects for which IndCoh is defined is that
of inf-schemes, introduced and studied in Volume II, Part I of the book. This
class includes all schemes, but also formal schemes, as well as classifying spaces of
formal groups, etc. In addition, if X is a scheme, its de Rham prestackﬂ X4r is an
inf-scheme, and ind-coherent sheaves on Xgr will be the same as crystals (a.k.a.
D-modules) on X.

3The de Rham prestack of a given scheme X is obtained by ‘modding’ out X by the groupoid
of its infinitesimal symmetries, see Chapter 4, Sect. 1.1.1 for a precise definition.
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Thus, for any inf-scheme X we have a well-defined category IndCoh(X’). For
any map of inf-schemes f : X’ — X we have functors

findCoh . 1ndCoh(X") - IndCoh(X)

and
f':IndCoh(X) - IndCoh(X").
Moreover, if f is propelﬂ, then the functors (4 ') form an adjoint pair.

Why should we be happy to have this? The reason is that this is exactly the
kind of operations one needs in geometric representation theory.

1.5. Some examples of what we can do.

(I) Take X’ to be a scheme X and X = Xggr, with f being the canonical projection
X — Xgr. Then the adjoint pair

fIndCoh: 1 dCoh(X) 2 IndCoh(Xggr) : f'
identifies with the pair
indp_mod : IndCoh(X) 2 D-mod(X) : indp_mod,

corresponding to forgetting and inducing the (right) D-module structure (as we
shall see shortly in Sect. for a scheme X, the category IndCoh(X) is only
slightly different from the usual category of quasi-coherent sheaves QCoh(X)).

(IT) Suppose we have a morphism of schemes ¢g:Y — X and set

Yar g X4r.

The corresponding functors
fIndCoh . 1) dCoh(Yar) - IndCoh(X4gr) and f': IndCoh(Xg4r) — IndCoh(Yag)
identify with the functors
g+ Dmod : Dmod(Y") » Dmod(X) and gh,,,,q : Dmod(X) - Dmod(Y")
of D-module (a.k.a. de Rham) push-forward and pullback, respectively.

Note that while the operation of pullback of (right) D-modules corresponds to
I-pullback on the underlying O-module, the operation of D-module push-forward is
less straightforward as it involves taking fiber-wise de Rham cohomology. So, the
operation of the IndCoh direct image does something quite non-trivial in this case.

(III) Suppose we have a Lie algebra g that acts (by vector fields) on a scheme X.
In this case we can create a diagram

B(exp(g)) <= Bx (exp(s)) = Xar,
where Bx (exp(g)) is an inf-scheme, which is the quotient of X by the action of g.
Then the composite functor
(f2)™90 o (£,)' : TndCoh(B(exp(g))) - ndCoh(Xan)
identifies with the localization functor
g-mod - Dmod(X).
4Properness means the following: to every inf-scheme there corresponds its underlying re-

duced scheme, and a map between inf-schemes is proper if and only if the map of the underlying
reduced schemes is proper in the usual sense.
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This third example should be a particularly convincing one: the localization
functor, which is usually defined by an explicit formula

M~Dx ® M,
U(g)

is given here by the general formalism.

2. How do we do we construct the theory of IndCoh?

Whatever inf-schemes are, for an individual inf-scheme X, the category IndCoh(X’)
is bootstrapped from the corresponding categories for schemes by the following pro-
cedure:

(2.1) IndCoh(X) = Zhn}( IndCoh(Z).
Some explanations are in order.

2.1. What do we mean by limit?

(a) In formula , the symbol ‘lim’ appears. This is the limit of categories, but not
quite. If we were to literally take the limit in the category of categories, we would
obtain utter nonsense. This is a familiar phenomenon: the (literally understood)
limit of, say, triangulated categories is not well-behaved. A well-known example of
this is that the derived category of sheaves on a space cannot be recovered from the
corresponding categories on an open cover. However, this can be remedied if instead
of the triangulated categories we consider their higher categorical enhancements,
i.e., the corresponding oco-categories.

So, what we actually mean by ‘limit’, is the limit taken in the co-category of
oo-categories. That is, in the preceding discussion, all our IndCoh(-) are actually
oo-categories. In our case, they have a bit more structure: they are k-linear over
a fixed ground field k; we call them DG categories, and denote the co-category of
such by DGCat.

Thus, co-categories inevitably appear in this book.

(b) The indexing (oo)-category appearing in the expression ([2.1)) is the (oo)-category
opposite to that of schemes Z equipped with a map Z — X to our inf-scheme X.
The transition functors are given by

(Z' % 7) € Schyy ~ IndCoh(Z) - IndCoh(Z").

So, in order for the expression in (2.1) to make sense we need to make the
assignment
(22)  Z~MdCoh(Z), (Z'% Z)~ (IndCoh(Z) < IndCoh(Z"))
into a functor of co-categories
(2.3) IndCohg,, : (Sch)°® - DGCat .

To that end, before we proceed any further, we need to explain what the DG
category IndCoh(Z) is for a scheme Z.

For a scheme Z, the category IndCoh(Z) will be almost the same as QCoh(Z).
The former is obtained from the latter by a renormalization procedure, whose
nature we shall now explain.
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2.2. Why renormalize? Keeping in mind the examples of Rep(G) and g-mod,
it is natural to expect that the assignment (2.2]) (for schemes, and then also for
inf-schemes) should have the following properties:

(i) For every scheme Z, the DG category IndCoh(Z) should contain infinite direct
sums;

(ii) For a map Z' Lz , the functor IndCoh(Z) EiN IndCoh(Z") should preserve
infinite direct sums.

This means that the functor (2.3)) takes values in the subcategory of DGCat,
where we allow as objects only DG categories satisfying (1)E| and as l-morphisms
only functors that satisfy (ii)lﬂ

Let us first try to make this work with the usual QCoh. We refer the reader to
Volume I, Chapter 3, where the DG category QCoh(X) is introduced for an arbi-
trary prestack, and in particular a scheme. However, for a scheme Z, whatever the
DG category QCoh(Z) is, its homotopy category (which is a triangulated category)
is the usual (unbounded) derived category of quasi-coherent sheaves on Z.

Suppose we have a map of schemes Z’ R Z. The construction of the !-pullback
functor
f':QCoh(Z) - QCoh(Z")
is quite complicated, except when f is proper. In the latter case, f', which from
now on we will denote by f“QC°" is defined to be the right adjoint of

f+:QCoh(Z") - QCoh(Z).

The only problem is that the above functor f>QC°" does not preserve infinite
direct sums. The simplest example of a morphism for which this happens is

f : Spec(k) — Spec(k[t]/t?)
(or the embedding of a singular point into any scheme).

The reason for the failure to preserve infinite direct sums is this: the left adjoint
of f4QC°h ‘ie. f., does not preserve compactness. Indeed, f, does not necessarily
send perfect complexes on Z' to perfect complexes on Z, unless f is of finite Tor-
dimensio

So, our attempt with QCoh fails (ii) above.

2.3. Ind-coherent sheaves on a scheme. The nature of the renormalization
procedure that produces IndCoh(Z) out of QCoh(Z) is to force (ii) from Sect.
‘by hand’.

As we just saw, the problem with fQ€°" was that its left adjoint f. did not
send the corresponding subcategories of perfect complexes to one another. However,

f+ sends the subcategory
Coh(Z") c QCoh(Z")

5Such DG categories are called cocomplete.

6Such functors are called continuous.

7We remark that a similar phenomenon, where instead of the category QCoh(Spec(k[t]/t2)) =
k[t]/t?>-mod we have the category of representations of a finite group, leads to the notion of
Tate cohomology: the trivial representation on Z is not a compact object in the category of
representations.
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to

Coh(Z) c QCoh(Z2),
where Coh(-) denotes the subcategory of bounded complexes, whose cohomology
sheaves are coherent (as opposed to quasi-coherent).

The category IndCoh(Z) is defined as the ind-completion of Coh(Z) (see Vol-
ume I, Chapter 1, Sect. 7.2 for what this means). The functor f. gives rise to a
functor Coh(Z") - Coh(Z), and ind-extending we obtain a functor

fIndCoh . 1ndCon(Z') —» IndCoh(Z).

Its right adjoint, denoted f' : IndCoh(Z) — IndCoh(Z’) satisfies (ii) from
Sect. 2.2

Are we done? Far from it. First, we need to define the functor
findCoh: IndCoh(Z') - IndCoh(Z)

for a morphism f that is not necessarily proper. This will not be difficult, and will
be done by appealing to t-structures, see Sect. below.

What is much more serious is to define f' for any f. More than that, we need
f' not just for an individual f, but we need the data of to be a functor of
co-categories as in . Roughly a third of the work in this book goes into the
construction of the functor ; we will comment on the nature of this work in
Sect. 2.5l and then in Sect. Bl below.

2.4. In what sense is IndCoh a ‘renormalization’ of QCoh? The tautological
embedding Coh(Z) - QCoh(Z) induces, by ind-extension, a functor

Uy : IndCoh(Z) —» QCoh(Z2).

The usual t-structure on the DG category Coh(Z) induces one on IndCoh(Z).
The key feature of the functor ¥ is that it is t-ezact. Moreover, for every fixed n,
the resulting functor

IndCoh(Z)*™™ - QCoh(Z)*™"
is an equivalenceﬂ The reason for this is that any coherent complex can be approx-
imated by a perfect one up to something in Coh(Z)<™" for any given n.

In other words, the difference between IndCoh(Z) and QCoh(Z) occurs ‘some-
where at —oco’. So, this difference can only become tangible in the finer questions
of homological algebra (such as convergence of spectral sequences).

However, we do need to address such questions adequately if we want to have a
functioning theory, and for the kind of applications we have in mind (see Sect.
above) this necessitates working with IndCoh rather than QCoh.

As an illustration of how the theory of IndCoh takes something very familiar
and unravels it to something non-trivial, consider the IndCoh direct image functor.

In the case of schemes, for a morphism f: Z’ — Z, the functor
fhdCoh: 1hdCoh(Z’) - IndCoh(Z)
does ‘little new’ as compared to the usual

£+ :QCoh(Z") - QCoh(Z).

8But the functor ¥ is an equivalence on all of IndCoh(Z) if and only if Z is smooth.
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Namely, indc"h

makes the diagram

is the unique functor that preserves infinite direct sums and

IndCoh(2')*™" 2 QCoh(Z)>™"

findCoh l l Fu

IndCoh(Z)>" —22 QCoh(Z)>"

commute for every n.

However, as was already mentioned, once we extend the formalism of IndCoh
direct image to inf-schemes, we will in particular obtain the de Rham direct image
functor. So, it is in the world of inf-schemes that IndCoh shows its full strength.

2.5. Construction of the !-pullback functor. As has been mentioned already,
a major component of work in this book is the construction of the functor

IndCohgy, : (Sch)°P — DGCat
of (Z3).

We already know what IndCoh(Z) is for an individual scheme. We now need

to extend it to morphisms.

For a morphism f:Z' — Z, we can factor it as
(2.4) 7475
where f1 is an open embedding and f5 is proper. We then define

f':IndCoh(Z) — IndCoh(Z")
to be
fiofs.

where
(i) f5 is the right adjoint of (fy)mdCeh;
(ii) fi is the left adjoint of (f,)indCen,

Of course, in order to have f' as a well-defined functor, we need to show that
its definition is independent of the factorization of f as in . Then we will have

to show that the definition is compatible with compositions of morphisms. But this
is only the tip of the iceberg.

Since we want to have a functor between oco-categories, we need to supply the
assignment
!
f~f
with a homotopy-coherent system of compatibilities for n-fold compositions of mor-
phisms, a task which appears infeasible to do ‘by hand’.

What we do instead is we prove an existence and uniqueness theorem... not
for , but rather for a more ambitious piece of structure. We refer the reader
to Volume I, Chapter 5, Proposition 2.1.4 for the precise formulation. Here we will
only say that, in addition to , this structure contains the data of a functor

(2.5) IndCoh : Sch — DGCat,
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IndCoh
Z ~IndCoh(Z), (Z' EA Z) ~ (IndCoh(Z") I IndCoh(Z2)),
as well as compatibility between (2.3) and (2.5)).

The latter means that whenever we have a Cartesian square

’

i
(2.6) fll jf

zZ, —2 . 7

there is a canonical isomorphism of functors, called base change:

(27) (fl)indCOh ° (g’)! ~ g! ° findCOh~

2.6. Enter DAG. The appearance of the Cartesian square (2.6 heralds another
piece of ‘bad news’. Namely, Z] must be the fiber product
Zl X Z,.
z

But what category should we take this fiber product in? If we look at the

example
pt X pt —— pt

| |

pt A,
(here pt = Spec(k), A' = Spec(k[t])), we will see that the fiber product pt X pt

cannot be taken to be the point-scheme, i.e., it cannot be the fiber product in the
category of usual (=classical) schemes. Rather, we need to take

t x pt = Spec(k ® k
pt x pt = Spec( 2 )

where the tensor product is understood in the derived sense, i.e.,
k ® k=k[e], deg(e)=-1.
k[t]

This is to say that in building the theory of IndCoh, we cannot stay with
classical schemes, but rather need to enlarge our world to that of derived algebraic
geometry.

So, unless the reader has already guessed this, in all the previous discussion,
the word ‘scheme’ had to be understood as ‘derived schemeﬂ (although in the main
body of the book we say just ‘scheme’, because everything is derived).

However, this is not really ‘bad news’. Since we are already forced to work
with oo-categories, passing from classical algebraic geometry to DAG does not add
a new level of complexity. But it does add a lot of new techniques, for example in
anything that has to do with deformation theory (see Chapter 1).

Moreover, many objects that appear in geometric representation theory nat-
urally belong to DAG (e.g., Springer fibers, moduli of local systems on a curve,
moduli of vector bundles on a surface). That is, these objects are not classical, i.e.,

9Technically7 for whatever has to do with IndCoh, we need to add the adjective ‘laft’=‘locally
almost of finite type’, see Volume I, Chapter 2, Sect. 3.5 for what this means.
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we cannot ignore their derived structure if we want to study their scheme-theoretic
(as opposed to topological) properties. So, we would have wanted to do DAG in
any case.

Here are two particular examples:

(I) Consider the category of D-modules (resp., perverse) sheaves on the double
quotient
NG/,

where G is a connected reductive group, G((t)) is the corresponding loop group
(considered as an ind-scheme) and I c G((t)) is the Iwahori subgroup. Then
Bezrukavnikov’s theory (see [Bez]) identifies this category with the category of
ad-equivariant ind-coherent (resp., coherent) sheaves on the Steinberg scheme (for
the Langlands dual group). But what do we mean by the Steinberg scheme? By
definition, this is the fiber product

(2.8) N x N,

where N is the Springer resolution of the nilpotent cone. However, in order for this
equivalence to hold, the fiber product in (2.8)) needs be understood in the derived

sense.

(IT) Let X be a smooth and complete curve. Let Pic(X) be the Picard stack of X,
i.e., the stack parameterizing line bundles on X. Let LocSys(X) be the stack param-
eterizing 1-dimensional local systems on X. The Fourier-Mukai-Laumon transform
defines an equivalence

Dmod(Pic(X)) ~ QCoh(LocSys(X)).

However, in order for this equivalence to hold, we need to understand LocSys(X)
as a derived stack.

2.7. Back to inf-schemes. The above was a somewhat lengthy detour into the
constructions of the theory of IndCoh on schemes. Now, if X is an inf-scheme, the
category IndCoh(X) is defined by the formula (2.1]).

Thus, informally, an object F € IndCoh(X) is a family of assignments
(Z35 X)~ Fz, e IndCoh(Z)

(here Z is a scheme) plus

(Z' % Z) € Sebyx ~ ['(Fra) = Fra,
along with a homotopy-coherent compatibility data for compositions of morphisms.
For a map ¢g: X’ — X, the functor
g': IndCoh(X) - IndCoh(X")

is essentially built into the construction. Recall, however, that our goal is to also
have the functor

gdCeh: TndCoh(X") — IndCoh(X).
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The construction of the latter requires some work (which occupies most of
Volume II, Chapter 3). What we show is that there exists a unique system of such
functors such that for every commutative (but not necessarily Cartesian) diagram

Z’;,)X’

b
zZ — > x
with Z, Z’ being schemes and the morphisms ¢,¢" proper, we have an isomorphism

IndCoh -/\IndCoh _, ;-IndCoh IndCoh
g)(' © (Z )* - Z* ° f

where i14C°N (resp., (i")dCoh) i the left adjoint of i (resp., (i')').

Amazingly, this procedure contains the de Rham push-forward functor as a
particular case.

3. What is actually done in this book?

This book consists of two volumes. The first Volume consists of three Parts and
an Appendix and the second Volume consists of two Parts. Each Part consists of
several Chapters. The Chapters are designed so that they can be read independently
from one another (in a sense, each Chapter is structured as a separate paper with
its own introduction that explains what this particular chapter does).

Below we will describe the contents of the different Parts and Chapters from
several different perspectives: (a) goals and role in the overall project; (b) practical
implications; (c¢) nature of work; (d) logical dependence.

3.1. The contents of the different parts.
Volume I, Part I is called ‘preliminaries’, and it is really preliminaries.
Volume I, Part IT builds the theory of IndCoh on schemes.

Volume I, Part III develops the formalism of categories of correspondences; it is
used as a ‘black box’ in the key constructions in Volume I, Part II and Volume II,
Part I: this is our tool of bootstrapping the theory of IndCoh out of a much smaller
amount of data.

Volume I, Appendix provides a sketch of the theory of (oo,2)-categories, which, in
turn, is crucially used in Volume I, Part III.

Volume II, Part I defines the notion of inf-scheme and extends the formalism of
IndCoh from schemes to inf-schemes, and in that it achieves one of the two main
goals of this book.

Volume II, Part II consists of applications of the theory of IndCoh: we consider
formal moduli problems, Lie theory and infinitesimal differential geometry; i.e.,
exactly the things one needs for geometric representation theory. Making these
constructions available is the second of our main goals.
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3.2. Which chapters should a practically minded reader be interested
in? Not all the Chapters in this book make an enticing read; some are downright
technical and tedious. Here is, however, a description of the ‘cool’ things that some
of the Chapters do:

None of the material in Volume I, Part I alters the pre-existing state of knowledge.

Volume I, Chapters 4 and 5 should not be a difficult read. They construct the
theory of IndCoh on schemes (the hard technical work is delegated to Volume I,
Chapter 7). The reader cannot avoid reading these chapters if he/she is interested
in the applications of IndCoh: one has to have an idea of what IndCoh is in order
to use it.

Volume I, Chapters 6 is routine. The only really useful thing from it is the functor
Tz :QCoh(Z) - IndCoh(Z2),

given by tensoring an object of QCoh(Z) with the dualizing complex wz € IndCoh(Z).
Extract this piece of information from Sects. 3.2-3.3 and move on.

Volume I, Chapter 7 introduces the formalism of correspondences. The idea of the
category of correspondences is definitely something worth knowing. We recommend
the reader to read Sect. 1 in its entirety, then understand the universal property
stated in Sect. 3, and finally get an idea about the two extension theorems, proved in
Sects. 4 and 5, respectively. These extension theorems are the mechanism by means
of which we construct IndCoh as a functor out of the category of correspondences
in Volume I, Chapter 5.

Volume I, Chapter 8 proves a rather technical extension theorem, stated in Sect.
1; we do not believe that the reader will gain much by studying its proof. This
theorem is key to the extension of IndCoh from schemes to inf-schemes in Volume
II, Chapter 3.

Volume I, Chapter 9 is routine, except for one observation, contained in Sects. 2.2-
2.3: the natural involution on the category of correspondences encodes duality. In
fact, this is how we construct Serre duality on IndCoh(Z) and Verdier duality on
Dmod(Z) where Z is a scheme (or inf-scheme), see Volume I, Chapter 5, Sect. 4.2,
Chapter 3, Sect. 6.2, and Chapter 4, Sect. 2.2, respectively.

Volume I, Chapter 10 introduces the notion of (oo,2)-category and some basic
constructions in the theory of (o0, 2)-categories. This Chapter is not very technical
(mainly because it omits most proofs) and might be of independent interest.

Volume I, Chapter 11 does a few more technical things in the theory of (oo,2)-
categories. It introduces the (oo, 2)-category of (o0,2)-categories, denoted 2-Cat.
We then discuss the straightening /unstraightening procedure in the (oo, 2)-categorical
context and the (oo,2)-categorical Yoneda lemma. The statements of the results
from this Chapter may be of independent interest.

Volume I, Chapter 12 discusses the notion of adjunction in the context of (oo,2)-
categories. The main theorem in this Chapter explicitly constructs the universal
adjointable functor (and its variants), and we do believe that this is of interest
beyond the particular goals of this book.

Volume II, Chapter 1 is background on deformation theory. The reason it is in-
cluded in the book is that the notion of inf-scheme is based on deformation theory.



3. WHAT IS ACTUALLY DONE IN THIS BOOK? xxiii

However, the reader may find the material in Sects. 1-7 of this Chapter useful
without any connection to the contents of the rest of the book.

Volume II, Chapter 2 introduces inf-schemes. It is quite technical. So, the prac-
tically minded reader should just understand the definition (Sect. 3.1) and move
on.

Volume II, Chapter 3 bootstraps the theory of IndCoh from schemes to inf-schemes.
It is not too technical, and should be read (for the same reason as Volume I,
Chapters 4 and 5). The hard technical work is delegated to Volume I, Chapter 8.

Volume II, Chapter 4 explains how the theory of crystals/D-modules follows from
the theory of IndCoh on inf-schemes. Nothing in this Chapter is very exciting, but
it should not be a difficult read either.

Volume II, Chapter 5 is about formal moduli problems. It proves a pretty strong
result, namely, the equivalence of categories between formal groupoids acting on
a given prestack X (assumed to admit deformation theory) and formal moduli
problems under X.

Volume II, Chapter 6 is a digression on the general notion of Lie algebra and Koszul
duality in a symmetric monoidal DG category. It gives a nice interpretation of
the universal enveloping algebra of a Lie algebra of g as the homological Chevalley
complex of the Lie algebra obtained by looping g. The reader may find this Chapter
useful and independently interesting.

Volume II, Chapter 7 develops Lie theory in the context of inf-schemes. Namely,
it establishes an equivalence of categories between group inf-schemes (over a given
base X) and Lie algebras in IndCoh(X’). One can regard this result as one of the
main applications of the theory developed hereto.

Volume II, Chapters 8 and 9 use the theory developed in the preceding Chapters
for ‘differential calculus’ in the context of DAG. We discuss Lie algebroids and
their universal envelopes, the procedure of deformation to the normal cone, etc.
For example, the notion of n-th infinitesimal neighborhood developed in Volume
II, Chapter 9 gives rise to the Hodge filtration.

3.3. The nature of the technical work. The substance of mathematical thought
in this book can be roughly split into three modes of cerebral activity: (a) making
constructions; (b) overcoming difficulties of homotopy-theoretic nature; (¢) dealing
with issues of convergence.

Mode (a) is hard to categorize or describe in general terms. This is what one
calls ‘the fun part’.

Mode (b) is something much better defined: there are certain constructions that
are obvious or easy for ordinary categories (e.g., define categories or functors by an
explicit procedure), but require some ingenuity in the setting of higher categories.
For many readers that would be the least fun part: after all it is clear that the thing
should work, the only question is how to make it work without spending another
100 pages.

Mode (c) can be characterized as follows. In low-tech terms it consists of
showing that certain spectral sequences converge. In a language better adapted for
our needs, it consists of proving that in some given situation we can swap a limit
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and a colimit (the very idea of IndCoh was born from this mode of thinking). One
can say that mode (c) is a sort of analysis within algebra. Some people find it fun.

Here is where the different Chapters stand from the point of view of the above
classification:

Volume I, Chapter 1 is (b) and a little of (c).
Volume I, Chapter 2 is (a) and a little of (c).
Volume I, Chapter 3 is (c).

Volume I, Chapter 4 is (a) and (c).

Volume I, Chapter 5 is (a).

Volume I, Chapter 6 is (b).

Volume I, Chapters 7-9 are (b).

Volume I, Chapters 10-12 are (b).

Volume II, Chapter 1 is (a) and a little of (c).
Volume II, Chapter 2 is (a) and a little of (c).
Volume II, Chapter 3 is (a).

Volume II, Chapter 4 is (a).

Volume II, Chapter 5 is (a).

Volume II, Chapter 6 is (c) and a little of (b).
Volume II, Chapter 7 is (c) and a little of (a).
Volume II, Chapters 8 and 9 are (a).

3.4. Logical dependence of chapters. This book is structured so that Volume
I prepares the ground and Volume II reaps the fruit. However, below is a scheme of
the logical dependence of chapters, where we allow a 5% skip margin (by which we
mean that the reader skips certain thingﬂ and comes back to them when needed).

3.4.1. Volume I, Chapter 1 reviews oo-categories and higher algebra. Read it only
if you have no prior knowledge of these subjects. In the latter case, here is what
you will need in order to understand the constructions in the main body of the
book:

Read Sects. 1-2 to get an idea of how to operate with co-categories (this is a
basis for everything else in the book).

Read Sects. 5-7 for a summary of stable co-categories: this is what our QCoh(-)
and IndCoh(-) are; forget on the first pass about the additional structure of k-linear
DG category (the latter is discussed in Sect. 10).

Read Sects. 3-4 for a summary of monoidal structures and duality in the context
of higher category theory. You will need it for this discussion of Serre duality and
for Volume I, Chapter 6.

Sects. 8-9 are about algebra in (symmetric) monoidal stable co-categories. You
will need it for Volume II, Part II of the book.

10These are things that can be taken on faith without compromising the overall understanding
of the material.
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Volume I, Chapter 2 introduces DAG proper. If you have not seen any of it
before, read Sect. 1 for the (shockingly general, yet useful) notion of prestack. Every
category of geometric objects we will encounter in this book (e.g., (derived) schemes,
Artin stacks, inf-schemes, etc.) will be a full subcategory of the oo-category of
prestacks. Proceed to Sect. 3.1 for the definition of derived schemes. Skip all the
rest.

Volume I, Chapter 3 introduces QCoh on prestacks. Even though the main
focus of this book is the theory of ind-coherent sheaves, the latter theory takes a
significant input and interacts with that of quasi-coherent sheaves. If you have not
seen this before, read Sect. 1 and then Sects. 3.1-3.2.

3.4.2. In Volume I, Chapter 4 we develop the elementary aspects of the theory of
IndCoh on schemes: we define the DG category IndCoh(Z) for an individual scheme
Z, construct the IndCoh direct image functor, and also the !-pullback functor for
proper morphisms. This Chapter uses the material from Volume I, Part I mentioned
above. You will need the material from this chapter in order to proceed with the
reading of the book.

Volume I, Chapter 5 builds on Volume 1, Chapter 4, and accomplishes (mod-
ulo the material delegated to Volume I, Chapter 7) one of the main goals of this
book. We construct IndCoh as a functor out of the category of correspondences. In
particular, we construct the functor . The material from this Chapter is also
needed for the rest of the book.

In Volume I, Chapter 6 we study the interaction between IndCoh and QCoh.
For an individual scheme Z we have an action of QCoh(Z) (viewed as a monoidal
category) on IndCoh(Z). We study how this action interacts with the formalism of
correspondences from Volume I, Chapter 5, and in particular with the operation of
l-pullback. The material in this Chapter uses the formalism of monoidal categories
and modules over them from Volume I, Chapter 1, as well as the material from
Volume I, Chapter 5. Skipping Volume I, Chapter 6 will not impede your under-
standing of the rest of the book, so it might be a good idea to do so on the first
pass.

3.4.3. Volume I, Part II develops the theory of categories of correspondences. It
plays a service role for Volume I, Chapter 6 and Volume II, Chapter 3, and relies
on the theory of (o0, 2)-categories, developed in Volume I, Appendix.

3.4.4. Volume I, Appendix develops the theory of (oo,2)-categories. It plays a
service role for Volume I, Part III.

Volume I, Chapters 11 and 12 rely on Volume I, Chapter 10, but can be read
independently of one another.

3.4.5. Volume II, Chapter 1 introduces deformation theory. It is needed for the
definition of inf-schemes and, therefore, for proofs of any results about inf-schemes
(that is, for Volume II, Chapter 2). We will also need it for the discussion of formal
moduli problems in Volume II, Chapter 5. The prerequisites for Volume II, Chapter
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1 are Volume I, Chapters 2 and 3, so it is (almost)lﬂ independent of the material
from Volume I, Part II.

In Volume II, Chapter 2 we introduce inf-schemes and some related notions
(ind-schemes, ind-inf-schemes). The material here relies in that of Volume II, Chap-
ter 1, and will be needed in Volume II, Chapter 3.

In Volume II, Chapter 3 we construct the theory of IndCoh on inf-schemes.
The material here relies on that from Volume I, Chapter 5 and Volume II, Chapter
2 (and also a tedious general result about correspondences from Volume I, Chapter
8). Thus, Volume II, Chapter 3 achieves one of our goals, the later being making the
theory of IndCoh on inf-schemes available. The material from Volume II, Chapter
3 will (of course) be used when will apply the theory of IndCoh, in Volume II,
Chapter 4 and 7-9.

In Volume II, Chapter 4 we apply the material from Volume II, Chapter 3 in
order to develop a proper framework for crystals (=D-modules), together with the
forgetful/induction functors that related D-modules to O-modules. The material
from this Chapter will not be used later, except for the extremely useful notion of
the de Rham prestack construction X ~ XyR.

3.4.6. In Volume II, Chapter 5 we prove a key result that says that in the category
of prestacks that admit deformation theory, the operation of taking the quotient
with respect to a formal groupoid is well-defined. The material here relies on that
from Volume II, Chapter 1 (at some point we appeal to a proposition from Volume
I, Chapter 3, but that can be avoided). So, the main result from Volume II,
Chapter 5 is independent of the discussion of IndCoh.

Volume II, Chapter 6 is about Lie algebras (or more general operad algebras)
in symmetric monoidal DG categories. It only relies on the material from Volume I,
Chapter 1, and is independent of the preceding Chapters of the book (no DAG, no
IndCoh). The material from this Chapter will be used for the subsequent Chapters
in Volume II, Part II.

3.4.7. A shortcut. As has been mentioned earlier, Volume II, Chapters 7-9 are de-
voted to applications of IndCoh to ‘differential calculus’. This ‘differential calculus’
occurs on prestacks that admit deformation theory.

If one really wants to use arbitrary such prestacks, one needs the entire machin-
ery of IndCoh provided by Volume II, Chapter 3. However, if one is content with
working with inf-schemes (which would suffice for the majority of applications),
much less machinery would suffice:

The cofinality result from Chapter 3, Sect. 4.3 implies that we can bypass
the entire discussion of correspondences, and only use the material from Volume
I, Chapter 4, i.e., IndCoh on schemes and !-pullbacks for proper (in fact, finite)
morphisms.

3.4.8. Volume II, Chapters 7-9 form a logical succession. As input from the pre-
ceding chapters they use Volume II, Chapter 3 (resp., Volume I, Chapter 5 (see
Sect. above), Volume II, Chapter 1 and Volume II, Chapters 5-6.

H\Whenever we want to talk about tangent (as opposed to cotangent) spaces, we have to use
IndCoh rather than QCoh, and these parts in Volume II, Chapter 1 use the material from Volume
I, Chapter 5.
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Introduction

1. What is done in Volume II?

In this volume, we will apply the theory of IndCoh developed in Volume I to
do geometry (more precisely, to do what we understand by ‘doing geometry’).

Namely, we will introduce the class of geometric objects of interest, called
inf-schemes (or relative versions thereof), and study the corresponding categories
of ind-coherent sheaves. These are exactly the categories that one encounters in
representation-theoretic situations.

We will perform various operations with inf-schemes (such as taking the quo-
tient with respect to a groupoid), and we will study what such operations do to the
corresponding categories of ind-coherent sheaves.

1.1. As was already mentioned, our basic class of geometric objects is that of
inf-schemes, denoted infSchy,¢. Just as any other class of geometric objects in this
book, infSchy,¢ is a full subcategory in the ambient category of prestacks. Le., an
inf-scheme is a contravariant functor on Sch™ that satisfies some conditions (rather
than having some additional structure).

As is often the case in algebraic geometry, along with a particular class of
objects, there is the corresponding relative notion. L.e., we also introduce what it
means for a map of prestacks to be inf-schematic.

What are inf-schemes? The definition is surprisingly simple. These are prestacks
(technically, locally almost of finite type) whose underlying reduced prestack is a
(reduced) schemeﬂ that admit deformation theory. The latter is a condition that
guarantees reasonable infinitesimal behavior; we refer the reader to Chapter 1 of
this volume for the precise definition of what it means to admit deformation theory.

Thus, one can informally say that the class of inf-schemes contains all prestacks
that are schemes ‘up to something infinitesimal, but controllable’. For example, all
(derived) schemes, the de Rham prestacks of schemes and formal schemes are all
examples of inf-schemes.

1.2. As was explained in Volume I, Chapter 5, once we have the theory of IndCoh
on schemes (almost of finite type), functorial with respect to the operation of !-
pullback, we can extend it to all prestacks (locally almost of finite type). In par-
ticular, we obtain the theory of IndCoh on inf-schemes, functorial with respect to
I-pullbacks.

1I.e., when we evaluate our prestack on reduced affine schemes, the result is representable by
a (reduced) scheme.

Xxix
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We proceed to define the functor of IndCoh-direct image for maps between
inf-schemes that satisfies base change with respect to !-pullback. Furthermore,
this leads to the operation of IndCoh-direct image for inf-schematic maps between
prestacks (locally almost of finite type).

The IndCoh categories and the functors of !-pullback and IndCoh-direct image
describe many of representation-theoretic categories and functors between them
that arise in practice.

1.3. As an illustration of the utility of inf-schemes, we proceed to develop Lie
theory in this context.

Let X be a base prestack (locally almost of finite type). On the one hand, we
consider the category of formal group-objects over ). l.e., these are group-objects
in the category of prestacks ) equipped with a map f:) — X, such that f is inf-
schematic and induces an isomorphism at the reduced level. Denote this category
by Grp(FormMod, x ).

On the other hand, we consider the category LieAlg(IndCoh(X)) of Lie algebra
objects in the (symmetric monoidal) category IndCoh(X). We establish a canonical
equivalence

(1.1) Grp(FormMod,x) ~ LieAlg(IndCoh(X)).

L.e., this is an equivalence between formal groups and Lie algebras in full gen-
erality. We can view the equivalence as a justification for the notion of inf-
scheme (or rather, inf-schematic map): we need those in order to define the category
FormMod, .

We show that given a group-object G € FormMod, x, one can form its classifying
space,
Bx(G) € FormMod, x,
which is equipped with a section s : X - Bx(G) (i.e., it is pointed), so that G is
recovered as the loop-object of Bx(G) in the category FormMod,x. The above
functor
By : Grp(FormMod, x ) - Ptd(FormMod, x )

is equivalence.
We show that there is a canonical equivalence
(1.2) IndCoh(Bx(G)) ~ g-mod(IndCoh(X)),

where the latter is the category of g-modules in the symmetric monoidal category
IndCoh(&X'), where g is the object of LieAlg(IndCoh(X)) corresponding to G via

)
IndCoh

With respect to this equivalence, the functors s' and s© correspond to
the forgetful and “free module” functors for the category of g-modules. Moreover,
for the natural map p : Bx(G) — X, the functors p' and pl"°" correspond to
the trivial g-module and Lie algebra homology functors, respectively. In short, Lie
theory works at the level of representations as it should.
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1.4. Let X be a prestack (locally almost of finite type that admits deformation
theory). One of the basic objects involved in doing ‘differential geometry’ on X is
that of Lie algebroid. Here comes an unpleasant surprise, though:

We have not been able to define the notion of Lie algebroid purely algebraically.
Namely, the classical definition of Lie algebroid involves some binary operations that
satisfy some relations, and we were not able to make sense of those in our context
of derived algebraic geometry.

Instead, we define the notion of Lie algebroid via geometry: we set the cate-
gory LieAlgbroid(X) to be, by definition, that of formal groupoids over X. This
definition is justified by the equivalence , which says that Lie algebras are the
same as formal groups.

We show that Lie algebroids defined in this way indeed behave in the way we
expect Lie algebroids to behave. For example, we have a pair of adjoint functors

IndCOh(X)/T(X) = LieAlgbroid(é\,’),

(here T'(X) € IndCoh(X) is the tangent complexﬂ of X), where the right adjoint
forgets the algebroid structure, and the left adjoint is the functor of free Lie alge-
broid.

We also show that the category LieAlgbroid(X) is equivalent to the category
FormMody, of formal moduli problems under X, i.e., to the category of prestacks
Y (locally almost of finite type that admit deformation theory) equipped with a
map f : X — Y such that f is inf-schematic and induces an isomorphism at the
reduced level.

For example, we show that under the equivalence
(1.3) LieAlgbroid(&') ~ FormMod x/,
the functor of free Lie algebroid corresponds to the functor of square-zero extension.

Generalizing (1.2]), we show that if £ e LieAlgbroid(X) corresponds to ) «
FormMody,, we have a canonical equivalence

(1.4) IndCoh(Y) ~ £-mod(IndCoh(X)),

where the left-hand side is the appropriately defined category of objects of IndCoh(X),
equipped with an action of £.

A basic example of a Lie algebroid on X is the tangent algebroid T (X'), whose
underlying ind-coherent sheaf is the tangent complex. The corresponding formal
moduli problem under X is Xgr. By definition, IndCoh(X4g) is the category of
D-modules on X. As a consequence of the equivalence , we obtain that the
category of D-modules on X is given by modules in IndCoh(X’) over the derived
version of the ring of differential operators (built as the enveloping algebra of the
algebroid T(X)).

Here is a typical construction from representation theory that uses the theory
of Lie algebroids. Let X be as above, and let g be a Lie algebra (i.e., a Lie algebra

2Another advantage of the theory of ind-coherent sheaves is that a prestack X (locally almost
of finite type that admits deformation theory) admit a tangent complez, which is an object of
IndCoh(X), while the more traditional cotangent complex is an object of the pro-category, and
thus is more difficult to work with.
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object in the category Vect of chain complexes of vector spaces over our ground
field) that acts on X. In this case, we can form a Lie algebroid gy on X, and a
functor

g-mod(Vect) - gx-mod(IndCoh(X)).

Composing with the induction functor for the map gy — 7 (X) and using the
equivalence (1.4)), we construct the localization functor

g-mod(Vect) - IndCoh(X4r) ~ Dmod(X).

1.5. At the end of this volume, we develop some elements of ‘infinitesimal differ-
ential geometry’. Namely, we address the following question:

Many objects of differential-geometric nature come equipped with natural fil-
trations. For example, we have the filtration on the ring of differential operators
(according to the order), or the filtration on a formal completion of a scheme along
a subscheme (the n-th infinitesimal neighborhoods). We wish to have similar struc-
tures in the general context of prestacks (locally almost of finite type that admit
deformation theory). However, as is always the case in higher category theory and
derived algebraic geometry, we cannot define these filtrations ‘by hand’.

Instead, we use the following idea: a filtered object (of linear nature) is the
same as a family of such objects over Al that is equivariant with respect to the
action of G, by dilations.

We implement this idea in geometry. Namely, we show that given a ) €
FormMody,, we can canonically construct its deformation to the mormal cone,
which is a family

(1.5) Vi € FormMod x/, teAl,
that deforms the original ) to a vector bundle situation.

We show (which by itself might not be so well-known even in the context of usual
algebraic geometry) that this deformation gives rise to all the various filtrations that
we are interested in.

In its turn, the deformation (|1.5)) also needs to be constructed by a functo-
rial procedure (rather than an explicit formula). We construct it using a certain
geometric device, explained in Chapter 9, Sect. 2.

2. What do we use from Volume I?

2.1. One thing is unavoidable: we use the language of higher category theory. So,
the reader in encouraged to become familiar with the contents of Chapter 1, Sects.
1 and 2 of Volume I.

Here are some of the most essential pieces of notation. For the remainder of
this section, all references are to Volume I.

We denote by 1-Cat the (oo, 1)-category of (oo,1)-categories, and by Spc its
full subcategory that consists of spaces (a.k.a. co-groupoids).

For a pair of (oo, 1)-categories C and D, we let Funct(C, D) denote the (oo, 1)-
category of functors between them.

For an (o0, 1)-category C, and a pair objects cg, c; € C, we denote by Mapsa(co, 1)
the space of maps from cq to cy.
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2.2. Much of the time, we will work in a linear context, by which we mean the
world of DG categories. Note that we only consider ‘large,” i.e. cocomplete (and
in fact, presentable) DG categories. We refer the reader to Chapter 1, Sect. 10 for
the definition.

We let Vect denote the DG category of chain complexes of vector spaces (over
a fixed ground field k, assumed to be of characteristic zero).

Given a pair of DG categories C and D, we will write Funct(C,D) for the
DG category of k-linear functors between them; this clashes with the notation
introduced earlier that denoted all functors, but we believe that this is unlikely to
lead to confusion.

We write Functcont (C, D) for the full subcategory of Funct(C, D) that consists
of continuous (i.e., colimit preserving) functors. We denote by DGCatcont the
(o0, 1)-category formed by DG categories and continuous linear functors between
them.

For a given DG category C and a pair of objects cg,c; € C, we will write
Mapse(co,c1) € Vect for the chain complex of maps between them. The objects
Mapsa(cg, c1) € Vect and Mapsg(co, c1) € Spe are related by the Dold-Kan func-
tor, see loc. cit.

For a pair of DG categories C and D, we denote by C®D their tensor product.

2.3. The basic notions pertaining to derived algebraic geometry are set up in
Chapter 2.

We denote by PreStk the (oo, 1)-category of all prestacks, i.e., accessible func-
tors

(Sch™)°P  Spe.

For this volume, it is of crucial importance to know the definition of the full
subcategory

PreStkj.s ¢ PreStk

that consists of prestacks that are locally almost of finite type, see Chapter 2, Sect.
1.7 for the definition.

Derived schemes are introduced in Chapter 2, Sect. 3; the corresponding cat-
egory is denoted by Sch. Henceforth, we will omit the word ‘derived’ and refer to
derived schemes as schemes.

For a prestack X, we denote by QCoh(X) the DG category of quasi-coherent

sheaves on it; see Chapter 3, Sect. 1 for the definition.

2.4. One cannot read this volume without knowing what ind-coherent sheaves
are. For an individual scheme X (almost of finite type), the category IndCoh(X)
is defined in Chapter 4, Sect. 1. The basic functoriality is given by the functor of
IndCoh-direct image

findCoh: ThdCoh(X) — IndCoh(Y),
for a map f: X - Y, see Chapter 4, Sect. 2.
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The machinery of the IndCoh functor is fully developed in Chapter 5, where
we construct the !-pullback functor

f'+IndCoh(Y) - IndCoh(X),
for f as above.

We denote by wx € IndCoh(X) the dualizing object, i.e., the pullback of the
generator
k € Vect ~ IndCoh(pt)

under the tautological projection X — pt.
The assignment X ~ IndCoh(X) (with !-pullbacks) is extended from schemes

(almost of finite type) to all of PreStk.g by the procedure of left Kan extension.
Moreover, we make IndCoh a functor out of the 2-category of correspondences,

Corr(PreStkiag )P € Prorer _, DGCat%Cat

sch-qc;all cont
In the above formula, DGCati;gta " is the 2-categorical enhancement of DG Cateont,
see Chapter 1, Sect. 10.3.9.
One piece of notation from Chapter 6 that the reader might need is the functor
Ty : QCoh(X) - IndCoh(X),

defined for any X € PreStki,g, and given by tensoring a given object of QCoh(X)
by the dualizing object wx € IndCoh(X).

2.5. Chapter 7 introduces the category of correspondences. The idea is that
given an (oo, 1)-category C and three classes of morphisms vert, horiz and adm,
we introduce an (oo, 2)-category Corr(C :jg;’;’hwm, whose objects are the same as
those of C, but where 1-morphisms from ¢y to c; are correspondences

«
Cp,p — Co

|s

C1
where « € horiz and 8 € vert. For a pair of correspondences (co1,c,8) and
(co.1,0',B"), the space of 2-morphisms between them is that of commutative dia-
grams

For a pair of correspondences (co,1,, 3) and (cg 1,a’,8"), we want the space
of maps between them to be that of commutative diagrams

(2.1)

with v € adm.
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2.6. The use of other notions and notations from Volume I is sporadic and the
reader can look it up, using the index of notation of Volume I when needed.
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Introduction

1. Why inf-schemes?

1.1. The primary new geometric object considered in this book is the notion of
inf-scheme. Let us start with the definition: an inf-scheme is a prestack X such
that:

(a) X is laft (locally almost of finite type, see Volume I, Chapter 2, Sect. 1.7 for
what this means);

(b) X admits deformation theory (i.e., has reasonable infinitesimal properties, see
Chapter 1 of this volume or Sect. [2| of this Introduction);

(c) The underlying reduced prestack **4X is a (reduced) scheme.

Let us explain what are the favorable properties enjoyed by inf-schemes and
how one is led to this definition.

1.2. Our initial goal was to have a geometric framework in which we could talk
simultaneously about QCoh(X) and Dmod(X) (where X € Sch,g) equipped with
the pair of adjoint functors of forgetting the D-module structure to that of an
O-module, and inducing an O-module to a D-module.

However, as was explained in [GaRo02], if we replace QCoh(X) by IndCoh(X),
the resulting adjoint pair has much better properties. So what we really want to
consider is the functors

(1.1) indy : IndCoh(X) & Dmod(X) : oblvy,

and their compatibility with the direct and inverse functors on IndCoh(-) and
Dmod(-) for maps between schemes.

According to [GaRo2], the category Dmod(X) is defined as IndCoh(Xgr),
where Xgr is the de Rham prestack of X (i.e., Maps(S, Xqr) = Maps(™49, X)).

So it is natural to set up the sought-for theory as IndCoh of a certain class of
prestacks that contains schemes and de Rham prestacks of schemes. We would like
the adjoint pair (|1.1)) to be given by the push-forward/pullback adjunct

(par,x )" : IndCoh(X) s IndCoh(Xqr) : (par.x)',
where pgr,x denotes the tautological map X — Xgr.
1.3. Let us try to be minimalistic and consider only prestacks X such that "X

is a (reduced) scheme. Let us denote the sought-for class of prestacks by C, and let
us list some constructions that we would like to be possible within C.

3
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(i) For a map f : X1 — X» between objects of C we should have a well-defined
push-forward functor

findCOh : IndCoh(X;) - IndCoh(X>),

that satisfies base change with respect to the !-pullback. I.e., IndCoh restricted to
C should extend to a functor out of the category of correspondences on C.

(ii) Since we want to talk about base change, C should contain fiber products. Now,
for a scheme X, the fiber product X x X is the formal completion X” of X in

Xar
X x X. Hence, it is natural to ask that C contain formal schemes, i.e., ind-schemes,

whose underlying reduced prestacks are (reduced) schemes.

(iii) Having included in C all formal schemes, one’s appetite grows a little more.
Let G be a formal groupoid over a scheme X that belongs to C. One would like to
be able to form the quotient of X by G, which is still a prestack in our class C. For
example, the quotient of X of X" should give us back Xgr.

(iv) Finally, we would like to have a description of formal group-objects in C over
a scheme X in terms of their Lie algebras. As will be explained in Chapter 1,
the latter, being tangent spaces at the unit section, are objects of IndCoh(X). So
by a ‘Lie algebra’ we should understand a Lie algebra in the symmetric monoidal

!
category IndCoh(X) with respect to the ®-tensor product.

1.4. As we will eventually see in Part I of this volume, properties (iii) and (iv)
will force us to include into our class C all inf-schemes X, defined as above.

However, one can consider it a strike of luck that as general a definition as one
given in Sect. above produces a workable notion, i.e., IndCoh on inf-schemes
has the properties mentioned above.

2. Deformation theory

The definition of inf-schemes involves the notion of admitting deformation the-
ory. In Chapter 1 of this part of the book we make a review of deformation theory.

2.1. A prestack X is said to admit deformation theory if:
(i) X is convergent, i.e., for S € Sch, the map

Maps(S, X) — lim Maps(="S, X)

is an isomorphism. (In other words, the values of X on all affine schemes are
completely determined by its values on eventually coconnective affine schemes.)

(ii) For a push-out diagram

Sl—>82

|

’ /4
Sl S27
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of affine schemes, where the map S; — S} (and, hence, also So - S3%) is a nilpotent
embedding, the corresponding diagram

MapS(Sl, X) — MapS(SZa X)

| !

Maps(S{, X) — Maps(Sé, X)a
is a pull-back diagram.
In condition (ii), we remind that a map of affine schemes S — S’ is said to be

nilpotent embedding if the corresponding map of classical schemes IS — IS’ is a
closed embedding with a nilpotent ideal of definition.

We also remind that if
Si = Spec(Ar), Ss = Spec(As), Sf = Spec(A}), Sh = Spec(Aj),
then to be a push-out diagram means that the map

Ay —» A} x Ay
Ay
should be an isomorphism in Vect<C.

2.2. The above way of formulating what it means to admit deformation theory
may at first appear mysterious (why these push-outs, and who has ever seen push-
outs in algebraic geometry anyway?). And indeed, the more common definition,
and the one we give in Chapter 1, Sect. 7 is different (but, of course, equivalent).
The advantage of the definition given above is that it is concise.

It turns out that the infinitesimal behavior of a prestack that admits deforma-
tion theory is goverened by its pro-cotangent complex, where the latter is a functorial
assignment for any

S X e Schy

of an object T (X) € Pro(QCoh(S7)). The precise meaning of the words ‘governed
by’ is explained in the Introduction to Chapter 1.

Here we just say informally that, say when X is laft, the knowledge of the
values of X on reduced affine schemes and some linear data (expressible in terms of
the pro-cotangent complex of X') allows to recover the values of X on all schemes.

2.3. Going back to inf-schemes, requiring the condition that they admit defor-
mation theory makes them reasonable objects: by condition (c) in Sect. the
values of an inf-scheme X on a reduced scheme are given by a scheme X = "4X,
and when we want evaluate X on an arbitrary scheme S, the fibers of the map

Maps(S, X) - Maps(™%S, X) ~ Maps(*S, X)

are controlled by linear data.

3. Inf-schemes

In Chapter 2 we introduce inf-schemes and study their basic properties. The
main results of this chapter are Theorems 4.1.3 and 4.2.5. Here we will informally
explain what these theorems say.
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3.1. Let X be an inf-scheme such that "dX = X e ™4Sch. Consider the full
subcategory

(SChaft)nil—isomto x C (SCh)/X

consisting of those maps Z — X that are nil-isomorphisms, i.e., induce an isomor-
phism

redZ N redX = X.

The assertion of Chapter 2, Theorem 4.1.3 (in the guise of Chapter 2, Corollary
4.3.3) is that the resulting map

colim Z - X

Ze(Schaft nil-isom to X
is an isomorphism of prestacks.
The latter means, by definition, that for an affine scheme S, the map

(3.1) colim Maps(S, Z) - Maps(S, X)

Ze(Schatt )nil-isom to X

is an isomorphism.

Equivalently, for an affine scheme S and a map S — X, the category Factor(z, aft, nil-isom)
of its factorizations as

S>7->X
with Z € Sch,g and the map Z — X being a nil-isomorphism, is contractible.
3.2. Let us emphasize, however, that it is not true that the map (3.1 is an

isomorphism if S is non-affine. Equivalently, it is not true that the category
Factor(x, aft, nil-isom) is contractible if S is non-affine.

We remark, however, that in Sects. 1 and 2 we study a more restricted class of
objects, commonly called formal schemes (but we choose to call nil-schematic ind-
schemes), for which the map is an isomorphism (and the category Factor(x, aft, nil-isom)
is contractible).

In fact, we consider the full subcategory
(SChaft)nilp-cmbcd into X © (SChaft)nil—isom to X
consisting of those Z — X that are nilpotent embeddings.

We show that if X is a nil-schematic ind-scheme, then the category (Schagt ) nil-embedinto &
is filtered and the map

colim Maps(S, Z) - Maps(S, X)

Ze(Schatt ) nilp-embed into X

is an isomorphism for any (i.e., not necessarily affine) S € Sch.

Equivalently, for a given S - X, the corresponding category Factor(z, aft, nilp-embed)
is contractible.
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3.3. We will now explain the content of the second main result of this Chapter,
namely, Chapter 2, Theorem 4.2.5 (in its guise as Chapter 2, Corollary 4.4.6).

Let X be an inf-scheme, such that X := 4% is affine. It follows from Theorem
4.1.3 that X', when viewed as a functor

(Sch*™)°P - Spe,
is completely determinedﬁ by its restriction to the category

Sch™™  x (X}

redschaff
In words, the above category is that of affine schemes, whose reduced subscheme
is of finite type and is equipped with a map to X.

Now, Chapter 2, Theorem 4.2.5 is a converse to the above assertion. Namely,
it says that any functor

- ﬂ' °p
Sch® x {X}|] - Spc,
red Gchaff

that satisfies deformation theory-like conditions, gives rise to an inf-scheme X with
redX ~X.

4. Ind-coherent sheaves on inf-schemes

Chapter 3 of this part is a central one for this book. In it we study the category
IndCoh on inf-schemes.

4.1. What makes this theory manageable is Chapter 2, Theorem 4.1.3 mentioned
above. Namely, when we write

X ~colim Z,,,
acA

where Z, € Schag and the transition maps fo 3 Zo = Z3 are nil-isomorphisms, we
have:

IndCoh(X) ~ liIIL‘I%p Z s
where the limit is formed with respect to the functors of -pullback
fap ~ fh5 IndCoh(Zg) - IndCoh(Zy).

The above presentation of IndCoh(X) as a limit tells what the objects and
morphisms are in this category. However, since the functors f;) 5 admit left adjoints,
by Volume I, Chapter 1, Proposition 2.5.7 we also have:

(4.1) IndCoh(X) ~ coli/I‘n IndCoh(Z,),
where the colimit is formed with respect to the push-forward functors
fop ~ (fa,3)"49" : IndCoh(Z, ) - IndCoh(Zs).

The latter presentation tells us what it takes to construct a functor out of
IndCoh(X). Namely, such a functor amounts to a compatible family of functors
out of IndCoh(X4).

3 Technically, by ‘completely determined’ we mean ‘is the left Kan extension from’.
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4.2. The main construction in Chapter 3 is that of the direct image functor.
Namely, let f: X! - X2 be a map between inf-schemes. We want to construct the
functor

(4.2) fidCoh: 1ndCoh(X!') — IndCoh(X?).

For example, when X% = XéR where X? € Schy, the resulting functor will be
the de Rham (D-module) direct image.

In Theorem 4.3.2 we show that there exists a functor (4.2) that is uniquely
characterized by the requirement that whenever

VAL

| |

72 2, 2

is a commutative diagram with Z° € Sch,y, and the maps g; nil-isomorphisms, then
the diagram of functors

IndCol
(g1),2"
—_—

IndCoh(Z)

(f!)IndCoth J(fIndCoh
* *

IndCol
(92)." "
-

IndCoh(X1)

IndCoh(Z?) IndCoh(X?)

commutes, where the functors (g;)4¢°? are the ones from the presentation (4.1)).

4.3. Having constructed direct images, we show that they satisfy the proper base
change property. Then, by applying the general machinery from Volume I, Chap-
ter 8, Sect. 1, we show that IndCoh, viewed as a functor out of the category of
correspondences

IndCohgorr(sch,y, yrrover i Corr(Schyg )PP — DGCat?;Cat

aft )corriall;al corr:all;all cont

uniquely extends to a functor

(4.3) IndCoh md-proper : Corr(indinfSchyag ) 2CPHPY o DGCat?;52t

Corr(indinfSchiatt ) erinitian corr:all;all cont

5. Crystals and D-modules

In Chapter 4 we apply the theory of IndCoh on inf-schemes to construct the
theory of D-modules, viewed as a functor

(5.1) Dmodcory(schyyprorer  Corr(Schag ) oot o) - DGCat? S

aft ) corr:all;all corr:all;all cont

5.1. Namely, we stipulate that for X € Schyg
(5.2) Dmod(X) := IndCoh(Xgr).-

Now, the operation X —» Xyr defines a functor

proper . . ind-proper
COII’(SChaft corr:all;all - Corr(lndlnfSChlaft)corr:all;all :

Thus, composing this functor with (4.3]), we obtain the desired functor (5.1)).
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5.2. The definition of D-modules as in (5.2) gives also a natural framework for
the induction functor

(5.3) IndCoh(X) - Dmod(X),
left adjoint to the tautological forgetful functor.

Namely, the functor (5.3)) is the functor of direct image with respect to the
tautological morphism
X - X4r.

5.3. In Sect. 4 of this Chapter, we explain why the definition of D-modules (5.2))
is the right thing to do.

Namely, we show that when X is a smooth affine scheme, IndCoh(Xyr) does
indeed recover the category of modules over the ring Diff x of differential operators
on X.

Moreover, we show that for a map f : X — Y between smooth schemes, the
functors

(far)': IndCoh(Ygr) — IndCoh(X4g) and (far)™4C°" : IndCoh(X4r) — IndCoh(Yar)

correspond to the usual functors of pullback and push-forward on the corresponding
categories of D-modules.






CHAPTER 1

Deformation theory

Introduction

0.1. What does deformation theory do?

0.1.1. Deformation theory via pullbacks. ‘Admitting deformation theory’ refers to

a certain property of a prestack. Namely, although the initial definition will be

different, according to Proposition [7.2.2] a prestack X admits deformation theory

if:

(a) It is convergent, i.e., for S € Sch™ the map Maps(S, X') — lim Maps(<"S, X) is
n

an isomorphism;

(b) For a push-out diagram of objects of Sch*"

S1—>SQ

|

li !
Sl 527

where the map S; - S7 is a nilpotent embedding (i.e., the map of classical affine
schemes S} - IS, is a closed embedding, whose ideal of definition vanishes to
some power), the resulting diagram in Spc

Maps(S1, X) «—— Maps(Sz, X)

| !

MapS(Siv X) D Maps(Sé, X)
is a pullback diagram.

The reason that this notion is useful is that it allows to study the infinitesimal
behavior of X (i.e., properties of the map Maps(S’, X) - Maps(S, X)) whenever
S — S’ is a nilpotent embedding) by using linear objects. Let us explain this in
more detail.

0.1.2. Pro-cotangent fibers and cotangent complex. For S = Spec(A) and an S-point
x:S = X, by considering nilpotent embeddings of the form S — S’ for

S' =S :=Spec(A® M), M=T(S,T), TeQCoh(S)=,
one shows that the functor
(0.1) T ~ Mapsg,(57,X), QCoh(S)*’ - Spc
is given by a well-defined object
T, (X) € Pro(QCoh(S)™),

11
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called the pro-cotangent space of X at x. We emphasize that the fact that the
functor (0.1)) comes from such an object is already a non-trivial condition and
amounts to this functor commuting with certain pullbacks that are among the

pullbacks in Sect.
Next, one shows that the assignments
(0.2) (S,z) e (Sch*™),x  ~  Tr(X)ePro(QCoh(S)7),
are compatible in the sense that for
[:81 82, wyeMaps(Sq,X), x1=w20f,
the natural map in Pro(QCoh(S1)7)
T3, (X) = Pro(f*)(T7, (X))

is an isomorphism. This follows from the condition in Sect. applied to the

push-out diagram

S, _ S

| |

(S1)z —— (S2)1.()-

Furthermore, one shows that for X = X € Sch, we have T (X ) € QCoh(S)=’, so
that the assignment (0.2)) comes from a well-defined object T*(X) € QCoh(X)<C,
called the cotangent complex of X.

By functoriality, for (S,z) € (Schaﬂ) /x, we have a canonically defined map in
Pro(QCoh(S)7)
TI(X) > T'(S),
called the co-differential of x.

0.1.3. Square-zero extensions. Among nilpotent embeddings S — S’ one singles out
a particular class, called square-zero extensions. Namely, one shows that for every
object T € QCoh(S5)=0 equipped with a map

T*(S) > I[1]
one can canonically attach a nilpotent embedding
S5 Sz,

such that
Fib(Os; ., = i.(0s)) ~i.(T).
In fact, the pair (i,57,) can be uniquely characterized by the property that
foramap f: 5 - U in Schaﬁ7 the data of extension of f to a map Sz, = U is
equivalent to that of a null-homotopy of the composed map

FUTH)) - T7(S) > Z[1],
where the map f*(T*(U)) - T*(S) is the co-differential of f.

In particular, for v = 0 we have tautologically Sz = Sz, where Sz is as in

Sect. [0.1.2]
When S is classical and Z € QCoh(S)?, one shows that the above assignment
(Z,7) ~ 514
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is an equivalence between QCohg*( 5)[-13; and the category of closed embeddings
S — S" with S’ being a classical scheme such that the ideal of definition of S in S’
squares to 0.

0.1.4. From square-zero extensions to all nilpotent extensions. A fact of crucial im-
portance is that any nilpotent embedding S — S’ can be obtained as a composition
of square-zero extensions, up to any given truncation. More precisely, there exists
a sequence of affine schemes

S:SO—)Sl—)SQ—>...—>S7L—)...—>S,

such that each S; — S;;1 is a square-zero extension, and for every n there exists m
such that the maps

g >SS 1> ... > <Y

are all isomorphisms.
Thus, if X is convergent, then if we can control the map
Maps(S’, X) - Maps(S, X)

when S — S’ is a square-zero extension, we can control it for any nilpotent embed-
ding.

0.1.5. Back to deformation theory. One shows that if X admits deformation theory,

then, given a point S X X, the datum of its extension to a point Sz, = X is
equivalent to the datum of a null-homotopy for the map

(0.3) T (X) - T*(S) > Z[1].

The latter fact, combined with Sect. is the precise expression of the above-
mentioned principle that extensions of a given map S - X to a map S’ > X (for a
nilpotent embedding S — S’) are controlled by linear objects, the latter being the

objects in Pro(QCoh(S)™) appearing in (0.3).

0.2. What is done in this chapter? This chapter splits naturally into two
halves: the build-up to the formulation of what it means to admit deformation
theory (Sects. [IH6) and consequences of the property of admitting deformation
theory (Sects. [THLO)).

0.2.1. Push-outs. In Sect. [} we study the operation of push-out on affine schemes.
The reason we need to do this is, as was mentioned above, we formulate the property
of a prestack X to admit deformation theory in terms of push-outs.

Note that the operation of push-out is not so ubiquitous in algebraic geometry—
we are much more used to pullbacks. In terms of rings, pullbacks are given by

(Ai < A-4y) + A1§A27

while push-outs by
(A > A< Ay) 7194, X As).

The operation of push-out on affine schemes is not so well-behaved (for example,
a push-out of affine schemes may not be a push-out in the category of all schemes).
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However, there is one case in which it is well-behaved: namely, when we consider
push-out diagrams
Sl —_— SQ

|

Sy —— S,
in which S; — S7 is a nilpotent embedding.
0.2.2. (Pro)-cotangent spaces. In Sect. [2] we define what it means for a prestack X
to admit a (pro)-cotangent space at a given S-point
s35x.
By definition, a (pro)-cotangent space, if it exists, is an object
Tx(X) € Pro(QCoh(S)7).

The definition is given in terms of the notion of split-square zero extension, S — S,
see Sect. [0.T.2

We shall say that X' admits a cotangent space at x if T, (X') actually belongs
to QCoh(S)".

One result in this section that goes beyond definitions is Proposition that
gives the expression of the (pro)-cotangent space of a prestack X that is itself given
as a colimit of prestacks X,. Namely, if both X and all X,, admit (pro)-cotangent
spaces, then the (pro)-cotangent space of X is the limit of the (pro)-cotangent
spaces of X, (as is natural to expect).

0.2.3. The tangent space. In Sect. |3| we discuss various conditions that make sense
for objects of Pro(QCoh(S)™) that one can impose on pro-cotangent spaces. We
would like to draw the reader’s attention to two of these properties: one is conver-
gence and the other is laft-ness.

An object ® € Pro(QCoh(S)7) is said to be convergent it for F € QCoh(S)™,
the map
Maps(®, F) — lim Maps(®, 727" (F))
is an isomorphism.

It follows almost tautologically that if X' is convergent (in the sense of Sect. ,
then its pro-cotangent spaces are convergent in the above sense.

An object @ € Pro(QCoh(S)7) is said to be laft if it is convergent and for every
mq,me, the functor

F = Maps(®,F), FeQCoh(S)>"1=m2
commutes with filtered colimits.

Again, it follows almost tautologically that if X' is laft, then its pro-cotangent
spaces are laft in the above sense.

If S is itself laft, the full subcategory
Pro(QCoh(S) ™ )1as € Pro(QCoh(S)™)

has the following nice interpretation: Serre duality identifies it with the opposite
of the category IndCoh(S).
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So, instead of thinking of T (X) as an object of Pro(QCoh(S)™), we can think
of its formal dual, denoted

T,(X) € IndCoh(S),
and called the tangent space of X at x.

0.2.4. The naive tangent space. We want to emphasize that in our interpretation,
the tangent space is not the naive dual of the (pro)-cotangent space, but rather the
Serre dual. One can define the naive duality functor

(0.4) (Pro(QCOh(S) )ias) ™ — QCoh(S)
by sending
® € Pro(QCoh(S) s +~ P(Oy),
where ®(Og) is regarded as an A-module if S = Spec(A).
However, the above functor is the composition of the Serre duality equivalence
(Pro(QCoh(S) iatt)°F — IndCoh(S),
followed by the functor
IndCoh(S) - QCoh(S), F ~ Hom(ws,F),
while the latter fails to be conservative (even for S eventually coconnective).

So, in general, the naive duality functor (0.4) loses information, and hence it
is not a good idea to think of the tangent space as an object of QCoh(S) equal to
the naive dual of the (pro)-cotangent case.

In the case when S is eventually coconnective, one can explicitly describe a full
subcategory inside Pro(QCoh(S) ™ )1age on which the naive duality functor (0.4)) is
fully faithful:

This is the image of the fully faithful embedding
QCoh(S) » (Pro(QCoh(S) )ia )",
given by

FeQCoh(S) = ®x, ®x(F;)=colim[(S,Fo7>"(F)), FieQCoh(S) .

0.2.5. The (pro)-cotangent complex. In Sect. we impose a condition on a prestack
X that its (pro)-cotangent spaces are compatible under pullbacks, see Sect.
If this condition is satisfied, we say that X admits a (pro)-cotangent complez.

If X is laft, we show (using Sect. above) that if it admits a pro-cotangent
complex, then it admits a tangent complez, which is an object of IndCoh(X).
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0.2.6. Square-zero extensions. In Sect. [f] we introduce the category of square-zero
extensions of a scheme, already mentioned in Sect. above.

By definition, the category of square-zero extensions of X, denoted SqZ(X), is

((QCoh(X)=) p(xyp-1)°"-
As was explained in Sect. we have a functor
RealSqZ : SqZ(X) — (Sch) x,.

We note, however, that unless X is classical and we restrict ourselves to the
part of SqZ(X) that corresponds to ((QCoh(X)?)p(x)[-1]/)°", the functor RealSqZ
is not fully faithful. I.e., being a square-zero extension is not a condition but
additional structure.

We proceed to study several crucial pieces of structure pertaining to square-zero
extensions:
(i) A canonical structure of square-zero extension on an (n+1)-coconnective scheme
of square-zero extension of its n-coconnective truncation;

(ii) The approximation of any nilpotent embedding by a series of square-zero ex-
tensions, already mentioned in Sect.

(iil) Functoriality of square-zero extension under push-forwards: given a square-
zero extension X; — X| by means of Z € QCoh(X;)=° and an affine morphism

f: X1 - X5, we obtain a canonically defined structure of square-zero extension by
means of f.(Z) on Xy > X} := X] 4 Xo.
1

(iv) Functoriality of square-zero extension under pullbacks: given a square-zero
extension X — X} by means of Z € QCoh(X3)=? and a map f': X| - X}, we obtain

a canonically defined structure of square-zero extension on X5 )>(<’ X1 = X1 - X] by
2

means of f*(Z), where f is the resulting map X; - Xo.

0.2.7. Infinitesimal cohesiveness. In Sect. [6] we define what it means for a prestack
X to be infinitesimally cohesive. Namely, we say that X is infinitesimally cohesive
if whenever S — S’ is a square-zero extension of affine schemes given by
T*(S) 3 Z[1], T eQCoh(S)%,
and z : S - X is a map, the (naturally defined) map from the space of extensions
of x to amap 2’ : 8" - X to the space of null-homotopies of the composed map
T (X) > T*(S) > Z[1]

is an isomorphism.

We explain that this property can also be interpreted as the fact that X takes

certain push-outs in Sch*® to pullbacks in Spe.

0.2.8. Finally: deformation theory! In Sect. [7] we finally introduce what it means
for a prestack X to admit deformation theory. We define it as follows: we say that
X admits deformation theory if:

(a) Tt is convergent;
(b’) It admits a pro-cotangent complex;

(b”) It is infinitesimally cohesive.
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However, as was mentioned in Sect. [0.1.1} in Proposition [7.2.2] we show that
one can replace conditions (b’) and (b”) by just one condition (b) from Sect.
namely that X takes certain push-out to pullbacks.

We proceed to study some properties of prestacks associated with the notion
of admitting deformation theory:
(i) We introduce and study the notion of formal smoothness of a prestack;
(ii) We show that for any integer k, prestacks that are k-Artin stacks admit defor-
mation theory.
0.2.9. Consequences of admitting deformation theory. In Sect. |8| we derive some
consequences of the fact that a given prestack admits deformation theory:

(i) If Xp is a classical prestack and i : Xy — °lX is a nilpotent embedding, then if
X\ satisfies étale descent, then so does X’;

(ii) In the above situation, if f: X - X’ is a map where X’ admits deformation
theory such that for any classical affine scheme S and a map zg: S — Ay, the map

T;oiozg(‘)c‘,) - Ty (X)

10xQ
is an isomorphism, then f itself is an isomorphism.
0.2.10. Deformation theory and laft-ness. In Sect.[J] we prove two assertions related

to the interaction of deformation theory with the property of a prestack to be laft
(locally almost of finite type).

The first assertion, Theorem gives the following infinitesimal criterion
to determine whether X is laft. Namely, it says that a prestack X admitting
deformation theory is laft if and only if:

(i) ©'X is locally of finite type;
(ii) For any classical scheme of finite type S and a point z : S — X, we have
T (X) € Pro(QCoh(S) )ass,

The second assertion, Theorem [9.1.4] says that if X admits deformation theory,
its laft-ness property implies something stronger than for arbitrary laft prestacks.
Namely, it says that X, when viewed as a functor

(Sch*™)°P - Spe
is the left Kan extension from
(Sch)op ¢ (Sch)op.
Le., for any (S,z) € (Schaﬁ)/x, the space of factoring x as
S—>U-X, UeSch
is contractible.

Note that for arbitrary prestacks such a property holds not on all S € Sch?ft

but only on truncated ones.
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0.2.11. Square-zero extensions of prestacks. In Sect. [I0] we define the notion of
square-zero extension of a given prestack X by means of Z € QCoh(X)=C. This is de-
fined via the functoriality of square-zero extensions under pullbacks, see Sect. iv).

Assuming that X admits deformation theory, we prove that under certain cir-
cumstances, the map from SqZ(X,T) to Maps(T*(X),Z[1]) is an isomorphism,
and that any prestack obtained as a square-zero extension of X itself admits defor-
mation theory.

1. Push-outs of schemes

In this subsection we study the operation of push-out on schemes. This opera-
tion is not so ubiqutous in algebraic geometry. However, it is crucial for deformation
theory. In fact, deformation theory is defined in terms of compatibility with certain
push-outs.

1.1. Push-outs in the category of affine schemes. In this subsection we de-
scribe what push-outs look like in the category of affine schemes.

1.1.1. Let
7> Xi; jel
be an I-diagram in Sch®® for some I € 1-Cat.
Let Y denote its colimit in the category Sch®. Te., if X; = Spec(A;), then
Y =Spec(B), where
B = hm Ai;
7
where the limit is taken in the category of connective commutative k-algebras.
REMARK 1.1.2. Note that in the above formula B = 7<°(B’), where
B, = hm Ai,
7
the limit is taken in the category ComAlg(Vect) of all commutative k-algebras.
Note also that the forgetful functor
oblvcen : ComAlg(Vect) - Vect
commutes with limits, so that it is easy to understand what B’ looks like.

The functor 750 of connective truncation used above is also very explicit.
Namely, by definition, the category of connective commutative k-algebras is ComAlg(VectSO),
and the functor 7= is the right adjoint to the embedding

ComAlg(Vect*?) - ComAlg(Vect).
This functor makes the diagram
<0
ComAlg(Vect=®) «——— ComAlg(Vect)

oblvcom Jv lObIVCom

Vect <’ — Vect
commute.
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1.1.3. In particular, consider a diagram X; < X — X5 in Sch™® and set
Y = X1 [N} XQ,
X
where the push-out is taken in Sch™®. Le., if X; = Spec(A4;) and X = Spec(A), then

Y = Spec(B), where
B := A1 EAQ

Note that if X - X; is a closed embedding, then so is the map X5 - Y.

1.2. The case of closed embeddings. In this subsection we show that if we take
push-outs with respect to maps that are closed embeddings, then this operation is
well-behaved.

1.2.1. Suppose we are in the context of Sect. We observe the following:

LEMMA 1.2.2. Suppose that both maps X — X; are closed embeddings. Then:
(a) The Zariski topology on'Y is induced by that on X7 u Xs.

(b) For open affine subschemes X; c X; such that X1 n X = Xon X =X, and the
corresponding (by point (a)) open subscheme Y c Y, the map
X1 ] X2 =Y
X

is an isomorphism, where the push-out is taken in Sch*f .

(¢c) The diagram
X — X3

I

Xo —— Y
s also a push-out diagram also in Sch.
1.2.3. From here we obtain:

COROLLARY 1.2.4. Let X7 <« X — X5 be a diagram in Sch, where both maps
X; = X are closed embeddings. Then:

(a) The push-out Y := X )LJ( X5 in Sch exists.

(b) The Zariski topology on'Y is induced by that on X; U Xo.

(¢) For open subschemes )0(1 c X; such that )0(1 nX-= )0(2 nxX ::)%, and the corre-
sponding (by point (b)) open subscheme )o/ cY, the map

)0(1 _}0(2910/

<o C

is an tsomorphism.

1.3. The push-out of a closed nil-isomorphism. The situation studied in this
subsection is of crucial importance for deformation theory.
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1.3.1. We recall (see Volume I, Chapter 4, Sect. 6.1.4) that a map X - Y is Sch
is called a nil-isomorphism if it induces an isomorphism
redy _, redy
where the notation "X means the reduced classical scheme underlying clX.
We emphasize that ‘nil-isomorphism’ does not imply ‘closed embedding’.

1.3.2. Let
X1 i X{

be a closed nil-isomorphism of affine schemes, and let f: X; — X5 be a map, where
X € Sch®™.

Let X3 = X1 u Xy, where the colimit is taken in Sch®®. Note that the map
1

/
X9 - X5
is also a closed nil-isomorphism.

‘We observe:

LEMMA 1.3.3. In the above situation we have:
(a) For an open affine subscheme )0(2 c Xo, f‘l()o(g) = )0(1 c X1, and the corre-
sponding open affine subschemes )0(; c X! fori=1,2, the map
;(,1 u ;(2 - )%,2
X1
is an isomorphism, where the push-out is taken in Schf

(b) The diagram
X —— X}

[

Xl EE—— X2
is also a push-out diagram in Sch.

1.3.4.  As a corollary we obtain:

COROLLARY 1.3.5. Let X1 — X be a closed nil-isomorphism of (not necessarily
affine) schemes, and let f: X1 — Xo be an affine map between schemes. Then:
(a) The push-out X4 = X] u Xso in Sch exists, the map Xo - X5 is a closed

1
nil-isomorphism (and in particular affine).
(b) For an open subscheme Xy ¢ Xo, f71(X5) =t X1 ¢ X1, and the corresponding
open affine subscheme X' c X, the map
Xiu Xy~ X}
X1

is an isomorphism, where the push-out is taken in Sch.

(c) If f is an open embedding, then so is the map X| - XJ.
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ProOF. By Lemma it suffices to prove the corollary when X5 is affine,
in which case it also follows from Lemma [1.3.3
O

REMARK 1.3.6. Note that in the situation of Corollary a), if the map
X1 — X, is not affine, the map Xy — X/ is not necessarily a closed embedding. In
fact, it can look like a “pinching”:

Let X5 := A2, and let X3 be its blow-up at the origin. Let X; — X] be the
square-zero extension supported on exceptional divisor with ideal O(-2)®?, given
by the canonical element in Ext'(O(1),0(-2)®?). Then X} is the spectrum of the
algebra consisting of polynomials with a vanishing derivative at the origin.

1.4. Behavior of quasi-coherent sheaves. In this subsection we will describe
how the categories QCoh and IndCoh behave with respect to the operation of push-
out.

1.4.1. Let f:X; > X5 and g1 : X; — X7 be maps of affine schemes with g; being
a closed embedding. Let
X=X u X
2 1 )'211 2
be the push-out in the category Sch?f

We claim:

ProOPOSITION 1.4.2. In the diagram
QCoh(X;) «2— QCoh(X})
(1.1) f*] If’*

QCoh(X,) «—2— QCoh(X}),
the map

! /
QCoh(X3) » QCoh(X2) | x . QCoh(X})

is fully faithful.

REMARK 1.4.3. We note that even when the maps f and ¢; are closed embed-
dings, the diagram (|1.1)) is generally noiﬂ a pullback square in DGCatops. Indeed,
this fails already for X; = pt, Xp ~ X| ~ AL,

That said, one can show that the diagram consisting of perfect complexes

*
91

QCoh(X;)Perf «—— QCoh(X])rert

X A

QCoh(Xo)Prf 2 QCoh(X},)Pert,
is a pullback square, see Chapter 8, Sect. A.2.
‘We note that there is no contradiction between the above two facts: if

C-D<+E

1We are grateful to D. Nadler who pointed this out to us, thereby correcting a mistake in
the previous version.
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is a diagram of compactly generated categories with functors preserving compact
objects, the inclusion

C° x E° CxE)°

(C° x E°) > (CxE)
is in general not an equality (although the corresponding fact is true for filtered
limits).

Proor or ProrosITION [[LZ.2l One readily reduces the assertion to the case
when X5 (and hence also X; and X7) are affine. In the latter case, we will prove
the proposition just assuming that the map ¢; is a closed embedding.

We construct a functor
Coh(X] Coh(X3) — QCoh(X}
QCo ( 1) C0}>1<( 1)Q o ( 2) QCo ( 2))

right adjoint to the tautological functor
" x g3): QCoh (X} Coh(X] Coh(X
(£ 93) : QCoh(X}) » QCoh(X]) |«  QCoh(Xa)

by sending a datum
(.7:1, € QCOh(X{), .7:2 € QCOh(Xg), .7:1 € QCOh(Xl), gf(]—'{) ~ .7:1 =~ f*(]'-z))
to
Fib (f.(F1) ® g2.(F2) > ha(F1)) s
where h denotes the map X; — XJ.

We claim that the unit of the adjunction is an isomorphism. Indeed, we have
to check that for F € QCoh(X}), the map

F = Fib(fi o f"(F) @ g24 0 g5(F) > hu 0 h*(F))
is an isomorphism. However, the above map is obtained by tensoring F with the
corresponding map for F = Ox. Hence, since X is affine, it suffices to check that
the map
I'(X3,Ox;) - Fib (I'(X],0x;) @ [(X2,0x,) » I'(X31,0x,))

is an isomorphism. However, the latter follows from the construction of the push-
out
O

1.4.4. Assume now that in the above situation, X1, X2, X] belong to Schzg and
the map f: X; — X is finite so that X} also belongs to Schf.
We claim:

ProprosITION 1.4.5. In the diagram
IndCoh(X;) «—2— IndCoh(X!)
(1.2) f’I If”

IndCoh(Xs) «—2— IndCoh(X}),

the map

IndCoh (X} IndCoh( X IndCoh(X]
ndCoh(X3) — IndCoh( 2)Ind00>;1(X1)n oh(X7)

is fully faithful.
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REMARK 1.4.6. Unlike the situation with QCoh, in Chapter 8, Sect. A.1l, we
will see that (1.2) s a pullback squareEl

PROOF OF PROPOSITION [[.4.5l We construct the left adjoint to the

/" ! ’ 1
"% g5) : IndCoh(X;) - IndCoh(X IndCoh (X
(f"xg) :IndCoh(X3) > IndCoh(X{) | IndCoh(Xa).

by sending a datum
(F! € IndCoh(X!), Fs € IndCoh(X3), F; € IndCoh(X1), ¢t (F) = Fy =~ f(F2))

to
coFib (hindCoh(fl) N (fl)indcoh (‘7:1,) ® (92 )indCoh(}-é)) .

We claim that the co-unit of the adjunction is an isomorphism. L.e., we claim
that for F € IndCoh(X}), the map

(13)  coFib (R o B (F) » (f)iM o (f1)/(F) @ (92) 19" 0 95(F)) - F
is an isomorphism.

Note that in order to check this, it is enough to take F € Coh(X3), in which
case, both sides in ([1.3]) belong to IndCoh(X%)*. Hence, it is enough to show that
the map (|1.3) becomes an isomorphism after applying the functor

rIndCoh(Xé7 -) : IndCoh(X}) - Vect.
Denote
A7;=F(Xi,OX,,)a A;:F(X{,Oxg), 1=1,2.

Denote M := TTndCoh (X! ) After applying T4 (X} ) to the left-hand
side in ([1.3)) we obtain

coFib (MGPSA;_mOd(Ah M) - Ma,psAé_mod(A'l, M)eo MapsA;_mod(Ag, M)) ,
and that maps isomorphically to M, since

is an isomorphism.

2. (pro)-cotangent and tangent spaces

In this section we define what it means for a prestack to admit a (pro)-cotangent
space at a given S-point, where S € Sch®®. The definition is given in terms of the
construction known as the split zero extension.

2.1. Split square-zero extensions. In this subsection we review the construc-

tion of split zero extensions; see [Lu2l Sect. 7.3.4].

2We are again grateful to D. Nadler, who pointed out a gap in the proof of this assertion in
an earlier version.
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2.1.1. Let S be an object of Sch®™. There is a natural functor
RealSplitSqZ : (QCoh(S5)=°)° — (Sch*™),

that assigns to F € QCoh(S)=" the corresponding split square-zero extension RealSplitSqZ(F),
also denoted by Sr.

Namely, if S = Spec(A) and T'(S,F) = M € A-mod,
Sy =Spec(Ae M).
2.1.2.  One can show (see [Lu2l Theorem 7.3.4.13] or Chapter 6, Proposition 1.8.3)
that the functor RealSplitSqZ defines an equivalence
QCoh(5)<0 ~ ComMonoid(((Schaff)s//s)op)7

where ComMonoid(-) denotes the category of commutative monoids in a given
(o0, 1)-category, see Volume I, Chapter 1, Sect. 3.3.3.

2.1.3. The following is nearly tautological:

LEMMA 2.1.4. The functor

RealSplitSqZ : (QCoh(S5)=°)°P — (Sch*™),

commutes with colimits.

In addition, as in Lemma [T:3.3] one shows:

LEMMA 2.1.5. The composite functor

RealSplitSqZ : (QCoh(S)<")°P - (Schaﬁ)s/ — Schg,

also commutes with colimits.

2.1.6. Terminology. In what follows, for an affine scheme S, we will also use the
notation

SplitSqZ(S) := (QCoh(S)=?)°P,
so that RealSplitSqZ is a functor

SplitSqZ(S) — (Sch*™)g,.

2.2. The condition of admitting a (pro)-cotangent space at a point. The
condition that a given prestack admit a (pro)-cotangent space at a point means
that it is infinitesimally linearizable, i.e., defines an exact (=excisive) functor on
split square-zero extensions.

2.2.1. Let X be an arbitrary object of PreStk, and let (S,z) be an object of
(Sch®™) .

We consider the functor QCoh(S)=? - Spec, given by
(2.1) F e QCoh(9)*" Mapsg, (S, X) € Spc.
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2.2.2. Let F; - F» be a map in QCoh(S5)%Y, such that H°(F,) - H(F) is a
surjection. Set

F =0 x .7:1.
Fa
By assumption, F € QCoh(S)<°.
Note that by Lemma [2.1.4]
(2.2) S u S]:1 —>S]:
S}‘2

is a push-out diagram in Sch®” (and, by Lemma or Lemma ), also in
Sch).

Consider the corresponding map

2.3 Mapsg,(SF, X) = * X Mapsg,(SF,, X).
(2.3) PS/(f ) Maps g, (S75.) PS/( i, X)

DEFINITION 2.2.3. Let X be an object of PreStk. We shall say that X admits
a pro-cotangent space at the point z, if the map (2.3) is an isomorphism for all
F1 = F5 as above.

2.2.4. For example, from Lemma b) we obtain:

COROLLARY 2.2.5. If X = X € Sch, then X admits a pro-cotangent space at
any (S,x) € (Schaﬁ)/x.

2.2.6. Suppose that X admits a pro-cotangent space at z. Note that the functor
(2.1) can be extended to a functor
(2.4) QCoh(S)™ — Spc,
by sending F € QCoh(S)** to
Q' (Mapsg, (Szi), X))
for ¢ > k. The fact that this is well-defined is guaranteed by the isomorphism .

In addition, the isomorphism (2.3) implies that the functor (2.4) is exact.
Hence, it is pro-corepresentable by an object of Pro(QCoh(S)™). In what follows
we shall denote this object by

T (X) € Pro(QCoh(S)7)
and refer to it as the pro-cotangent space to X at x.

2.2.7. Let us recall (see [Lull Corollary 5.3.5.4]) that for any (accessible) (oo, 1)-
category C with finite limits, the category (Pro(C))°P is the full subcategory of
Funct(C, Spc) that consists of (accessible) functors that preserve finite limits.

Recall also (see Volume I, Chapter 1, Sects. 7.2.1) that if C is stable, we can
identify this category with that of exact functors

C — Sptr,
by composing with the forgetful functor Q2 : Sptr — Spc.

Finally, if C is a k-linear DG category (such in our case of interest QCoh(.5)7)),
we can identify it also with that of k-linear exact functors

C — Vect,
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by composing with the Dold-Kan functor
Dold-Kan®P" : Vect — Sptr,
see Volume I, Chapter 1, Sect. 10.2.)

Given an object ® € Pro(C), the corresponding functor C — Vect is explicitly
given by
fHMapSPro(C)(‘I)’]:)’
where we regard Pro(C) also as a k-linear DG category, and C as its full subcate-
gory.
2.2.8. Suppose that

F —— F

(2.5) l l

Fy —— F

is a pullback diagram in the category QCoh(.S), where all objects belong to QCoh(S)=C.
Le., we have Fy, Fy, F} € QCoh(S5)=°, and we require that

Fi=F z 75

also belongs to QCoh(S)=°.
Note that by Lemma [2.1.4]

Sy ——— Sr,

I

Sy —— Sr,
is a push-out diagram in (Schaﬁ)s/.
For a given map x : S - X, consider the corresponding map

2.6 Mapsg,(S#r,X) - Mapsg,(Sg,, X X Mapsg,(Sz,X).
(2.6) Ps/( Fi ) PS/( F )MapSS/(SFQ’X) PS/( F} )

We have:

LEMMA 2.2.9. Suppose X admits a pro-cotangent space at . Then (2.6)) is an
isomorphism.

PRrROOF. Follows from the commutation of Maps(T(X),-) with finite limits.
(I
2.2.10. We end this subsection with the following definition:

DEFINITION 2.2.11. Let X be an object of PreStk. We shall say that X admits
a cotangent space at (S,x) € (Schaﬂ)/X if it admits a pro-cotangent space, and
Tx(X) belongs to
QCoh(S)™ c Pro(QCoh(S)7).

2.3. The condition of admitting (pro)-cotangent spaces.
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2.3.1. We give the following definition:
DEFINITION 2.3.2. Let X be an object of PreStk.

(a) We shall say that X admits pro-cotangent spaces, if admits a pro-cotangent
space for every (S,x) € (Schaﬁ)/x.

(b) We shall say that X admits cotangent spaces, if admits a cotangent space for
every (S,x) € (Schaff)/)(.

2.3.3. For example, Corollary can be reformulated as saying that any scheme
admits pro-cotangent spaces.

REMARK 2.3.4. We shall soon see that every X € Sch actually admits cotangent
spaces, see Proposition [3.2.6

2.3.5. Zariski gluing allows us to extend the construction of split square-zero ex-
tensions to schemes that are not necessarily affine. Thus, for Z € Sch, we obtain a
well-defined functor:

RealSplitSqZ : (QCoh(Z)<")°P - Schz;, Fw Zgr.

Let X be an object of PreStk that admits pro-cotangent spaces. Assume also
that X is a sheaf in the Zariski topology.

Fix a map z: Z - X. It follows formally that the functor

QCoh(Z)** - Spc, F > Mapsy/(Zr, X)
is pro-corepresentable by an object
T7(X) € Pro(QCoh(Z)7).

2.4. The relative situation. The same definitions apply when we work over a
fixed prestack Xj.

2.4.1. For X e PreStk,x, and (S,z) € (Schaﬁ)/x, we shall say that X admits a
pro-cotangent space at x relative to Xj if in the situation of Sect. the diagram

Mapss/(s‘}—"){) —_— % X Mapss/(Syrl,X)

Mapss/(S}‘Q ,X)

l |

Mapsg,(SF, Xy) —— * x Mapsg,(Sx, , X
psg; (SF, Xo) Mapss) (5 1) psgy(SF,, Xo)

is a pullback square, i.e., if the fibers of the map

Mapsg, (S, X) = * X Mapsg,(SF,, X
pS/(f ) Mapsss) (S ) pS/( 71 X)

map isomorphically to the fibers of the map

Mapsg/(SF, Xy) — * x Mapsg,(Sx, , Xo).
P S/( 7 %) Mapsg, (S, ,X0) P S/( F1: %)
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2.4.2. If this condition holds, we will denote by
TX(X[X) € Pro(QCoh(S)7)
the object that pro-corepresents the functor

F — Mapsg,/(Sr, X X *,
P S/( F )Mapss/(Sy:,Xo)

2.4.3. Note that if in the above situation A&;) admits a pro-cotangent space at
zp:S - X - X, then X admits a pro-cotangent space at z if and only if X admits
a pro-cotangent space at x relative to Xy and

T, (X[Xp) = coFib(T, (Xp) - T, (X)).
2.4.4. The next assertion easily results from the definitions:

LEMMA 2.4.5. A prestack X admits pro-cotangent spaces relative to Xy if and
only if for every Sy € (Schaﬂ)/%, the prestack Sy X X admits pro-cotangent spaces.
0

2.5. Describing the pro-cotangent space as a limit. In this subsection we
will study (pro)-cotangent spaces of prestacks that are presented as colimits.

2.5.1. Let X be an object of PreStk, written as
(2.7) X = colijn X,

where the colimit is taken in PreStk.

Assume that each X, admits pro-cotangent spaces. We wish to express the
pro-cotangent spaces of X (if they exist) in terms of those of X,.

2.5.2. For (S,x) € (Schaff)/x, let A,/ denote the category co-fibered over A, whose
fiber over a given a € A is the space of factorizations of x as

S X, - X.

We claim:
PROPOSITION 2.5.3. Suppose that T (X) exists and that the category Ay is
sifte(ﬂ, Then the natural map

2.8 THX)>  lim T (X)),
(23) (V)= T2 (X

where the limit is taken in Pro(QCoh(S)™), is an isomorphism.

PROOF. We need to show that for F € QCoh(S)=°, the map
(2.9) colim /\/laps(T’r (Xa), F) = Maps(T, (X),F),

(a,zq)eA,
where the colimit is taken in Vect, is an isomorphism.
Denote V, = Maps(T,; (X,),F), V = Maps(T;(X),F). We claim that it is
enough to show that for every n € N, the resulting composite map

(2.10) colim 7' (Vo) = 75"( cohrrfl1 V,) = m="(V)

(a,zq)eA, a

is an isomorphism.

3See [Lull Sect. 5.5.8] for what this means.
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Indeed, if (| is an isomorphism, then the map

colim V, ~ cohm colim 7="(V,) =~ cohm colim 7"(V,) —» cohm7’<"(V) 14
(a,xq)eA,; (a,x0)eAy, N (a,zq)eAy,

is an isomorphism as well.

We note that the composite map in (2.10) can be interpreted as the shift by
[-n] of the map

(2.11) colim 750 (/\/laps( (Xa)7.7'-[n])) - 750 (Maps(T:(X), F[n]))

(0,8)eA,,
in Vect=C. So, it suffices to show that the map is an isomorphism.
Now, using the assumption that A, is sifted and the fact that the functor
Dold-Kan : Vect*® > Spe
commutes with sifted colimits (see Volume I, Chapter 1, Sect. 10.2.3), when we

apply it to (2.11)), we obtain the map

(2.12) ( (301)irrf11 Mapsg,(Sz[n], Xa) > Mapsg/(SFn), X)-
a,Tq)€AL)

Thus, since Dold-Kan is conservative, we obtain that it suffices to show that
(2.12) is an isomorphism.
Hence, it remains to show that for a S’ € Schs/, the map

( col)irr)‘ Mapsg, (S’, &) - Mapsg,(S’, X)
a,Tq )EAL)

is an isomorphism. However, this follows from the isomorphism ([2.7).

2.5.4. We now claim:

LEMMA 2.5.5. Suppose that in the situation of (2.7)), the category A is filtered.
Then X admits pro-cotangent spaces, and there is a canonical isomorphism

T*(X) >  lim (X,
() (a,20)e(A,))oP Ta. (Xa).

PROOF. As in ([2.11)), we have an identification
Mapsg,(SF,X) = colim Dold Kan (70 (Maps(T;. (X.),F))),

(a,zq)eA,

functorial in F € QCoh(5)<°.

First, we note that the filteredness assumption on A implies that all the cate-
gories A, are filtered and in particular sifted. Hence,

colim Dold-Kan (TSO (M@pS(T;a(Xa)vf))) =~

(a,zq )EAm/

& Dold—Kan( colim 7= (Maps(T (X.), }-))) :

(avxa)EAa:/

Since A, is filtered, the functor 750 : Vect - Vect=* commutes with colimits
along A,,, and we obtain:

colim 7<° (Maps(T; (X,),F)) :T<0( colim  Maps(T, (X,), }"))

(a,za)eAy) (a,24)eA,,
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This implies the assertion of the lemma.

3. Properties of (pro)-cotangent spaces

By definition, the (pro)-cotangent space of a prestack at a given S-point is an
object of Pro(QCoh(S)™). One can impose the condition that the (pro)-cotangent
space belong to a given subcategory of Pro(QCoh(S)™), and obtain more restricted
infinitesimal behavior. In this section, we will study various such conditions.

3.1. Connectivity conditions. The first type of condition is obtained by requir-
ing that the (pro)-cotangent space be bounded above.

3.1.1. We start with the following observation: let C be a stable (oo, 1)-category,
in which case the category Pro(C) is also stable ﬁ

Assume now that C is endowed with a t-structure. In this case Pro(C) also
inherits a t-structure, so that its connective subcategory Pro(C)=? consists of those
left-exactf] functors

C - Spc
that map C>° to = € Spc.
Equivalently, if we interpret objects of Pro(C) as exact functors
C - Sptr,

the subcategory Pro(C)=" consists of those functors that send C=° to the subcate-
gory Sptr=® c Sptr.

Clearly,
Cn Pro(C)=" = C*",
as subcategories of C.
3.1.2. Restriction along C*" - C defines a functor
(3.1) Pro(C)=" - Pro(C*"),
LEMMA 3.1.3. The functor is an equivalence.

Similarly, for any m < n, the natural functor
Pro(C)>™=" - Pro(C*""<")
is an equivalence.

In what follows we shall denote by Pro(C)event-conn the full subcategory of
Pro(C) equal to U Pro(C)*". TLe., Pro(C)event-conn 1S the same thing as Pro(C)".

4Note, however, that even if C is presentable, the category Pro(C) is not, so caution is
required when applying such results as the adjoint functor theorem.

5We recall that a functor is said to be left-exact if it commutes with finite limits. This notion
has nothing to do with t-structures.



3. PROPERTIES OF (PRO)-COTANGENT SPACES 31

3.1.4. We give the following definitions:
DEFINITION 3.1.5. Let X be an object of PreStk.

(a) We shall say that X admits a (—n)-connective pro-cotangent (resp., cotangent)
space at x if it admits a pro-cotangent (resp., cotangent) space at x and Ty (X) €
Pro(QCoh(S5)=").

(a’) We shall say that X admits an eventually connective pro-cotangent space at
if it admits a (-n)-connective pro-cotangent space at x for some n.

(b) We shall that X admits (—n)-connective pro-cotangent (resp., cotangent) spaces,
if it admits a (—n)-connective pro-cotangent (resp., cotangent) space for every
(S,z) € (Sch™™) .

(b’) We shall that X admits locally eventually connective pro-cotangent spaces, if it
admits an eventually connective pro-cotangent space for every (S, z) € (Schaﬁ)/;(.
(¢) We shall that X admits uniformly eventually connective pro-cotangent (resp.,
cotangent) spaces, if there erxists an integer n € Z such that X admits a (-n)-
connective pro-cotangent (resp., cotangent) space for every (S,z) € (Schaﬁ)/)(.

3.1.6. Tautologically, if X admits a pro-cotangent space at x, then this pro-
cotangent space is (-n)-connective if and only if for some/any i > 0 and F e
QCoh(5)>=0, the space

Ma’pSS/(S.'F’X)

is (n +©)-truncated.

3.1.7. Let us consider separately the case when n = 0 (in this case, we shall say
‘connective’ instead of ‘O-connective’). Almost tautologically, we have:

LEMMA 3.1.8. A prestack X admits a connective pro-cotangent space at x : S —
X if and only if the functor (2.1) commutes with finite limits (equivalently, takes
pullbacks to pullbacks).

REMARK 3.1.9. The point of Lemma [3.1.8] is that the condition of admitting
a connective pro-cotangent space is stronger than that of just admitting a pro-
cotangent space: the former requires that functor take any pullback square in
QCoh(S9)=° to a pullback square, while the latter does so only for those pullback
squares in QCoh(S)=° that stay pullback squares in all of QCoh(S) .

3.1.10. From Lemma |1.3.3(b) we obtain:

COROLLARY 3.1.11. Every X = X € Sch admits connective pro-cotangent spaces.

3.2. Pro-cotangent vs cotangent. Assume that X admits a (—n)-connective
pro-cotangent space at . We wish to give a criterion for when X admits a cotangent
space at x. In this case, T, (X) would be an object of QCoh(S5)=".

3.2.1. We have:

LEMMA 3.2.2. Let C be as in Sect. and let ¢ be an object of Pro(C<").
Assume that C contains filtered limits and retracts. Then c belongs to C<" if and
only if the corresponding functor C" — Spc commutes with filtered limits.
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3.2.3. From the lemma we obtain:

COROLLARY 3.2.4. If X admits a (—n)-connective pro-cotangent space at x,
then it admits a cotangent space at x if and only if the functor (2.1) commutes with
filtered limits.

3.2.5. We now claim:
PRrROPOSITION 3.2.6. Any X = X € Sch admits connective cotangent spaces.

PrOOF. According to Corollaries [3.1.11} we only need to show that the com-
posite functor
RealSplitSqZ : (QCoh(S)<")°P - (Schaﬁ)s/ - Schg; - Sch

commutes with filtered colimits. However, taking into account Lemma this
follows from the fact that the forgetful functor Schg; - Sch commutes with colimits
indexed by any contractible category.

O

3.3. The convergence condition. The convergence condition says that the value
of the (pro)-cotangent space on a given F € QCoh(S)~ is determined by the coho-
mological truncations 727" (F). It is the infinitesimal version of the condition of
convergence on a prestack itself.

3.3.1. For S eSch*®, we let
VPro(QCoh(S)7) c Pro(QCoh(S)7)

denote the full subcategory spanned by objects ® that satisfy the following conver-
gence condition:

We require that when ® € Pro(QCoh(S)7) is viewed as a functor QCoh(S)<* —
Spc, then for any F € QCoh(S)°, the map

O(F) - limd(r="(F))
be an isomorphism.

We note the analogy between this definition and the notion of convergence for
objects of PreStk, see Volume I, Chapter 2, Sect. 1.4.

3.3.2. The following is nearly tautological:

LEMMA 3.3.3. Suppose that X € PreStk is convergent, and suppose that it ad-
mits a pro-cotangent space at (S, x) € (Schaﬂ)/x. Then T (X) belongs to “*Pro(QCoh(S)7).

In addition, we have:

LEMMA 3.3.4. Suppose that X € PreStk is convergent. Then in order to
test whether X admits pro-cotangent spaces (resp., (—n)-connective pro-cotangent

spaces), it is enough to do so for (S,x) with S eventually coconnective and check
that (2.3) is an isomorphism for F; € QCoh(S)>><0 i=1,2.

Similarly, we have the following extension of Lemma [2.4.5}

LEMMA 3.3.5. Let m: X - Xy be a morphism in ™ PreStk. Then in order to
check that X admits pro-cotangent spaces relative to Xy, it sufficient to check that
for every Sy € (“"Schaff)/;(o, the fiber product Sy X X admits pro-cotangent spaces.

0
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3.4. The almost finite type condition. In this subsection we introduce another
condition on an object of Pro(QCoh(X)™), namely, that it be ‘almost of finite type’.

3.4.1. For a scheme X, let
Pro(QCoh(X) ™ )jats € Pro(QCoh(X)7)

denote the full subcategory consisting of objects ® satisfying the following two
conditions:

(1) ® € *°™Pro(QCoh(X));
(2) For every m > 0, the resulting functor ® : QCoh(X)>"<0 - Spc com-
mutes with filtered colimits.

We note the analogy between the above definition and the corresponding defi-
nition for prestacks, see Volume I, Chapter 2, Sect. 1.7.

3.4.2. From now until the end of this subsection we will assume that X € Sch,g.
In particular, we have a well-defined (non-cocomplete) DG subcategory

Coh(X) ¢ QCoh(X).
3.4.3. Here is a more explicit interpretation of Condition (2) in Sect. in the
eventually connective case.

Let X be an object of Schag, and let ® be an object of Pro(QCoh(X)=") for
some n. We have:

LEMMA 3.4.4. The following conditions are equivalent:

(a) For every m >0, the functor ® : QCoh(X)>""<Y — Spc commutes with filtered
colimits.

(b) For every m >0, the truncation 7>~ (®) belongs to the full subcategory
Pro(Coh(X)>"=") c Pro(QCoh(X)>"""<").

(c) The cohomologies of ® belong to Pro(Coh(X)?) c Pro(QCoh(X)?).

3.4.5. Note that restriction along Coh(X) = QCoh(X) defines a functor
(3.2) Pro(QCoh(X)™) - Pro(Coh(X)).
We claim:
PRrROPOSITION 3.4.6. The functor defines an equivaence
Pro(QCoh(X )™ )iat, = Pro(Coh(X)).

REMARK 3.4.7. Note the analogy between this proposition and the correspond-
ing assertion in Volume I, Chapter 2, Proposition 1.7.6.

PRroor oF ProrosITION [3.4.6l We construct the inverse functor as follows.
Given ® € Pro(Coh(X)), viewed as a functor
Coh(X)=Y - Spc,
we construct a functor
@’ : QCoh(X) =Y - Spe,
as the left Kan extension of ® under
Coh(X)=* = QCoh(X )=,
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We define the sought-for functor ® : QCoh(X)*C - Spc as the right Kan ex-
tension of ®° under
QCoh(X)>™>==0 < QCoh(X)*°.
Explicitly,
®(F) = lim U2 F)).

It is easy to check that the construction ® > @ is the inverse to (3.2).

COROLLARY 3.4.8. For X € Sch,g there exists a canonical equivalence
(Pro(QCoh(X) iag )" = IndCoh(X).

PROOF. Follows from the canonical equivalence between (Pro(Coh(X)))” and
IndCoh(X) given by Serre duality

D%erre : (Coh(X))°P 5 Coh(X),
see Volume I, Chapter 5, Sect. 4.2.10. (]
The following results from the construction:

LEMMA 3.4.9.

(a) Under the equivalence of C’orollary the full subcategory of (Pro(QCoh(X) )iag )’
corresponding to

Pro(QCoh(X ) )1ats N Pro(QCoh(X) ™ )event-conn € Pro(QCoh(X)™)

maps onto IndCoh(X)* c IndCoh(X).

(b) Under the equivalence of C’orollary the full subcategory of (Pro(QCoh(X) )iag)”
corresponding to

Pro(QCoh(X) )1att 1 QCoh(X )™ c Pro(QCoh(X)™)

maps onto the full subcategory of IndCoh(X)*, consisting of objects with coherent
cohomologies.

3.5. Prestacks locally almost of finite type. In this subsection, we will study
what the ‘locally almost of finite type’ condition on a prestack implies about its
(pro)-cotangent spaces.

3.5.1. The definition of the subcategory
PreStkj,s ¢ PreStk
implies:
LEMMA 3.5.2. Suppose that X € PreStk belongs to PreStkyag, and suppose that
it admits a pro-cotangent space at (S,x) € (Schaﬁ)/x. Then T (X) belongs to
Pro(QCoh(S) )iat; € Pro(QCoh(S)7).
Moreover, we have:

LEMMA 3.5.3. Suppose that X belongs to PreStkyag. Then the condition on X

to have pro-cotangent spaces is enough to check on (S,z) with S € <°°Sch2f1tlcf and
Fi e Coh(89)%Y,i=1,2.

We also have following extension of Lemma [2.4.5
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LEMMA 3.5.4. Let w: X — Xy be a morphism in PreStky.¢,. Then in order to
check that X admits pro-cotangent spaces relative to Xy, it sufficient to check that
for every Sy € (<°°Sch?tff)/xo, the fiber product Sy X X admits pro-cotangent spaces.

0

3.5.5. Suppose that X = X € Schig, and let (z : S — X) e (Sch*™)/x with
S e Sch™ . Consider the object

T (X) € QCoh(S)=°.

From Lemma [3.4.4] we obtain:

COROLLARY 3.5.6. The object object T (X) has coherent cohomologies.

3.5.7. The tangent space. Using Corollary and Lemma we obtain that
if X € PreStkas admits a pro-cotangent space at = for (S,x) € (Schzg)/x, then it
admits a well-defined tangent space

T, (X) € IndCoh(S).

Namely, we let T,.(X') be the object of IndCoh(.S) corresponding to T (X)) via
the contravariant equivalence of Corollary

4. The (pro)-cotangent complex

A prestack admits a pro-cotangent complez if it admits pro-cotangent spaces
that are compatible under the operation of pullback. We will study this notion in
this section.

4.1. Functoriality of (pro)-cotangent spaces. In this section we define what
it means for a prestack to admit a (pro)-cotangent complex. We reformulate this
definition as compatibility with a certain type of push-outs.

4.1.1. Let f:S1 — S5 be a map of affine schemes. Consider the functor
f7:QCoh(S2)” » QCoh(51)",
and let Pro(f*) denote the resulting functor
Pro(QCoh(S2)™) = Pro(QCoh(S1)7).
Note that we when regard Pro(QCoh(S;)”) as a full subcategory of (the oppo-
site of)
Funct(QCoh(S;)%%, Spc),

the functor Pro(f*) is induced by the functor

LKE+ : Funct(QCoh(S5)=", Spc) - Funct(QCoh(S;)=", Spc).

Even more explicitly, for F; € QCoh(S;)=? and ®5 € Pro(QCoh(S;)~), we have:
(4.1) ((Pro(f*)(®2)))(F1) = ®2(f(F1))-
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4.1.2. Note also (see [Lu2, Theorem 7.3.4.18]) that we have a commutative dia-
gram of functors

QCoh(8)=° —*» QCoh(S,)<C
(4.2) RcalSplitSqu 1RcalSp1itSqZ

(Sch*™)g,) ——— (Sch™™)s,,,
where the bottom horizontal arrow is given by push-out.

4.1.3. Let X be an object of PreStk that admits pro-cotangent spaces. Let f :
S1 — S be a map of affine schemes. Let x5 : Sy - X and denote x1 := x5 o f.

From (4.2)), for F; € QCoh(S1)=°, we obtain a canonically defined map
(4.3) Mapsg, ((52) 1, (F1), &) = Mapsg, ,((51) 7, &),
which depends functorially on F;.
We can interpret the map (4.3 as a map
(4.4) T, (X) = Pro(f*)(T,(X))
in Pro(QCoh(S1)7).

DEFINITION 4.1.4. We shall say that X admits a pro-cotangent complex if it
admits pro-cotangent spaces and the map (4.4) is an isomorphism for any (Sa,xs :
Sy = X) and f as above.

4.1.5. Equivalently, X admits a pro-cotangent complez if it admits pro-cotangent
spaces and the map (4.3)) is an isomorphism for any (Sa,z2: Se > X)), f and F; as
above.

Still equivalently, from (4.2)), we obtain that X admits a pro-cotangent complex
it admits pro-cotangent spaces and takes push-outs of the form

(51)7, U 52,
S1
where (S1)z, is a split square-zero extension of S, to pullbacks in Spc.

REMARK 4.1.6. Note that both the condition of admitting pro-cotangent spaces
and a pro-cotangent complex are expressed as the property of taking certain push-
outs in Sch*® to pullbacks in Spec.

4.1.7. The cotangent complex. We give the following definition:

DEFINITION 4.1.8. We shall say that X admits a cotangent complex it admits
cotangent spaces and a pro-cotangent complex.

In other words, we require that for every (S,z), the object T, (X) belong to
QCoh(S)7, and that for a map f:S; - Sg, the resulting canonical map

T, (X) - [T, (X))
be an isomorphism in QCoh(S1)".
Thus, if X admits a cotangent complex, the assignment

(S,z) € (Sch™™),x ~ T (X) e QCoh(S)
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defines an object of QCoh(X), which we shall denote by T*(X) and refer to as the
cotangent complex of X.

4.1.9. Let Z e Sch, regarded as a prestack. We already know that Z admits
cotangent spaces. Moreover, from Lemma [1.3.3|(b), it follows that the maps (4.3)
are isomorphisms. Hence, we obtain that Z admits a cotangent complex.

4.1.10. The relative situation. The same definitions apply in the relative situation,
when we consider prestacks and affine schemes over a given prestack Xj.

The analog of Lemma holds when we replace ‘cotangent spaces’ by ‘cotan-
gent complex’.

4.2. Conditions on the (pro)-cotangent complex. In this subsection we in-
troduce various conditions that one can impose on the (pro)-cotangent complex of
a prestack.

4.2.1. Connectivity conditions.

DEFINITION 4.2.2.

(a) We shall say that X admits an (—-n)-connective pro-cotangent complex (resp.,
cotangent complex) if it admits (—-n)-connective pro-cotangent spaces (resp., cotan-
gent spaces) and a pro-cotangent complex.

(b) We shall say that X admits a locally eventually connective pro-cotangent com-

plex if it admits a pro-cotangent complex and its pro-cotangent spaces are eventually
connective.

(c) We shall say that X admits a uniformly eventually connective pro-cotangent

complez (resp., cotangent complex) if there exists an integer n such that X admits
an (-n)-connective pro-cotangent complex (resp., cotangent complez).

For example, we obtain that any X € Sch, regarded as an object of PreStk,
admits a connective cotangent complex.

4.2.3. The (pro)-cotangent complex in the convergent/finite type case. Suppose now
that X is convergent (resp., belongs to PreStkj,s ). By Lemmam (resp., Lemma7
the condition that X admit pro-cotangent spaces is sufficient to test on affine
schemes that are eventually coconnective (resp., eventually coconnective and of
finite type).

Similarly, we have:

LEMMA 4.2.4.
(a) Assume that X is convergent. Then X admits a pro-cotangent complez if and
only if it admits pro-cotangent spaces, and the map is an isomorphism for
Sy, 85 € <*Sch®® and F; € QCoh(S;)>~><0.
(b) Assume that X € PreStkjag. Then X admits a pro-cotangent complez if and
only if it admits pro-cotangent spaces, and for any map f:S1 = Ss in (“"Sch?tﬂ)/x
and Fy € Coh(S1)=°, the map

li M S X M S X
S, e MapS (S2)7,, ) = Mapss, ((51)7,)

is an isomorphism in Spc.

In addition:
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LEMMA 4.2.5. Let 7: X — Xy be a morphism in “™PreStk (resp., PreStkiag ).
Then in order to check that X admits a pro-cotangent complex relative to Xy, it is
sufficient to check that for any So € <°°(Schaff)/,\»0 (resp., So € (“"Sch?ff)/%), the

fiber product Sy X X admits a pro-cotangent complez.
0

4.2.6. Cotangent vs (pro)-cotangent. We observe the following:

PROPOSITION 4.2.7. Let X be convergent (resp., locally almost of finite type)
and admit a locally eventually connective pro-cotangent complex. Suppose that X
admits cotangent spaces for all S — X with S € <*Sch™® (resp., S € <°°Sch?tﬂ).
Then X admits a cotangent complex.

ProoF. First, we note that the assertion in the locally almost of finite type
case follows formally from that in the convergent case.

To prove the latter we need to show the following. Let 7 be an object of
Pro(QCoh(S)=?), such that for every truncation i, : <"S — S, we have

(Pro(iy))(T) € QCoh(*"S)=".
Then T € QCoh(S)=°.

This follows from the next general observation (which is a particular case of
Volume I, Chapter 3, Proposition 3.6.10):

LEMMA 4.2.8. The functors {i;} define an equivalence
QCoh(S)=Y - lim QCoh(*"S)=".
n
O

4.3. The pro-cotangent complex as an object of a category. In this sub-
section we will show that for a prestack X locally almost of finite type that admits
a (pro)-cotangent complex, there exists a tangent complex, which is naturally an
object of IndCoh(X).

4.3.1. Let X be a prestack. We define the category
Pro(QCoh(&x)™)fke

as

lim Pro(QCoh(S5)7).
(S,z)e(Sch?f), » ( ( ) )

Let us emphasize that Pro(QCoh(X)~)fk¢ is not the same as Pro(QCoh(X)~)
where the latter is the pro-completion of the category

QCoh(X)™ := U QCoh(X)=".

We have a fully faithful embedding
QCoh(X)~ - Pro(QCoh(x)~)fke,
given by QCoh(S)™ = Pro(QCoh(S)™) for every (5, z) € (Schaﬁ)/x.

4.3.2. By definition, if X admits a pro-cotangent complex, then we have a well-
defined object

T*(X) € Pro(QCoh(X)~)fke,
whose value on every (5, z) € (Schaﬂ)/x is T (X) € Pro(QCoh(S)7).
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4.3.3. Let
conVpro(QCoh(X) ™)k ¢ Pro(QCoh(X)™)fke

be the full subcategory equal to

lim OMVPro(QCoh(S)7).
(S,3)e(Schaf) x (QCoh(S)7)

We note:
LEMMA 4.3.4. Assume that X is convergent. Then the restriction functor
convpro(QCoh(X)~) ke = lim convpro(QCoh(S)™) -
(8,z)e(Schaff),
- lim CPro(QCoh(S)7)

(S,z)e(<=Sch?T), 5
is an equivalence.
4.3.5. By Lemma if X is convergent and admits a pro-cotangent complex,
we have
T*(X) € ““™Pro(QCoh(Xx)~)fke,
4.3.6. Assume now that X € PreStkj,s. By Lemma [4.3.4] we can rewrite

(4.5) convpro (QCoh(X) ™) ke ~ lim COPro(QCoh(S)7).
(S,z)e(<=Schaff), »

Let

Pro(QCoh(&X)7)iake ¢ convpro(QCoh (&)™ )fke

be the full subcategory equal, in terms of (4.5)), to
lim PI‘O(QCOh(S)_)laft C

lim
(S,a)e(<=Schaff) y (S,w)e(<=Sehgff)

conv pro(QCoh(S)").

By Lemma [3.5.2] obtain that if X belongs to PreStkj.s; and admits a pro-
cotangent complex, we have

T*(X) € Pro(QCoh(X)™)iake.
4.4. The tangent complex.

4.4.1. Assume again that X € PreStky,;;. By Corollary and the convergence
property of IndCoh (see Volume I, Chapter 5, Sect. 3.4.1), we obtain:

COROLLARY 4.4.2. There exists a canonically defined equivalence
(Pro(QCoh(&X)")f2k)*” = IndCoh(X).

4.4.3. Assume now that admits a pro-cotangent complex. We obtain that there
exists a canonically defined object

T(X) e IndCoh(X),

which is obtained from 7% (&) € Pro(QCoh(X)~)fke via the equivalence of Corol-
lary above.

Concretely, T'(X) is given by the assignment
(5,2) € (Seh2)  ~ T, (X)
(see Sect. for the notation T,(X)).
We shall refer to T'(X) as the tangent complex of X.
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4.5. The (co)differential. We will now introduce another basic structure asso-
ciated with the pro-cotangent complex, namely, the co-differential map.

4.5.1. Let S be an object of Sch?. By the above, we have a canonical object

T*(S) € QCoh(S).

We claim that there is a canonical map of schemes under S:
(46) 0: ST*(S) i S,
where T* () is regarded as an object of QCoh(5)=C.

Indeed, the map 0 corresponds to the identity map on the left-hand side in the
isomorphism

Maps(T7(S5), T"(5)) = Mapsg, (S+(s), 5),

where we take the target prestack X to be S, and the map z : S - X to be the
identity map.

4.5.2. Let X be an object of PreStk that admits pro-cotangent spaces, and let
x:8S - X be a map. We claim that there is a canonical map in Pro(QCoh(S)™).

(d)™ : T (X) - T7(S5).
The map (dz)* corresponds via the isomorphism
Maps(T; (X),T"(5)) = Mapsg; (Sr+(s), &),
to the map
Sres)y — 55 X.
We shall refer to (dz)* as the codifferential of x.

4.5.3. Assume for a moment that X € PreStkj,s and S € Schgg. In this case (dx)*

corresponds to a canonically defined map in IndCoh(Z),
dx :T(S) » Tp(X),
which we shall refer to as the differential of x.

4.5.4. Finally, let us note that the construction of the map 0 is local in the Zariski
topology. Hence, we obtain that it is well-defined for any X € Sch, which is not
necessarily affine:

DIXT*(X) —>X,

4.6. The value of the (pro)-cotangent complex on a non-affine scheme.
In this subsection we will study the pullback of the (pro)-cotangent complex of a
prestack to a non-affine scheme.
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4.6.1. Let Z be a scheme.
(4.7) Z =colimU,

acA

where U, € Schaff, the maps U, — Z are open embeddings, and where the colimit
is taken in Sch.

We have a pair of mutually adjoint functors

(4.8) }zlga} Pro(QCoh(U,)™) 2 Pro(QCoh(Z)7),
where the functor < is given by left Kan extension along each j;, and the functor
— sends a compatible family
{®, € Pro(QCoh(U,)")}
to the functor ® : QCoh(Z)~ — Vect given by
D(F) = im @ (3 (F)).
We have:

LEMMA 4.6.2. Let Z be quasi-compact. Then functors in (4.8) are mutually
inverse equivalences.

PROOF. Follows easily from the fact that we can replace the limit over the
category A by a finite limit. O

4.6.3. Let X be a prestack that admits a pro-cotangent complex. Assume that X
is a sheaf in the Zariski topology. Let Z be a quasi-compact scheme.

Let z : Z —» X be a map. Recall that according to Sect. 2:3.5] we have a
well-defined object

T (X) € Pro(QCoh(Z)7).
The fact that the map (4.4]) is an isomorphism implies that T (X') gives rise
to a well-defined object

(4.9) {1, (X)} €lim Pro(QCoh(U,)").

lea
By definition, we have:

LEMMA 4.6.4. The object Ty (X) is canonically isomorphic to the image of
{T;lua (X)} under the functor — in (4.8)).

In particular, from Lemma we obtain:

COROLLARY 4.6.5. Let f: Zy - Zy be a map in (Schye) x. Then the canonical
map

T;, (X) = Pro(f* )T, (X))
is an isomorphism in Pro(QCoh(Z;)7).
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4.6.6. The Zariski-locality of the construction in Sect.[£.5.2]implies that that there
exists a canonically defined map

(dz)": T} (X) > T"(Z).

Furthermore, if X € PreStkj.s and Z € Schage, (dx)* corresponds to a map in
IndCoh(Z2),

dx :T(Z) - Tp(X).

5. Digression: square-zero extensions

The notion of square-zero extension is central to deformation theory. It allows
to obtain nilpotent embeddings of a scheme by iterating a certain linear construc-
tion.

5.1. The notion of square-zero extension. In this subsection we introduce
(following [Lu2, Sect. 7.4.1]) the notion of square-zero extension and study its
basic properties.

5.1.1. Let X be an object of Sch. The category of square-zero extensions is by
definition

((QCoh(X)* ) p+(x),) ™"
There is a naturally defined functor

(5.1) RealSqZ : ((QCoh(X)* M) pe(xy)” — Schy;,
that sends
T*(X) > F e (QCoh(X)* M) e (x)

to

X' =X u X,

XF
where the two maps Xz = F are the tautological projection X Zx , and the map
2
X].‘ 1) XT*(X) e )(7
respectively. The map X — X’ corresponds to the first factor in X Xu X;itisa
F

closed nil-isomorphism.
5.1.2. Here is a functorial interpretation of the functor ([5.1)):

Given X € Sch, let Schy/ int.closea b€ the full subcategory of Schy/, spanned by
those f: X - Y, for which the codifferential

(df)y:T7 (V) = f(T7(Y)) - T*(X)
induces a surjection on HY. Le., T*(X/Y) € QCoh(X)*1.
We have a functor
(5:2)  Sehy/ imtctoned = ((QCO(X)S ) (x)), (Y, f) o> T*(X/Y).

Unwinding the definitions, we see that the functor RealSqZ of (5.1)) is the left
adjoint of ([5.2)).
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5.1.3. The following observation may be helpful in parsing the above construction
of the functor RealSqZ. Let F be an object of QCoh(X)="!, and let v;,7v2 be maps
T°(X) - F. We have:

LEMMA 5.1.4. There is a canonical isomorphism in (Sch)x/,

X u X=~X u X
0, X7,y Y1,XF 72

)

where X maps to both sides via the left copy of X in the push-out, and v =y —72.

PROOF. By definition, the left-hand and the-right side are the co-equalizers in
Schy, of the maps
Xrz3 X,
equal to (pr,0o0+v) and (0 0~v1,0 0 72), respectively.

Given a map x: X - Y, where Y € Sch, in each of the two cases, the datum of
a map
co-Eq(Xrz2X)-Y
in Schy/ is equivalent to that of a map
T;(Y) » Eq(T"(X) 3 7),
where T (Y) - T*(X) is (dz)*, and the maps T*(X) = F are
(0,7) and (71,72),

respectively. This makes the assertion of the lemma manifest.

5.1.5.  We shall denote the category
((QCOh(X)* ") (x)y) ™

also by SqZ(X), and refer to its objects as square-zero extensions of X. Compare
this with the notation SplitSqZ(X) in Sect.

Thus, RealSqZ is a functor

We shall say that (X < X’) € Schy, has a structure of square-zero extension if
it given as the image of an object of SqZ(X) under the functor RealSqZ.

Note, however, that in general, the functor RealSqZ is not fully faithful.
5.1.6. For a fixed F € QCoh(X)=!, we shall refer to the category (in fact, space)
Maps(T*(X),F)
as that of square-zero extensions of X by means of T := F[-1].

The reason for this terminology is the following. Let
(X & X') = RealSqZ(T* (X) > F).

Then from the construction of X’ as a push-out it follows that we have a fiber
sequence in QCoh(X"):

(53) Z*(I) _)OX’ —>i*(OX),
where ¢ denotes the closed embedding X — X'. I.e., Z is the ‘ideal’ of X inside X'.
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5.1.7. Finally, let us note that we have the following pullback diagram of cate-
gories:
(QCoh(X)=)*P —— ((QCoh(X)*)p+(xy)”

SplitSqZ(X) —— SqZ(X)
RealSplitSqu lRealSqZ
(Sch)x//)x —— (Sch) x/,

where the top horizontal arrow is the functor

FeQCoh(X)™ ~ (T"(X) > F[1]) € (QCoh(X)*™)pe(xy-
5.2. Functoriality of square-zero extensions. In this subsection we will study
how square-zero extensions behave under push-outs along affine morphisms.

5.2.1. Let f:X; — X5 be an affine map in Sch. We claim that there is a canoni-
cally defined functor

(5.4) (QCoh(X1)* N r+(x,)) = (QCOh(X2)*™ ) 1e(x,),
that makes the diagram
SqZ(X1) — SqZ(X2)

RealSqu lRealSqZ

SChxl/ — SCth/
commute, where the functor Schy, ; - Schy,, is given by push-out:

(X1 = X7) = (X2 > Xp u X7).
1

Indeed, the functor (5.4) sends ~; : T*(X1) - F1 to
Y2 : T*(X2) > fo(F1),
where s is obtained by the (f*, f)-adjunction from the composition
* * * (df)* *
FUT"(X2)) = T} (Xa) = T7(X1) = Fu.

Note that the assumption that f be affine was used to ensure that f.(Fy) €
QCOh(XQ)S_l.

REMARK 5.2.2. Note that for a map f: X7 - X5 as above, the diagram

SplitSqZ(X;) ——— SplitSqZ(Xs)

l |

SqZ(X1) ———  SqZ(X2).
commutes, where the top horizontal arrow is

f+ 1 QCoh(X1)=* - QCoh(X,)=".
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5.2.3.  The construction in Sect. [5.2.1] makes the assignment
X ~ SqZ(X)
into a functor (Sch)agine = 1-Cat, where
(Sch)afine € Sch
is the 1-full subcategory, where we restrict 1-morphisms to be affine.
Thus we obtain a co-Cartesian fibration
(SaZ(Sch))afiine = (Sch)affine

whose fiber over X e Sch is SqZ(X).
5.2.4. In particular, given an affine map f: X; - X5 and objects

(T*(X;) 3 F;) € SaZ(X;), i=1,2
we obtain a well-defined notion of map of square-zero extensions

(T*(X1) B F1) = (T7(X2) B F),
extending f.

By definition, a datum of such a map amounts to a morphism Fy - f.(Fy),
equipped with a datum of commutativity of the diagram

£ (X)) 25 1 (x)

| |

ff(FR) —— A

In the above circumstances we shall say that for
(Xi = X]) = RealSqZ(T*(X;) & F),
the resulting commutative diagram
X, — Xj
f l lf !
Xy —— X}
has been given a structure of map of sqaure-zero extensions.
5.3. Pull-back of square-zero extensions. In this subsection we will show that,

in addition to push-outs of square-zero extensions with respect to the source, one
can also form pullbacks with respect to maps of the target.
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5.3.1. Note that the category SqZ(Sch)affine, introduced above, admits a forgetful
functor to the category Funct([1], (Sch)amine) of pairs of schemes (X — X') and
affine maps between them.

The functor
targ : Funct([1], (Sch)affine) = (Sch)afine, (X = X') - X’
is a Cartesian fibration (via the formation of fiber products).
We claim:

PROPOSITION 5.3.2. The composite functor

targ

(5.5) SqZ(Sch)affine = Funct([1], (Sch)affine) — (Sch)affine
is a Cartesian fibration, and the forgetful functor
SqZ(Sch)afrine — Funct([1], (Sch)affine)

sends Cartesian arrows to Cartesian arrows.

5.3.3. The concrete meaning of this proposition is that if
(X > X') = RealSqZ(T* (X)) 25 Fy),
then for an affine map Y’ — X', the object
(X X Y'=Y > Y') eSchy,
has a canonical structure of square-zero extension; moreover as such it satisfies an
appropriate universal property (for mapping into it).

5.3.4. Proof of Proposition [5.5.4 In the notations of Sect. note that ~x
canonically factors as

TH(X) - T*(X/X") 25 Fy.
Set Fy := f*(Fx). We construct the morphism
vy T(Y) > Fy
as the composite
()

(YY) > T (YY) = f1(T*(X/X")) f(Fx)-

By Sect. the square-zero extension of Y corresponding to vy is equipped
with a canonical map to Y’. This map is an isomorphism by (5.3]).

The fact that this square-zero extension satisfies the required universal property
is a straightforward verification.
O

5.3.5. The construction of pullback in Proposition [5.3.2] is local in the Zariski
topology. This allows to extend the Cartesian fibration (5.5)) to a Cartesian fibration

SqZ(Sch) — Sch,

i.e., the formation of structure of square-zero extension on the pullback is applicable
to not necessarily affine morphisms between schemes.
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5.4. Square-zero extensions and truncations. In this subsection we will es-
tablish a crucial fact that a scheme can be obtained as a succession of square-zero
extensions of its n-coconnective truncations.

5.4.1. We claim (which is essentially [Lu2l, Theorem 7.4.1.26]):
PROPOSITION 5.4.2.

(a) For X €“'Sch, the category of its square-zero extensions by means of objects of
QCoh(X)? is equivalent to that of closed embeddings of classical schemes X = X',
where the ideal of X in X' is such that its square vanishes.

(b) For X,, € ="Sch, the category of
(Xps1 € 5"1Sch, "X, 01 ~ X))
is canonically equivalent to that of square-zero extensions of X, by objects of
QCoh(X,,)?[n +1] € QCoh(X,,).

Proor. We will prove point (b), as the proof of point (a) is similar but simpler.
We have the fiber sequence

Z*(f[_l]) g OXW,+1 - i*(OXn)?
where F € (QCoh(X,,)?)[n + 2].

We claim that X, has a structure of square-zero extension of X,,, correspond-
ing to a canonically defined map v:T*(X,) > F.

Indeed, consider the fiber sequence

* (di)* * *
T; (Xn+1) - T (Xn) -T (XTL/XTL+1)a

and the existence and canonicity of the required map ~ follows from the next
observation:

H¥(T*(X,/Xpi1))=0for k>-n-1
H‘”_2(T*(Xn/Xn+1)) =~ F,

which in turns results from the following general assertion (see [Lu2, Theorem
7.4.3.1]):

LEMMA 5.4.3. Leti: X - Y be a closed embedding of schemes. Consider the
corresponding fiber sequence

7 - Oy »i.(Ox).

Then:
(a) HY(T*(X/Y)) =0 and

HY(T*(X/Y)) = H°(i"(T))
as objects of QCoh(X)?.
(b) For n>0 we have:

TNI) =0 = N (TH(X]Y)) =0.

In the latter case “X ~ Y and

H " (TH(X)Y))~H " (T)
as objects of QCoh(X)¥ ~ QCoh(Y)®. O
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5.4.4. The assertion of Proposition b) in particular constructs a functor

(5.6) <1+18ch - SqZ(Sch)affine con S ses (*"Sch x*"*1Sch).

PROPOSITION 5.4.5. The functor (5.6) is the (fully faithful) right adjoint of the
forgetful functor

<n <n+l N <n+1
SqZ(Sch) affine o s (®"Sch x=""*Sch) Sch.

PrOOF. We construct the unit of the adjunction as follows. Given a square-
zero extension

(T*(X) - F), X e="Sch, FeQCoh(X)> " 271,
denote
(X > X') = RealSqZ(T* (X ) - F),
and note that there exists a canonically defined commutative diagram of schem(ﬁ
X — X'

||

SnX/ X’.
Let (X = X') be given by amap v : T*(X) » F, where F € QCoh(X )" %="1,
We obtain a commutative diagram in QCoh(X):
P (X)) —— (T (XX7))

o] |

T (X) —_— F.
We note that F lives in the cohomological degrees > —n—2, while, by Lemma/|5.4.3
T*(*"X'/X") lives in the cohomological degrees < —n — 2 with
H—n—2(T>« (SnXI/XI)) ~ H—n—l (I)7
where T*(*"X") — Z[1] is the map defining the square-zero extension <"X' - X".
Hence, the map f*(T*(*"X'/X')) — F canonically gives rise to amap f*(Z[1]) —

F, and we obtain a commutative diagram

(T (="X") [

| l
*(X) —— F,

which defines the sought-for unit for the adjunction. The fact that it satisfies the
adjunction axioms is a straightforward check.

O

5.5. Nilpotent embeddings. In this subsection we will show that a nilpotent
embedding of a scheme can be obtained as a (infinite) composition of square-zero
extensions.

6In order to unburden the notation, for the duration of this Chapter, for a scheme Y, we
will denote by <™Y the object of Sch that should be properly denoted by “7<"(Y"), see Volume I,
Chapter 2, Sect. 2.6.2. I.e., this is the n-coconnective truncation of Y, viewed as an object of
Sch, rather than <"Sch.
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5.5.1. We shall say that a map X — Y of schemes is a nilpotent embedding if
X - Y is a closed embedding of classical schemes, such that the ideal of X in
Y is nilpotent (i.e., there exists a power n that annihilates every section).

5.5.2.  We are going to prove the following useful result:

PROPOSITION 5.5.3. Let X — Y be a nilpotent embedding of schemes. There
ezists a sequence of schemes
X:XSQX&‘—>...‘—>X8'—>...‘—>X612X0'—>X1*—>...;>Xj;>...;>Y,
such that:

e Each of the maps X} = X, X = Xo and Xj < Xj41 has a structure of
square-zero extension;
o For every j, the map g; : X; =Y induces an isomorphism X; - =Y.

The rest of this subsection is devoted to the proof of Proposition [5.5.3
5.5.4. Step 1. Let
W =X Xdoo o Xhoo X o=1Y

be a sequence of square-zero extensions of classical schemes. It exists by the as-
sumption that the ideal of the closed embedding X — 'Y is nilpotent. Set
Xi=X3 u Xk,

1y 0
Xcl,O

By construction, go : Xo — Y induces an isomorphism “Xy — Y.

5.5.5. Step 2. Starting from gg : X9 — Y, we shall construct ¢; : X; - Y using
the following general procedure. The same procedure constructs g;+1 : X;41 > Y
starting from g; : X; - Y.

Let h: Z - Y be a map that induces an isomorphism of the underlying classical
schemes, and such that T*(Z/Y) lives in the cohomological degrees < —(k+1) with
k>0.

We will construct a map f: Z — Z' with a structure of square-zero extension
by an object J € QCoh(Z)?[k], and an extension of the map htoamap h': Z' - Y
so that A’ such that T*(Z/Y) lives in the cohomological degrees < —(k+2). (Hence,
by Lemma[5.4.3] the ‘ideal’ of Z’ in Y lives in degrees < —(k+1), and in particular,
<k7Z — <FY is an isomorphism.)

Namely, consider the fiber sequence
T,(Y) > T(2) > T"(Z]Y),
and take
J = H N TH(Z[Y)[k] = 7> D (T (Z)Y)[-1].
We let the sought-for square-zero extension Z < Z’ be given by the composite
map
T(Z)->T*(Z]Y) - J[1].
The composition
T,(Y) > T1°(2) > J[1]
acquires a canonical null-homotopy by constriction, thereby giving rise to a map
h:zZ'-Y.
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In order to show that T*(Z'/Y) lives in QCoh(Z")<"(%*?) consider the fiber
sequences
71— Oy —> h*(OZ) and I’ —> Oy - h;(OZ/)
and the diagram

h(J) —— hi(Oz) —— h.(Oz)

| | K

I OY —_— h/x—(OZ)

| | |

I — 7 0.

By Lemma the map Z — h,(J) identifies with the truncation map
I-77MT).

Hence, Z' € QCoh(Y)*~(*=1)_ Now, this implies that 7*(Z’/Y") € QCoh(Z")<~(#+2)
again by Lemma [5.4.3]
(]

6. Infinitesimal cohesiveness

Infinitesimal cohesiveness is a property of a prestack that allows to describe
maps into it from a square-zero extension of an affine scheme S as data involving

QCoh(S).

6.1. Infinitesimal cohesiveness of a prestack. In this subsection we introduce
the notion of infinitesimal cohesiveness in terms of compatibility with certain type
of push-outs.

6.1.1. Let X € PreStk, and let (S,2) be an object of (Schaﬁ)/x. For
T*(S) > F € (QCoh(S)* ) pe(sy,)”" = SaZ(S)
and the corresponding
(S > §') := RealSqZ(T*(S) > F) = S oS
we obtain a canonically defined map

6.1 M S X Maps(S, X),
(6.1) apsg)( )ﬁ*Maps(xS%X) aps(S, X)

where * > Maps(Sx, X') corresponds to the composition
S 9 5 x.

DEFINITION 6.1.2. We shall say that X is infinitesimally cohesive if the map
(6.1) is an isomorphism for all S,x and

(T*(S) > F) € ((QCoh(S)* ) pe(sy,) ™"
as above.

We observe that by Lemmal(l.3.3(b), any X = X e Sch is infinitesimally cohesive.
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6.1.3. Suppose that X is convergent (resp., belongs to PreStkj.s). Then as in
Lemmas (resp., , in order to verify the condition of infinitesimal co-
hesiveness, it is sufficient to consider S € <*Sch®® and F ¢ QCoh(S)>™* (resp.,
S e <=Schif and F e Coh(S)).

6.1.4. The relative situation. The notion of infinitesimal cohesiveness renders au-
tomatically to the relative situation.

We note that the analog of Lemma [2.4.5] holds when we replace ‘admitting
cotangent spaces’ by ‘infinitesimal cohesiveness’.

We also note that when X and X} are convergent (resp., locally almost of finite
type), the analog of Lemma holds.

6.2. Rewriting the condition of infinitesimal cohesiveness. We will now
rewrite the definition of infinitesimal cohesiveness in terms of QCoh.

6.2.1. Note that the space

M S, X
¥ Maps(é'y:,/\’) apS( )

identifies with the space of homotopies between the following two points of Mapsg, (SF, X):
the first being
S 85 x,
and the second being
Sr > Spe(g) — S5 X.
6.2.2. Assume that X admits a pro-cotangent space at x. We obtain that the

space

* x Maps(S, X
Maps(Sx,X) P ( )

identifies with the space of null-homotopies of the composed map
d *
T (x) Y T (5) 2 F

6.2.3. Thus, we obtain that if X admits pro-cotangent spaces, the condition of
infinitesimal cohesiveness can be formulated as saying that given (S, x), for every

(T*(8) = F) € (QCoh(S)*™ )7+ sy
and the corresponding
(S = 8') =RealSqZ(T*(S) - F) € Schy],
the canonical map of spaces

dz)*
(6.2) Mapsg,(S’, &) ~ {null homotopies of T, (X) (@) T*(S) - F}
be an isomorphism.
Equivalently, this can be phrased as saying that for (.5, z), the functor

Sch*® x  SqZ(S) - (QCoh(S)=™" o
( )sy/x (Schoff) g, qaZ(S5) > (Q (5) )coFib(T;(X)<d¥>) T+(8))/

is an equivalence.
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6.2.4. Suppose that X both admits a pro-cotangent complex and is infinitesimally
cohesive. Assume also that X is a sheaf in the Zariski topology.

Let Z be a scheme. From Lemma [£.6.2] we obtain:
COROLLARY 6.2.5. For (T*(Z) - F) € (QCoh(Z)*")r+(z) and
(Z > Z") = RealSqZ(T*(Z) — F) € Schy/,
the map

Maps,(Z', X) - {null homotopies of Ty (X) (@) T(Z) > F}
is an isomorphism.

6.3. Consequences of infinitesimal cohesiveness. If a prestack is infinitesi-
mally cohesive, one can deduce that it has certain properties from the fact that the
underlying reduced prestack has these properties.

6.3.1. First, combining Sect. and Proposition [5.4.2] we obtain:
LEMMA 6.3.2. Assume that X € PreStk admits (—k)-connective pro-cotangent

spaces and is infinitesimally cohesive. Let S be an object of S"Schaff, and let Sy c S
be given by a nilpotent ideal. Then the fibers of the map

Maps(S, X) - Maps(Sp, X)
are (k +mn)-truncated.

In particular, we obtain that if ©'X takes values in Sets c Spc, then for S €
<nSch® | the space Maps(S, X) is n-truncated.
6.3.3. From Sect. [E.2.1] we obtain:

LEMMA 6.3.4. Let X be an object of PreStk, which both admits a pro-cotangent
complex and is infinitesimally cohesive. Then if

S]u Sy~ S
S1
is a push-out diagram in Schaﬂ, where S1 = S| has a structure of a square-zero

extension. Then

Maps(§3, %) = Maps(S}, &) | x  Maps(Sz, &)
aps(S1,

is a pullback diagram.

Iterating, from Lemma we obtain:
COROLLARY 6.3.5. Let X be an object of PreStk which both admits a pro-
cotangent complex and is infinitesimally cohesive. Let
S; u Sy — S
S1
be a push-out diagram in Sch®® such that S1 can be obtained from Sy as a finite
succession of square-zero extensions. Then

Maps(S5, X) - Maps(S7, X Maps(Sy, X
apb( 2 ) ap5( 1 )MapSZ(SLX) ap5( 2, )

is a pullback diagram.
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Furthermore, from Corollary [6.2.5 we obtain:
COROLLARY 6.3.6. Let X be an object of PreStk which both admits a pro-

cotangent complex and is infinitesimally cohesive. Assume also that X is a sheaf
in the Zariski topology. Let

7z IZ_I1 Zy > 7
be a push-out diagram in Sch, where the map Z1 — Zs is affine, and Z] can be
obtained from Zy as a finite succession of square-zero extensions. Then the map

Maps(Zy, &) > Maps(Z1, &) ) Maps(Za, X)
aps(Z1,

is an isomorphism.

7. Deformation theory

In this section we finally define what it means for a prestack to admit defor-
mation theory, and discuss some basic consequences of this property.

7.1. Prestacks with deformation theory. In this subsection we give the defi-
nition of admitting deformation theory.

7.1.1. We now give the following crucial definition:
DEFINITION 7.1.2. Let X be a prestack. We shall say that X admits deforma-

tion theory (resp., admits corepresentable deformation theory) if:

o [t is convergent;
e It admits a pro-cotangent (resp., cotangent) complex;
o [t is infinitesimally cohesive.

Note that the last two conditions are of the form that the functor X should
send certain push-outs in Sch* to pullbacks in Spc; see also Sect.

7.1.3. In what follows we shall denote by
PreStkger ¢ PreStk and PreStkjagi-der € PreStkiag
the full subcategories spanned by objects that admit deformation theory.

It is clear that the above subcategories are closed under finite limits taken in
PreStk.

7.1.4. 'We shall also consider the following variants:

DEFINITION 7.1.5.

(a) We shall say that X admits an (—n)-connective deformation theory (resp.,
corepresentable deformation theory) if it admits deformation theory (resp., corep-
resentable deformation theory) and its cotangent spaces are (—n)-connective.

(b) We shall say that X admits a locally eventually connective deformation theory
if it admits deformation theory and its pro-cotangent spaces are locally eventually
connective.

(¢) We shall say that X admits a uniformly eventually connective deformation the-
ory (resp., corepresentable deformation theory) if there exists an integer n such that
X admits a (-n)-connective deformation theory (resp., corepresentable deformation
theory).



54 1. DEFORMATION THEORY

As was mentioned above, any scheme X admits a connective corepresentable
deformation theory.

7.1.6. The same definitions carry over to the relative situations for X" € PreStk,
for some fixed X}y € PreStk.

Let 7 : X - &) be a morphism in PreStk. Replacing the words ‘infinitesimal
cohesiveness’ by ‘admitting deformation theory’ we render the contents of Sect.[6.1.4]
to the present context.

7.2. Compatibility with push-outs. In this subsection we rewrite the condition
of admitting deformation theory in terms of compatibility with certain type of push-
outs.

7.2.1. One of the main properties of prestacks with deformation theory is given
by the following proposition:

PROPOSITION 7.2.2. Assume that X admits deformation theory, and let Sils_l So
1

be a push-out diagram in Schaﬂ, where the map S; — S| is a nilpotent embedding.
Then the map

Maps(S] u S, X) - Maps(S7, X) MapsE(Sl,X) Maps(Sa, X)

is an isomorphism.

PROOF OF PROPOSITION [[.2.2] Follows from Corollary using Proposi-
tion B.5.3
O

COROLLARY 7.2.3. Assume that X admits deformation theory, and is a sheaf
in the Zariski topology. Let
Z1 U Zy— Z
Z1
be a push-out diagram in Sch, where Zy — Z{ is a nilpotent embedding. Assume
that the map Z1 — Zo is affine. Then the map

Maps(Zy, &) - Maps(Z1, &) ) Maps(Z2, X)
aps(Z1,

is an isomorphism.

7.2.4. Now, we have that the following converse of Proposition holds:

PRrROPOSITION 7.2.5. Let X € PreStk be convergent. Assume that whenever
S gl So is a push-out diagram in Schaff, where the map S; — S is a nilpotent
1

embedding, the map
Maps(S] u So,X) - Maps(S7, X) x )Maps(SQ, X)
1

Maps(S1,X
is an isomorphism. Then X admits deformation theory.

PROOF. Let us first show that X admits pro-cotangent spaces. For (S,z) €
(Sch™™) sx and F € QCoh(S)=’, consider the push-out diagram

S u S-S5
SF[) d
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with both maps Szr;7 = S being pr), and the resulting map
(1]
(7.1) Mapsg,(SF, X) - Q(Mapsg, (S, X)).

Since the map Sz[;) — S is a nilpotent embedding, by assumption, the map
(7.1) is an isomorphism.

Let now F — F; - F be a fiber sequence in QCoh(S) with all three terms in
QCoh(S9)=°. Consider the push-out diagrams

Ssgz S]:1 - Sr

and

S U Smpy =S

Fal1]

and the corresponding maps
7.2 Mapsg,(SF, X) = * X Mapsg,(Sx,, X
(7.2) p S/( 7, X) Mapss (S, ) p S/( 1, X)
and
(7.3) Mapsg/(SF[y, &) = * Mapsg, (Sx,[17, X)-

X
Mapsg,(SF,[1]:%)

Since the map Sz,[1] — S is a nilpotent embedding, the map (7.3) is an isomor-
phism. Taking loops and using ([7.1)) we obtain that (7.2) is also an isomorphism.

Hence, X admits pro-cotangent spaces. The fact that X admits a pro-cotangent
complex follows from the fact that X takes push-outs of the form

($1)7, Y 82, Fi € QCoh(S1)

to pullbacks; the latter because S; - (S1)#, is a nilpotent embedding.
Finally, X is infinitesimally cohesive because it takes push-outs of the form

S u S, FeQCoh(S)<°

SF)

to pullbacks; the latter because Szp;) — S is a nilpotent embedding.

Combining with Proposition [5.5.3] we obtain:
COROLLARY 7.2.6. Let X € PreStk be convergent. Assume that whenever
Siu S
1 5 2
is a push-out diagram in Schaﬁ, where the map S1 = S| has a structure of square-

zero extension, the map

! !/
Maps(S; 5% Sa,X) > Maps(S7, X) MapsZ(Sl,X) Maps(Sz, X)

is an isomorphism. Then X admits deformation theory.
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7.2.7. Tt is easy to see that in the circumstances of Corollary [7.2.6] it is enough
to consider S7, Sa,S7 that belong to <eoGcp?f, Furthermore, if X' € PreStkyag, it is
enough to take Sy, S5, 5! that belong to <°Schaf,

Hence, we obtain:

COROLLARY 7.2.8. The subcategory PreStkqer ¢ “"VPreStk is closed under fil-
tered colimits, and the same is true for PreStkiag-der € PreStkiag.

PRrROOF. Follows from the fact that filtered colimits commute with fiber prod-
ucts. (I

7.3. Formal smoothness. In this subsection we discuss the notion of formal
smoothness of a prestack, and rewrite it for prestacks that admit deformation the-
ory.

7.3.1. Let X be an object of PreStk. We shall say that X is formally smooth, if
whenever S — S’ is a nilpotent embedding of affine schemes, the map

Maps(S’, X) - Maps(S, X)
is surjective on .

7.3.2.  'We have the following basic result:

PROPOSITION 7.3.3. Assume that X admits deformation theory. Then the fol-
lowing conditions are equivalent:

(a) X is formally smooth.
(b) For any n >0, the restriction map
Maps(S, X) - Maps(*"S, X), S e Sch™?
induces an isomorphism on m, (equivalently, on m, for n' <n).
(b’) The restriction map
Maps(S, X) - Maps(°S, X), S e Sch®T
induces an isomorphism on .
(¢c) For any (S,z) € (Schaﬁ)/x and F € QCoh(S)?, we have
Maps(T?(X),F) e Vect=" .
(¢’) Same as (c), but assuming that S is classical.
PROOF. The implications (b) = (b’) and (c) = (c’) are tautological.

The implication (a) = (c) is immediate: apply the definition to the nilpotent
embedding Sz(;; — S. Similarly, (b’) implies (c): use the fact that “S ~ 9ISz, for
1> 0.

The implication (c) = (b) follows from Proposition b). The implication
(c) = (a) follows from Proposition [5.5.3]

The implication (¢’) = (c) follows from the fact that any object of QCoh(S)?
is the direct image under /S - S.
O



7. DEFORMATION THEORY 57

7.3.4. Now, assume that X € PreStkjas_ger. In this case we have:

PROPOSITION 7.3.5. Then the following conditions are equivalent:
(i) X is formally smooth.
(i) The condition of formal smoothness is satisfied for nilpotent embeddings S — S’
with S, " € <*Schal.
(ii) For any n >0, the restriction map
Maps(S, X) - Maps(*"S, X), S € <°Schif
induces an isomorphism on m, (equivalently, on m, for n' <n).

(i") The restriction map
Maps(S, X) - Maps(lS, X), S e <*°Schi!
induces an isomorphism on .
(iii) For any (S,x) € (CISCh?tH)/X and F € Coh(S)%, we have
Maps(T; (X),F) € Vect=.
(iii’) Same as (iii), but assuming that S is reduced.

PRrROOF. The implications (i) = (i’), (ii) = (ii") and (iii) = (iii’) are tautolog-
ical. The implications (i) = (iii), (ii’) = (iii) and (iii) = (ii) follow in the same
way as in Proposition [7-3.3]

The fact that (iii’) implies (iii) follows from the fact that any object in QCoh(.5)
is a finite extension of ones coming as direct image under ™45 — S.

It remains to show that (iii) implies (i). We will show that (iii) implies condition
(¢’) from Proposition Let (S’,2") be an object of (CISchaH)/X and F' €
QCoh(S")?. Since X is locally almost of finite type, we can factor the map z’ :
S' > X as

ghssx,
where S € ClSch‘faﬁff. Set F := f.(F'). Since X admits a cotangent complex, we have
Maps(T: (&), F'[i]) = Maps(T; (X), F[i]).
Write F as a filtered colimit
colim F,, F, € Coh(S).
(03

Now, since T (X) commutes with filtered colimits in QCoh(S)? (by Lemma/|3.5.2)),

we have:
Maps(T; (X), Fa[i]) = 0 = Maps(T; (&), F[i]) =0,

as required.
O

7.3.6. The definition of formal smoothness and Proposition [7.3.3] can be easily
extended to a relative situation.

7.4. Artin stacks. In this subsection we show that Artin stacks, defined as in
Volume I, Chapter 3, Sect. 4, admit deformation theory.
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7.4.1. We are going to prove:

PROPOSITION 7.4.2.

(a) Let X be an n-Artin stack. Then X admits an (-n)-connective corepresentable
deformation theory.

(b) If X is smooth over a scheme Z, then for x : S € (CISchaH)/X, the relative
cotangent complex T (X Z) lives in QCoh(S)>%=".
Arguing by induction on n, the proposition follows from the next lemma:

LEMMA 7.4.3. Let f:Y — X be a map in PreStk. Assume that:

o X satisfies étale descent;

e f is étale-locally surjective;

e Y admits deformation theory;

e Y admits deformation theory relative to X ;
e YV is formally smooth over X .

Then X admits deformation theory.

7.4.4. Proof of Lemma([7.4.3 We will show that if
S]u Sy~ S
S1
is a push-out diagram in Schaﬂ, where S; — S7 has a structure of a square-zero
extension, then, given a map S — X', the map
Mapsg, (S5, X) = Mapsg, /(S7, X)
is an isomorphism. The other properties are proved similarly.

By étale descent for X', the statement is local in the étale topology on Ss.
Hence, we can assume that the given map Sy - X admits a lift to a map Sy — ).

Let Y*/X be the Cech nerve of f. We have a commutative diagram
| Mapsg, (53, V°/X)| ——— Mapsg, (53, &)

| l

|Mapsg, (51, Y*/X)| —— Mapsg, (51, X),
where the horizontal arrows are monomorphisms.

We note that the terms of Y*/X admit deformation theory (by the deformation
theory analog of Lemma [2.4.5)). Hence, the left vertical arrow is an isomorphism.

Hence, it remains to show that the horizontal arrows are surjective. We claim
that this follows from the last requirement on f. We claim that for any square-zero
extension

CRES
amap ' : 5" - X and a lift of the composition
x:8->8 X

to a map y: S — Y, there exists a lift of 2’ to a map 3’ : 5" - Y.

Indeed, if S — S’ is given by a map T*(S) — F, the space of lifts as above is
the space of null-homotopies of the resulting map

T (V/X) > F.
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However, the above map admits a null-homotopy since F € QCoh(S)*"! and the
assumption that ) - X’ is formally smooth.
O

8. Comnsequences of admitting deformation theory

In this section we discuss further properties of prestacks that admit deformation
theory.

8.1. Digression: properties of maps of prestacks. In this subsection we de-
fine several classes of morphisms of prestacks.

8.1.1. Let "dSch™® denote the category of (classical) reduced affine schemes. For
a prestack

Y (Sch™™)°P - Spe,

or an object Y € “'PreStk, let 1) denote its restriction to redSchaff7 which we view
as a functor

(redschaﬂ")op N Spc.

We give the following definitions:

DEFINITION 8.1.2. Let f: X) - X5 be a map in IpreStk.
(a) We shall say that f is a closed embedding if its base change by a classical affine
scheme yields a closed embedding. Ie., if for Sy € (CISchaH)/XQ, the fiber product
S1 = Sy X X1, taken in “'PreStk, belongs to ClSchaﬁ, and the map S1 — S3 is a
closed eml:edding.
(b) We shall say that f is a nil-isomorphism if it induces an isomorphism ™4 X} —
red . Bquivalently, if for every Sy € (redSChaH)/X2, the map

red N
(S2 x X)) — 5o

(the fiber product is taken in “PreStk) is an isomorphism.

(c) We shall say that f is nil-closed if for every Sy € (ClSchaﬁ)/XZ, the map
rcd(S2 % Xl) N 1rcdS2
X

(the fiber product is taken in 'PreStk) is a closed embedding.

(d) We shall say that f is a nilpotent embedding if its base change by a classical
affine scheme yields a nilpotent embedding. Ie., if in the situation of (a), the map
S1 — So is a nilpotent embedding of classical schemes.

(d’) We shall say that f is a pseudo-nilpotent embedding if it is a nil-isomorphism
and for every So € (CISChaH)/Xz, there exists a commutative diagram

S — X4

|

Sy —— Xy

with S1 € ASch™ and S1 — So a nilpotent embedding.
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DEFINITION 8.1.3. Let f : X1 - X5 be a map in PreStk. We shall say that f is a
closed embedding (resp., nil-isomorphism, nil-closed, nilpotent embedding, pseudo-
nilpotent embedding), if the corresponding map AX, > X, has the corresponding
property in the classical setting.

Clearly:
‘closed embedding’ = ‘nil-closed’;
‘nilpotent embedding’ = ‘closed embedding’;
‘nilpotent embedding’ = ‘nil-isomorphism’ and ‘pseudo-nilpotent embedding’.
‘pseudo-nilpotent embedding’ = ‘nil-isomorphism’.
8.1.4. The condition of being a pseudo-nilpotent embedding may appear a little
obscure, but it turns out to be useful. We note, however, that due to the next propo-

sition, the difference between ‘nil-isomorphism’ and ‘pseudo-nilpotent embedding’
only exists when our stacks are not locally of finite type:

LEMMA 8.1.5. Let f: X] — X, be a nil-isomorphism in “PreStk. Assume that
X, € 'PreStky. Then f is a pseudo-nilpotent embedding.

PROOF. Let S5 € ClSchaH, and let Sy — X5 be a map. We need to find an object
in the category of diagrams
S — X

|

Sy —— Ao,
where S; € “'Sch®® and S; — S is a nilpotent embedding.

By the assumption on X5, we can assume that Sy € ClSch?tf'f. In this case the
required data is supplied by taking S; = "°45,. (]

8.2. Descent properties. In this subsection we will show that one can deduce
Zariski, Nisnevich or étale descent property of a prestack from the corresponding
property at the classical level.

8.2.1. We will prove:

PROPOSITION 8.2.2. Let X € PreStk admit defomation theory, and let Xy o —
X be a pseudo-nilpotent embedding of classical prestacks.

(a) Assume that Xy o satisfies Zariski (resp., Nisnevich) descent. Then X also has
this property.

(b) Assume that Xy satisfies étale descent. Assume also that the pro-cotangent
spaces of X are locally eventually connective. Then X also satisfies étale descent.

8.2.3. Proof of Proposition[8.2.9 By convergence and Proposition[5.4.2] it is enough
to show that if
S 9

is a map of affine schemes that has a structure square-zero extension, x: .S - X is

a map and 7: S — S is a Zariski (resp., Nisnevich, étale) cover, then the map

Mapss/(S’,X) - Tot(Mapsg./(gl.,X))
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o [e]
is an isomorphism, where 7’ : S’ — S’ is the corresponding cover, and S* (resp.,

S’*) is the Cech nerve of , (resp., 7').

We rewrite Mapsg, (S’, &) and each Maps;o/(S", X)) asin (6.2)). So, Mapsg, (S’, X)

identifies with the space of null-homotopies of a certain map

T:(X)—>F, FeQCoh(S)™™

and Tot(Mapsg./(g’", X)) identifies with the totalization of the cosimplicial space
of null-homotopies of the corresponding maps

T;(X) —> F,
where F* is the Cech resolution of F corresponding to .

Note, however, that in the case of Zariski and Nisnevich covers, one can replace
the totalization by a limit over a finite category. Now, the required isomorphism
follows from the commutation of Maps(T;(X),—) with finite limits.

For an étale cover, if T (X) belongs to Pro(QCoh(S)*") and F € QCoh(S)>7*,
we can replace the totalization by the limit over the (n + k)-skeleton. Hence, the
required isomorphism again follows from the commutation of Maps(Ty (X),-) with
finite limits.

O

REMARK 8.2.4. A recent result of Akhil Mathew shows that étale descent in
Proposition holds without the assumption of eventual connectivity.

8.3. Isomorphism properties. The property of having deformation theory can
be used to show that certain maps between prestacks are isomorphisms.

8.3.1. We will prove:

PROPOSITION 8.3.2. Let f: X1 - X5 be a map between objects of PreStkyet.
Suppose that there exists a commutative diagram

Xl
7N
f

where g1 and g» are pseudo-nilpotent embeddings, and Xy € “IPreStk. Suppose

X

also that for any S € ASch™ and a map xg : S = Xy, for x; = g; o xg, the induced
map

T;, (%) - T7, (A1)

is an isomorphism. Then f is an isomorphism.

PrOOF. By induction and Proposition [5.4.2] we have to show that given S €
Sch™™ and a map S < S’ that has a structure of square-zero extension, for a map
x1: S - X, the space of extensions of z; to a map S’ — X} maps isomorphically
to the space of extensions of x5 := f oz to a map 5" - Xs.
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Deformation theory implies that the spaces in question are the spaces of null-
homotopies of the corresponding maps
T;l (Xl) - F and T;z(XQ) - .7:,
respectively. Hence, it is enough to show that the map T}, (X2) - T (X1) is an
isomorphism in Pro(QCoh(S)™).

The assumption of the proposition implies that there exists a nilpotent embed-
ding g: S - S, such that for Z; = x; o g, the map

Tz, (X2) — Tz, (A1)
is an isomorphism in Pro(QCoh(S)~). Therefore, it suffices to prove the following:

LEMMA 8.3.3. For a nilpotent embedding g: S — S, the functor
Pro(g*) : Pro(QCoh(S)~) — Pro(QCoh(5)")
is conservative when restricted to “*Pro(QCoh(S)7).

O

8.3.4. Proof of Lemma m First, we claim that if § — S is a square-zero exten-
sion, then the functor

Pro(g*) : Pro(QCoh(S)~) — Pro(QCoh(5)")
is conservative on all of Pro(QCoh(S)7).

Indeed, we need to show that if 7 € Pro(QCoh(S)~) is such that Maps(T, g« (F)) =
0 for all F € QCoh(S)~, then Maps(T,F) = 0 for all F € QCoh(S)~. However, this
is obvious, since every object of QCoh(S)~ is a two-step extension of objects in the
essential image of g..

Hence, the functor Pro(g*) is conservative if S — S can be written as a finite
succession of square-zero extensions.

Using Proposition [5.5.3] we can construct a sequence of schemes
g—>50—>51—>...—>5k—>...—>5,

such that for every k, the map S — S}, is a finite succession of square-zero extensions
and the map gy, : S, — S induces an isomorphism <¥S;, — <£S.

Let T €™ Pro(QCoh(5)7) be in the kernel of Pro(g*). By the above, it is
then in the kernel of each Pro(g;). Note that for F € QCoh(S)=", the map

F = (gr)« o (gx)"(F)

induces an isomorphism
T (F) = 7 (g 0 (g1)" (F))-

Hence, by convergence, for F € QCoh(S)™,
MapS(Ta f) = hlgn MapS(Ta (gk)* © (gk)*(]:))v

while each Maps(7, (gx)« © (gr)*(F)) vanishes.
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8.3.5. From Proposition [8:3.2] we obtain:

COROLLARY 8.3.6. Let

x —2—

W

X2L>y2

be a Cartesian square of objects of PreStkqer, such that the horizontal maps are

pseudo-nilpotent embeddings. Suppose that fx is an isomorphism. Then fy is an
isomorphism.

9. A criterion for being locally almost of finite type

Deformation theory can be used to show that a prestack is locally almost of
finite type, see Theorem [9.1.2] below.

9.1. Statement of the result. In this subsection we state Theorem [0.1.2] and
make some initial observations.

9.1.1. The goal of this section is to prove the following:

THEOREM 9.1.2. Let X be an object of PreStkges. Suppose that there exists a
nilpotent embedding Xy — X, such that:

o XO € ClPreStklft;
o Forany S € Schd™ and 2 : S — Xy, we have T (X) € Pro(QCoh(S) )iat-

Then X € PreStKjasi_def-

As an immediate corollary, we obtain:

COROLLARY 9.1.3. Let X be an object of PreStkqer. Suppose that 'X € PreStkys,
and that for any S € ClSch?ff and x: S - X, we have

T; (X) € PrO(QCOh(S)_)laft.
Then X € PreStKjasi_def-
In addition, we will prove:

THEOREM 9.1.4. Let X be an object of PreStkias-det. Then the fully faithful
embedding functor

(Sch) 2 > (Sch™™)x

is cofinal.

REMARK 9.1.5. The assertion of Theorem would be a tautology from the
definition of PreStkj,s if instead of Sch:g c Sch®™ we used S"Sch?tff c <nSch?,

REMARK 9.1.6. We note that the proof of Theorem given in Sect.
will show that a prestack, satisfying the assumption of Corollary satisfies the
conclusion of Theorem [0.1.4] So, one can use the proof of Theorem [9.1.4] as an
alternative (and quicker) way to prove Corollary
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REMARK 9.1.7. The proof of Theorem [9.1.4] shows that for a not necessarily
affine (but quasi-compact) sscheme Z equipped with a map to X, the category of
factorizations of this map as

7 7' - X, Z'eSchu

is contractible (in fact, the opposite category is filtered). Moreover, cofinal in this
category is the subcategory consisting of those objects for which the map Z — Z’
is affine.

9.1.8. From now until Sect. 0.6 we will be concerned with the proof of Theo-
rem We begin with the following observation:

Let X be any prestack, and assume that it is convergent. The condition that
X belongs to PreStky.g says that given n > 0 and an object (S, z) € (S”Schaﬁ)/x,
the category, denoted Factor(z,ft,< n), of factorizations of z as

S—>U—X, Ue="Scha®
is contractible.

Consider also the categories Factor(z,ft, < oo), Factor(x,aft) of factorizations
of x as
S-U-X,

where we instead require that U belong to <""Sch?tﬂr and Schzg, respectively.
We have the fully faithful functors
Factor(z, ft,< n) - Factor(z, ft, < c0) — Factor(z, aft),

and the map of Factor(z,ft,< n) into both Factor(z,ft,< o) and Factor(z,aft)
admits a right adjoint, given by Sy~ ="S,.

Hence, Factor(z, ft, < n) is contractible if and only if Factor(z, ft,< oo) is con-
tractible and if and only if Factor(z, aft) is.

9.2. Step 1.
9.2.1. Suppose we have an object of (S,z) € (S"Schaﬂ)/x. We need to show that
the category Factor(z,ft,<n) is contractible.

Set Sg = CI(S;EXO). Let zy denote the resulting map Sy - Xy. By assumption,
the category Factor(zo, ft, cl) is contractible.

We introduce the category C to be that of diagrams

So Ug Xo
S U X,

where U € <"SchT and Up € ©'Sch3® and Uy — U is an arbitrary map.
We have the natural forgetful functors
Factor(z, ft, < n) « C — Factor(xo, ft, cl).

We will show that both these functors are homotopy equivalences. This would
imply that Factor(z,ft,<n) is contractible.
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9.2.2. The functor C — Factor(z,ft,< n) is a co-Cartesian fibration. Hence, in
order to prove that it is a homotopy equivalence, it suffices to show that it has
contractible fibers.

However, the fiber in question over a given (S - U — X) € Factor(z,ft,< n)
has a final object, namely, one with

Uo = CI(U; X(]).

9.2.3. The functor C — Factor(zo, ft, cl) is a Cartesian fibration. Hence, in order
to prove that it is a homotopy equivalence, it suffices to show that it has contractible
fibers.

We note that the fiber of the above functor over a given (So — Uy - Xp) €
Factor(xg, ft,cl) can be described as follows.

Set §:= 5 |S_| Up. Since X admits deformation theory, we have a canonical map
0
75X
The fiber in question is the category Factor(Z, ft,<n) of factorizations of T as
S>U—>Xx, Ue="Schi,
9.3. Resetting the problem.

9.3.1. By Step 1, it suffices to prove the contractibility of the category Factor(z, ft, <
n) under the additional assumption that there exists a nilpotent embedding

So = S,
where S € ©'Schi.
By Proposition there exists a finite sequence of affine schemes
So> 81> ...> 81> Sp=5, 8 e<"Sch*,
such that for every i, the map S; = S;;1 has a structure of square-zero extension.

9.3.2. Repeating the manipulation of Step 1, by induction, we obtain that it suf-
fices to prove the following: let S be an object of <*SchT, and let S = S’ be a
square-zero extension, where S’ € <*Sch?.

Suppose we have a map z : S - X. We need to show that the category
Factor(x, ft, < n) is contractible.

9.4. Step 2. Let S — S’ be as in Sect.

9.4.1. Let Factor(z,ft,< n)gqz be the category of factorizations of the map x :
S - X as
S S > X,
where the composition S < S’ is equipped with a structure of square-zero extension,
S’ - §" is equipped with a structure of map in SqZ (), and where §" € <*Schi,
Consider also the category D of factorizations of the map z: S’ - X as
S5 S5U - X,

where the composition S — S’ is given a structure of square-zero extension, S’ — 5’
is given a structure of map in SqZ(S), and where §,U € <"Schi.
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We have the fogetful functors
Factor(z, ft, < n)gqz < D — Factor(z, ft, < n).

We will show that both these functors are homotopy equivalences, whereas the
category Factor(z, ft, < n)sqz is contractible. This will imply that Factor(x,ft,<n)
is contractible.

9.4.2. We note that the functor
D - Factor(z, ft,< n)sqz

is a Cartesian fibration. Hence, in order to prove that it is a homotopy equivalence,
it suffices to show that it has contractible fibers.

However, the fiber in question over a given (S” - S — X) € Factor(z, ft, < n)sqz
has an initial point, namely, one with U = S’.

9.4.3. The functor
D - Factor(z,ft,<n)

is a co-Cartesian fibration. Hence, in order to show that it is a homotopy equiva-
lence, it suffices to show that it has contractible fibers.

However, we note that the fiber of D over an object (S” - U — X) € Factor(z, ft, <
n) is the category Factor(u, ft, < n)sqz, where u denotes the map S’ — U. Le., this
is a category of the same nature as Factor(z, ft, < n)gqz, but with X replaced by U.

Thus, it remains to prove the contractibilty of the category Factor(z, ft, < n)sqz.

9.5. Step 3.
9.5.1. Let the square-zero extension (S < S’) be given by

T*(S/X) = F, FeQCoh(S)>" 1=,
The category Factor(a', ft, < n)sqz is that of factorizations of + as
T*(5/X) L F - F,
where F e Coh(S)> 1=,
9.5.2. Note that F is isomorphic to the filtered colimit

_ colim F.
Fe(Coh(S)z—n-1=1)

Hence, in order to prove that Factor(x, ft, < n)sqz is contractible, it suffices to show
that the functor

Maps(T*(S/X),-) : QCoh(8)> ™ =1 = Vect

commutes with filtered colimits.
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9.5.3. We have
T*(S/X) =~ coFib(T*(S) - T*(X)|s)-
Since S € Sch®f it suffices to show that
T*(X)ls € Pro(QCoh(S) as-

This follows from the assumption on X and the next lemma:

LEMMA 9.5.4. Ifi:Sy— S is a nilpotent embedding of objects of Schzg, and T
is an object of ““Pro(QCoh(S)™) is such that

(Pro(i*))(T) € Pro(QCoh(So)  )iatt,
then T € Pro(QCoh(S) ™ )1att-

9.5.5. Proof of Lemma[9.5.7 We need to show that the functor
Maps(T,-) : QCoh(S)?[n] - Spc
commutes with filtered colimits for any n.

This allows to replace S and Sy by ©IS and €S, respectively. Le, we can assume
that S and Sy are classical. Furthermore, by induction, we can assume that S is a
classical square-zero extension of Sy. Now the required assertion follows from the
fact that any F € QCoh(S)” can be written as an extension

0— i (F) = F =i (F") -0,
where F', F"" € QCoh(Sp)® depend functorially on F (in fact, F” := HO(i*(F))).
(I

9.6. Proof of Theorem [Q.1.41
9.6.1. Suppose we have an object (S,x) € (Schaﬁ)/,—\g. We need to show that the
category Factor(x,aft) (see Sect.|9.1.8)) of factorizations

S—>U-2X, Ue(Schi})x

is contractible.

For every m > 0, consider the corresponding category Factor(z|sng,ft,< n) of
factorizations
S 5 U, > X, U, e="Sch*".
We note that since X is convergent, we have

Factor(x, aft) ~ lim Factor(z|sg, ft, < n).

We will use the following observation:

LEMMA 9.6.2. Let
Cp«Ci«Cy« ...
be a sequence of (o0, 1)-categories. Assume that:
(i) The category Cy is filtered.
(ii) For every n, the category C,1 is filtered relative to C,,.
Then the category
C:= liern C,

1$ also filtered.
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Let us recall that given a functor C’ — D, we say that C' is filtered relative to
D if for every finite (o0, 1)-category K and every diagram

K C’

| |

Cone(K) —— D

has a lifting property. Here Cone(K) is obtained from K by adjoining to it a final
object. (For D = %, we obtain the usual notion of C’ being filtered.)

We apply the above lemma to
C,, := (Factor(z|sng, ft, < n))°P.

9.6.3. To prove that the category (Factor(x
lowing lemma:

ag, ft, c1))°P is filtered we use the fol-

LEMMA 9.6.4. Let C' - D be a co-Cartesian fibration in groupoids. Suppose
that D is filtered and C’ is contractible. Then C' is also filtered.

ProoF. Let C' - D correspond to a functor F': D — Spc. Then the assump-
tion that C’ is contractible means that

colim F' ~ .
D

This is easily seen to imply the assertion of the lemma.

We apply Lemma to the functor
Factor(z|ag, ft, cl) — (ClSchaH)dS/.

Indeed, the category Factor(z|ag, ft,cl) is contractible because <X belongs to
“'PreStky. The category (opposite) to (°1Schaﬁ)/c15 is filtered by Volume I, Chap-
ter 2, Theorem 1.5.3(b).

9.6.5. Let us now show that (Factor(z|sn+ig,ft, < n+1))°P is filtered relative with
respect to its projection (Factor(z|sng, ft, < n))°P.

Suppose we have a functor
Fp41: K - (Factor(z|snsig, ft, < n+ 1))°P
and its extension to a functor
F,, : Cone(K) - (Factor(z|<ng, ft, < n))°P.

Let us denote by
S >U, > X

the object of Factor(z|sng,ft,< n) corresponding to the value of F,, on the final
object * € Cone(K). For k € K denote also

UK, | = Fru1(k) and UX = F, (k).

Set
! o <n+l
] = SSES U,.
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We have <"U/ ., = U,, and a K-diagram of maps

(9.1) ! —>U71:+1—>X.

n+l
We need to show that there exists Up.1 € <"1 SchT equipped with a map
Up1 = Unat
that induces an isomorphism on n-truncations, such that the K-diagram ex-
tends to a diagram
(9.2) Upsr = Uns1 ~ lef+1 - &
that induces at the level of n-truncations the diagram

U,=U, - U > x

9.6.6. Let fi denote the map <"S — UX. By Proposition (b)7 the map UX —
Uk, has a canonical structure of square-zero extension by means of some JX e
QCoh(UX)?[n +1]. Similarly, U,, - U/, has a canonical structure of square-zero
extension by means of some Z' € QCoh(U,,)%[n +1].

Then the datum of the diagram (9.1]) is equivalent to that of the commutative
diagram
Pro(f)(T*(Ug/X)) —— T*(Un/X)

l l

F(T*) — T
and its extension to a diagram ({9.2)) is equivalent to factoring the above commuta-
tive diagram as

Pro( i (T*(Ux /X)) —— T*(Un/X)

l |

Fe(T9) — I
where Z € Coh(U,,)%[n +1].

Il

)

The existence of such an extension follows from the combination of the following
facts:

(1) The category K is finite;
(ii) The objects Pro(fi)(T*(UX/X)) belong to Pro(S™)ati;
(iii) Z’ can be written as filtered colimit of Z with Z € Coh(U,,)%[n +1].

10. Square-zero extensions of prestacks

This section is auxilliary (it will be needed in Chapter 6, Sect. 2.5), and can be
skipped on first pass. We define and (attempt to) classify square-zero extensions of
a given prestack X by an object F € QCoh(X)=V.

10.1. The notion of square-zero extension of a prestack. We define the
notion of square-zero extension of a prestack via pullback to affine schemes.
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10.1.1. Let X be a prestack and let Z be an object of QCoh(X)= (i.e., T is an
object of QCoh(X'), whose pullback to every affine scheme is connective.)

We define the notion of square-zero extension of X by means of Z to be the
datum of a schematic affine map of prestacks X = X', and an assignment for every
(8",2") € (Schaﬁ)/;(, of a structure on the map

S xX=8<8
XI
of square-zero extension of S by means of x*(Z) (where x is the resulting map

S — X), which is functorial in (5,2) in the sense of Proposition [5.3.2]

Square-zero extensions of X by means of Z form a space that we denote by
SqZ(X,T).

10.1.2. Let
(PreStk, QCoh=") — PreStk

denote the Cartesian fibration corresponding to the functor

(QCoh=")p, sy © (PreStk)°P — 1-Cat .

The construction of Proposition defines a Cartesian fibration in spaces
SqZ(PreStk) — (PreStk, QCoh=’),
whose fiber over a given (X, Z) € (PreStk, QCoh*?) is SqZ(X,T).
In particular, given an index category I, and an I-family
(10.1) i~ (X;,ZI;), I— (PreStk, QCoh=),

we have a well-defined notion of an I-family of maps &; < X/, equipped with a
structure of square-zero extension by means of Z;, covering ([10.1)).

10.2. From square-zero extensions to maps in QQCoh. In this subsection we
will assume that X admits a pro-cotangent complex. We will show that a square-
zero extension of X gives rise to a map in QCoh(X).

10.2.1. We claim that there is a natural map of spaces
(10.2) SqZ(X,T) - Maps(T*(X),Z[1]),
where we regard T*(X) and Z as objects of Pro(QCoh(X)™)", see Sect.

To construct ([10.2), given a map X — X', equipped with a structure of square-
zero extension, and (S, x) € (Schaﬁ) x we need to construct the corresponding map

T (X) - =" (D[]

in Pro(QCoh(S)7), functorially in (S, z).
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10.2.2. We will use the following lemma;:
LEMMA 10.2.3. For a schematic affine map of prestacks X — X', the functor

(Sch®) /s — (Sch®™) e, ' S X

is cofinal.
PROOF. The functor in question admits a left adjoint, given by

(S=X)=»(S—>Xx =X

10.2.4. Using the lemma, it suffices to construct the map
T, (X) - «* (D[],
for every (S57,2) € (Schaﬁ)/xl, where

x:8=8"xX->X.
x

The latter is given as the composition

(%) Y () > 2 ()],

where the second arrow represents the structure of square-zero extension on S < S’.
10.2.5. The following assertion results from the definitions:

LEMMA 10.2.6. Let Z be a prestack that admits deformation theory, and let
2: X — Z be a map. Then for a map X = X' equipped with a structure of square-
zero extension by means of T € QCoh(X)<C, the space of extensions of z to a map
2+ X' - Z is canonically equivalent to that of null-homotopies of the composed
map

2(1*(2)) L T (x) - (1),

10.3. Classifying square-zero extensions. In this subsection we keep the as-
sumption that X admits deformation theory. We will (try to) classify square-zero
extensions of X.

10.3.1.  We would like to address the following general question:

QUESTION 10.3.2. Is it true that the functor SQZ(X,Z) - Mapsqconx) (17 (X), Z[1])
of (10.2)) is an isomorphism of spaces?

Unfortunately, we can’t answer this question in general. In this subsection we
will consider a certain particular case.

REMARK 10.3.3. In Chapter 8, Sect. 5.5 we will provide a far more satisfying
answer under the assumption that X be locally almost of finite type.
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10.3.4. Let Y be an object of Sch®™ and let Y - Y’ be given a structure of
square-zero extension by means of Zy € QCoh(Y)<C. Let

vy :T*(Y) - Iy [1]
be the corresponding map.
Fix a map f: X - Y, and denote Zx := f*(Zy ). Consider the space
SAZ(X, Ix)/sqz(v,zy)

that classifies maps X < X’ equipped with a structure of square-zero extension by
means of Zy, and a commutative diagram

X — X

(10.3) fl jf'

Y —— Y’
equipped with a structure of map of square-zero extensions that corresponds to the
tautological map f*(Zy) - Zx.

Consider the space
MapSQCoh(X) (T* (X) Y [1] )/’YY
that classifies maps
vx :TH(X) > Ix[1],
together with the data of commutativity of the diagram

T (X) Zx[1],

o] ;

FT(Y)) —— (@)
As in Sect. we have a canonically defined functor
(104) SqZ(X, IX)/SqZ(Y,Iy) i MapSQCOh(X) (T* (X)7IX[1:|)/"“/ .

We claim:

PRrROPOSITION 10.3.5. The functor (10.4) is an isomorphism of spaces. Further-
more, for every object of SqZ(X,Ix)/sqz(v,zy) the diagram (10.3) is Cartesian.

Yx

The rest of the subsection is devoted to the proof of this proposition.
10.3.6. 'We construct the map
(10.5) Mapsqcon(x) (T7(X), Zx [1]) /4y = SAZ(X, Ix)/sqz(v,1v)
as follows.
Given v : T*(X) — Zx[1], we construct the prestack X’ by letting for S” € Sch*T
the space Maps(S’, X") consist of the data of:
o (S,x) € (Sch™)x;
e Amap S— 5
e A factorization of the map z*(y) : T (X) - z*(Zx)[1] as

() Y T (8) 25 0t (za) 1],
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e An isomorphism RealSqZ(z*(Zx)[1],7s) ~ (S = S’) in Schgf/f.
Note that the construction of X’ does not appeal to the datum of the map
Y - Y’ or a structure on it of square-zero extension.
10.3.7.  That above the datum of Maps(S’, X") can be rewritten as follows:
e A map y S5 - Y’ (denote S := S’}>/<,Y, y: S —>Y and y5 : T*(S) —
v (Iy)[1]);
e A factorization of y as S — X R Y;

e A datum of homotopy between
* * * (dflj)* * * *
2 (TH(X)) = T3 (X) —> T*(S) > y* (Ty)[1] = a* (Ta)[1]
and z*(yx).

10.3.8. The latter description implies that the space consisting of a data of a map
'8 - X' and amap S’ - S, which is the left inverse of the map S — S’ identifies
canonically with the space Maps(S’, X). Indeed, given a map S’ - X', both pieces
of additional data amount to that of null-homotopy of the map z*(vx).

This gives rise to a canonical map X — X', such that for every 2’ : S” - X, the
corresponding diagram

S — 5

SR
X — X/
is Cartesian.

This gives the map X — X’ a structure of square-zero extension by means of Zx,
thereby providing a map in (10.5). Furthermore, the diagram (|10.3]) is Cartesian
also by construction.

O

10.4. Deformation theory property of square-zero extensions. In this sub-
section we let X and Y = Y’ be as in Proposition[10.3.5 We will show that pretacks
X’ as in Proposition [10.3.5| themselves admit deformation theory.

10.4.1. Our goal is to show:

PROPOSITION 10.4.2. For every object of SqZ(X,Ix)/sqz(v,zy) we have:
(a) The prestack X' admits deformation theory.
(b) If Y,Y" € Sch* and X € PreStkua, then X' € PreStkia.

The rest of this subsection is devoted to the proof of this proposition.
10.4.3. First, we note that point (a) implies point (b):

We apply Theorem to the nilpotent embedding X — X’. It suffices to
show that for any (S, z) € (Schzg)/;(, the pullback of T*(X/X’) under z belongs
to Pro(QCoh(S) ™ )1afs-

However, this pullback identifies with the pullback of T* (X /X’) under y := fox
of T*(Y/Y"), and the assertion follows.
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10.4.4. Convergence.

Using the interpretation of the space Maps(S’, X’) given in Sect. in
order to prove that X’ is convergent, we need to show that the space of homotopies
between two fixed maps

a*(T7(X)) 3 y" (Zy)[1]
is mapped isomorphically to the inverse limit over n over similar spaces for
_ (Sng/
Sy = (578" % Y.

Note that for any n, we have:
Sn(S,) ~="S.
Hence, the required assertion follows from the fact that
¥ (T*(X)) =T, (X) € ““Pro(QCoh(S)")
(see Lemma [3.3.3)).

10.4.5. Compatibility with push-outs. Let S} = S u S% be a push-out in Sch®T,

where S| - S} is a nilpotent embedding. Let us show that the map
Maps(Sh, X) - Maps(S}, x") Maps(xsg,x') Maps(Ss, X")
is an isomorphism.
It suffices to show that the map in question is an isomorphism over a given

point of

Maps(S5,Y") ~ Maps(S;,Y”’ x Maps(S5,Y").
ps(53,Y") ps(5} )Maps(S;,Y') ps(55,Y")

Set
S1:=8] xV, So=8yxY, §:=8 xY, §:=8, xY.
Y Y Y Y

It is easy to see that the map

Siu Sy S

1452 =0
is an isomorphism.

Using the interpretation of the space Maps(—,X”) given in Sect. we

obtain that it suffices to show that, given a map z : So - X, the space of homotopies
between two given maps

z(T7(X)) =y (Zy)[1]
maps isomorphically to the fiber product of the corresponding spaces on S; and S,
over that on Sj.

However, this follows from Proposition [1.4.2 O



CHAPTER 2

Ind-schemes and inf-schemes

Introduction

0.1. Inf-schemes. As was explained in the Introduction to Part I, inf-schemes are

our primary object of interest. In this Chapter we will finally define what they are.
By definition, an inf-scheme is a laft prestack X such that:

(a) X admits deformation theory;

(b) **dX is a (reduced) scheme.

It is quite remarkable that so general a definition produces a very reasonable
object. Let us list some of the properties enjoyed by inf-schemes:

(i) Inf-schemes are well-adapted to the category IndCoh, i.e., the latter will extend
to a functor of the (o0, 2)-category of correspondences on inf-schemes. This will be
realized in Chapter 3.

(ii) Inf-schemes provide a unified language to talk about @-modules and D-modules;
in particular, one can talk about relative D-modules along the fibers of a morphism
between schemes. This will be realized in Chapter 4.

(iii) Inf-schemes are an adequate framework for formal moduli problems and the
correspondence between group-objects and their Lie algebras. This will be realized
in Chapters 6 and 7.

0.1.1. In this Chapter we will only initiate the study of inf-schemes. The main
outcome of this Chapter is the following structural result that comes in two parts,

Corollary

Let X be an in inf-scheme such that X = X, is a (reduced) affine scheme.
Inside the category (Schaﬁ) /x one can single out a subcategory of those
S5 x,
for which S e Sch™ and the map
vedy,  redg _, red y _ .

is an isomorphism. The first assertion of Corollary is that this subcategory is
cofinal.

This means that the datum of X, viewed as a functor from the category (op-
posite to that) of all affine schemes, is completely determined (i.e., is the left Kan
extension) from its restriction to the category of pairs (S, z), where S € SchT and
xo is an isomorphism ™48 - X.

In other words, in order to ‘know’ X we only need to know what the functor
X gives in nilpotent thickenings of Xj.

75
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0.1.2. The second part of Corollary [£:4.6] provides a converse to the above restric-
tion process.

Namely, let Xpiisom be an arbitrary functor from the category of affine eventu-
ally coconnective schemes almost of finite type, whose reduced subscheme is iden-
tified with a given (reduced) affine scheme X of finite type. Le.,

Xhil-isom * (<°°SCh:g X {Xo})()p N Spc .
redSChaff

We impose the condition that the value of Xpj1 isom on X itself be * € Spc. Let
X be the left Kan extension of Xyji.isom under the forgetful functor

<°Sch? X {Xo} > <*Sch®T .
aft  garas U0
redSch®

Le., the value of X on an (eventually coconnective) scheme affine scheme S is
the category of

< aff red
S—>7Z— Xnil—isorru Z € OOSChaft, ez = Xo.

Thus, we can view X as an object of PreStkj,¢, and red ¥ = X,,. We would like
X to be an inf-scheme, but we cannot expect that because there is no reason that
for an arbitrary Xyilisom, the prestack X will admit deformation theory.

However, there is an obvious necessary condition on Xiisom for X to have a
chance to admit deformation theory. Namely, recall that one of the conditions in
admitting deformation theory is that it should take pushout diagrams of the form

St So

(0.1) l l

I

where S — S has a structure of square-zero extension, to pullback diagrams in
Spc. Thus, a necessary condition on X isom in order for X to admit deformation
theory is that Xyiisom have the same property with respect to the above push-outs
when
51,85 € <°Sch®T  x {X,).
red §chaff

Now, the second part of Corollary [£.4.0] says that the above condition is also

sufficient.

0.1.3. To summarize, Corollary says that the operation of restriction under

<ooschaff % {XO} N <ooSChaff
aft red §chaff

defines a fully faithful functor from the category of inf-schemes X', whose underling
reduced scheme is identified with Xy and the full subcategory of the category of

functors
Xnil—isom : (<°°SCh:g th H{Xo})op g SPC, Xnil—isom(XO) =%,
T C a:

that take push-out (0.1]) squares to pullback squares.

ed

0.2. Ind-schemes. Prior to introducing inf-schemes, in Sects. [1] and [2 we study
another type of algebro-geometric objects that often comes up in practice: ind-
schemes.
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0.2.1. Ind-schemes can be defined in any of the following three equivalent ways
(but the equivalence is not altogether trivial):

A prestack X is said to be an ind-scheme if it is convergent and:

Definition (a): X can be written as a filtered colimit (in PreStk) of quasi-compact
schemes, where the transition maps are closed embeddings.

Definition (a’): Same as (a) with X replaced by =" X for any n.

Definition (b): The subcategory of (Schyc)/x consisting of closed embeddings is
cofinal and filtered.

Definition (b’): Same as (a) with X replaced by "X for any n.

Definition (c): X admits connective deformation theory and “'X is a classical ind-
scheme.

0.2.2. Beyond the equivalence of the above definitions, here is a summary of main
results pertaining to ind-schemes:

(1) Ind-schemes satisfy flat descent;

(ii) If an ind-scheme X is laft as a prestack, then the subcategory of (Schqc)/x
consisting of closed embeddings Z — X with S € Sch,¢ is cofinal and filtered.

(iii) Let X be a laft prestack that admits connective deformation theory, and such
that *4X is a (reduced) indscheme. Then X is an ind-scheme if and only if the
following conditions hold:

(a) For any reduced affine scheme S and = : S — X, the object H°(T(X)) ¢
Pro(QCoh(S)?) can be written as a projective system with surjective transition
maps;

(b) Either of the following equivalent conditions holds:

e The map "X - X is a monomorphism; or
e For any reduced affine scheme S and z: S — *4X, the object

Ty ("X /X) € Pro(QCoh(S)")
belongs to Pro(QCoh(S)™)<C.

0.2.3. Formal schemes. Normally, in the literature by a formal scheme one means
an ind-scheme X such that **dX is a (reduced) scheme. Since there many other
usages of the word ‘formal’; in this book, we call these objects nil-schematic ind-
schemed

We show that if X is nil-schematic ind-scheme with **4X = X, then the subcat-
egory of (Schyc)/x consisting of nilpotent embeddings embeddings S — X is cofinal
and filtered.

Moreover, we show that if & is laft as a prestack, the subcategory of (Schqc)/x
consisting of nilpotent embeddings embeddings Z — X with Z € Sch,g is cofinal and
filtered.

IThis is in line with our policy that the adjective ‘nil-?’ for a morphism f: X} — X2 means
that the corresponding morphism
redf . 1red‘)c-1 N red‘)c-2

has the property ?.
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0.2.4. Let us emphasize the difference between inf-schemes and nil-schematic ind-
schemes.

Namely, in Corollary (from which we deduce the first direction in Corol-
lary mentioned above) we show that if X is an inf-scheme, the map

colim Z-X,

Ze(Schagt )nil-isom to X
where the colimit is taken in PreStk, is an isomorphism. Moreover, we will show
(see Proposition 4.3.6)) that the category (Schagt )nilisom to & 1S sifted. In particular,
X can be written as a colimit
colimZ, - X,
acA

for some sifted index category A, where Z, € Sch,s and the transition maps in this
family are nil-isomorphisms.

However, if X is a laft nil-schematic ind-scheme, the map

colim Z - X,

Ze(Schagt )nilp-emb into X
where the colimit is taken in PreStk, is an isomorphism, and the category (Schart ) nilp-emb into X
is filtered. In particular, X can be written as a colimit
colim Z, - X,
acA
where Z, € Sch,g and the transition maps in this family are nilpotent embeddings,

and where the index category A is filtered.

So, there are two points of difference: one is the ‘filtered’ vs. ‘sifted’ con-
dition on the index category A, and the other is ‘nilpotent embeddings’ vs ‘nil-
isomorphisms’.

In addition, given x : Z - X with Z not necessarily affine, if X' is a laft nil-
schematic ind-scheme, the category of factorizations of x as

Z-27'"5%Xx, 2'is a nilpotent embedding
is contractible. If, however, Z is an inf-scheme, the category of factorizations of x
as
Z-27"5%Xx, 2'is a nil-isomorphism

need not be contractible (it may be empty).

0.3. Other definitions and results.
0.3.1. In Sect. 3] we define a notion slightly more general than inf-scheme, namely,
that of ind-inf-scheme. Namely, a laft prestack & is said to be an ind-inf-scheme if

(a) X admits deformation theory;
(b) *dX is a (reduced) ind-scheme.
Thus, the class of ind-inf-schemes contains both inf-schemes and ind-schemes.

We give some infinitesimal criteria that allow to determine when an ind-inf-scheme
is an ind-scheme.
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0.3.2. In turns that the good behavior of IndCoh on inf-schemes extends at no
cost to ind-inf-schemes; this will be done in Chapter 3.

We show that ind-inf-schemes satisfy Nisnevich (and with a little more work,
also étale) descent.

0.3.3. Finally, we establish an extension of Corollaries and Corollary
mentioned above, to the case of ind-inf-schemes; this is done in Sect.

1. Ind-schemes

Ind-schemes are an approximation to our main object of interest (the latter be-
ing ind-inf-schemes). In this section we will mainly review various facts established
in [GaRol].

1.1. The notion of ind-scheme. Ind-schemes are defined in a very simple way:
prestacks that can be presented as filtered colimits of schemes under closed embed-
dings. It is not altogether tautological that this is ‘the right notion’, but we will
see that it is in the course of this section.

1.1.1. Let X be an object of PreStk.

DEFINITION 1.1.2. We shall say that X is an ind-scheme if:

o X is convergent;
e As an object of PreStk, we can write X as a filtered colimit

(1.1) colim X,

where X, € Schqe and the maps X, - X, are closed embeddings.

1.1.3. We let
indSch ¢ PreStk

denote the full subcategory spanned by ind-schemes. We also denote
indSchyag := indSch N PreStkyag; .

It is clear that the above subcategories are closed under finite limits taken in
PreStk.

1.1.4. In addition:

DEFINITION 1.1.5. Let X be an object of <"PreStk (resp., “PreStk, **!PreStk ).
We shall say that X is an n-coconnective (resp., classical, reduced) ind-scheme if
as an object of <"PreStk (resp., “PreStk, **dPreStk), we can write X as a filtered
colimit

(1.2) colim X,

where X, € ="Schye (resp., Xo € ClScth, X, € redSCth) and the maps Xo, = Xa,
are closed embeddings.

We let
*"indSch c *"PreStk, *"indSchys c <"PreStk,
“lindSch c “'PreStk, “indSchyg ¢ “PreStkig

and
redindSch ¢ "4PreStk, "4indSchyy ¢ "PreStkg,
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denote the corresponding subcategories.

These subcategories are closed under finite limits in <"PreStk (resp., “'PreStk,
redpreStk).

1.2. Descent for ind-schemes. In this subsection we show that ind-schemes
satisfy flat descent.

1.2.1. We are going to prove:
PROPOSITION 1.2.2. Let X €indSch. Then X satisfies flat descent.

For the proof of the proposition we will need the following assertion of inde-
pendent interest:

LEMMA 1.2.3. Let X be an ind-scheme. Then for S € <"Schy., the oo-groupoid
Maps(S, X) is n-truncated.

PrOOF. First we take n = 0. In this case the assertion follows from the fact
that filtered colimits of discrete objects of Spc are discrete. For general n, the
assertion follows from Chapter 1, Lemma 6.3.2 and Proposition below (which
is proved independently). |

1.2.4. Proof of Proposition Step 1. Let X be written as coli/rlnXa, where
«E
Xa €Schye, and the category A is filtered.

Let g’ — S be a faithfully flat map in Schaff, and let :S)" /S be its Cech nerve.
We need to show that the map

(1.3) Maps (S, X) — Tot(Maps(5°/5, X))

is an isomorphism.

o
Let us first assume that S is n-coconnective for some n. Since S — S is flat,

then S is also n-coconnective, and so are the terms of S*/S.

We have a commutative diagram in Spc:

colim Maps(S, X,,) —_— Maps(S, X)
colim Tot(Maps(5°/8, Xo)) —— Tot(Maps(5*/S, X))

colim TotS”(Maps(g'/S,Xa)) — TotS”(Maps(g'/S,X))

id

Tot=" (Colim Maps(g"/S,Xa))) 7 TOtsn(MaPS(g'/SvX))’

where Tot=" denote the limit over the n-skeleton.
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We note that the map
colim Maps(S, X, ) — colim Tot(Maps(S°®/S, X))

is an isomorphism since maps of schemes satisfy flat descent.

Now, Lemma [1.2.3] implies that

Tot(Maps(5°/5, X)) - Tot="(Maps(S*/S, X))
and
Tot(Maps(5° /S, X)) - Tot<" (Maps(S* /S, X ).
are isomorphisms.

Furthermore, the map
colim TotS"(Maps(.g"/S, X4)) = Tot=" (colim Maps(g"/S, Xa)))

is an isomorphism, since finite limits commute with filtered colimits.

This implies that the map E is an isomorphism as well.
1.2.5. Proof of Proposition [1.2.4, Step 2. For an integer n, we COHbldeI" the n-
coconnective truncation <"S of S. Note that since S S'i 1s flat, the map <”S - <ng
is flat, and the simplicial n-coconnective DG scheme —"(S' /S) is the Cech nerve of
Sng' - <ng.

We have a commutative diagram

Maps(5, &%)  ———  Tot(Maps(5°/S, X))

l l

lién Maps(*"S, X)) —— liI{In Tot(Maps(S"(g"/S),X))
neNopP neNopP

In this diagram the vertical arrows are isomorphisms, since X’ is convergent. The
bottom horizontal arrow is an isomorphism by Step 1. Hence, the top horizontal
arrow is an isomorphism as well, as desired.

O
1.2.6. As a corollary we obtain:

COROLLARY 1.2.7. Let X €indSch be written as in (L.1)). Then for Z e Schqc,
the map
colim Maps(Z, X,,) - Maps(Z, X)

is an isomorphism.

PROOF. Follows from the Zariski descent property of X and the fact that finite
limits commute with filtered colimits. O

1.3. Deformation theory of ind-schemes. In this subsection we show that
ind-schemes admit (connective) deformation theory, and that, moreover, they can
essentially be characterized by this property.
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1.3.1. We observe:

ProrOSITION 1.3.2. Let X be an ind-scheme. Then X admits a connective
deformation theory.

ProOF. Follows from the fact that the formation of finite limits (involved in
the definition of admitting connective deformation theory, see Chapter 1, Lemma
3.1.8) commutes with filtered colimits. (]

1.3.3. Note that Chapter 1, Lemma 2.5.5 gives an explicit expression to the value
of pro-cotangent spaces of an ind-scheme:

LEMMA 1.3.4. For X € indSch written as in (L.1), and (Z,x) € (Schge)/x we
have:

THX)=  lim T (Xa),
(%) (@0 )( A, )P - (Xa)

where Ay is the category of factorizations of x as

Z->X,—->X, acA

In the above lemma, the limit is taken in Pro(QCoh(Z)~), or equivalently
Pro(QCoh(Z)<?), as A, is filtered.

1.3.5.  We note the following feature of the pro-cotangent spaces of an ind-scheme.

DEFINITION 1.3.6. Let Z be a scheme and T an object of Pro(QCoh(Z)?). We
shall say that T can be given by a surjective system if T can be written as a limit

lim F,,

aeA°P

where A is a filtered category, Fo, € QCoh(Z)Y and for ay — g, the corresponding
map Fo, = Fa, 15 surjective.

We have:

LEMMA 1.3.7. An object T € Pro(QCoh(Z)%) is given by a surjective system if
and only if in the category

((QCoh(2)%)7))™
the full subcategory, spanned by surjections T — F, is cofinal.

For future reference, we note that

LEMMA 1.3.8. Ifi: Z < Z is a nilpotent embedding, and T € Pro(QCoh(Z)?) is
such that T := HO((Pro(i*))(T)) € Pro(QCoh(Z)?) is given by a surjective system,
then T is also given by a surjective system.

1.3.9. From Lemma [[.3.4] we obtain:

LEMMA 1.3.10. Let X be an ind-scheme and x : Z — X a point, where Z € Schqc.
Then HO(T (X)) € Pro(QCoh(Z2)%) is given by a surjective system.
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1.3.11. The next assertion provides a partial converse to Proposition [I.3.2}

THEOREM 1.3.12. Let X be an object of PreStk that admits connective defor-
mation theory and that for any (S,x:S - X) € ClSCh?ﬁE, the object HO (T (X)) €
Pro(QCoh(S)%) is given by a surjective system. Assume that there exists a map
f: X = X such that:

e Xy is a classical ind-scheme;

e The map f : Xy — X is a monomorphism when evaluated on classical
schemes;

e The map f is a pseudo-nilpotent embeddmﬂ.

Then X is an ind-scheme.
The proof will be given in Sect. [2}

COROLLARY 1.3.13. Let X be an object of PreStk that admits connective de-
formation theory, and such that X is a classical ind-scheme. Then X is an ind-
scheme.

1.4. Indschemes and truncations. In this subsection we compare our present
definition of ind-schemes with that of [GaRo1].

1.4.1. We have:

PROPOSITION 1.4.2. Let X be an object of “°*VPreStk. Then X €indSch if and
only if for every n, we have "X € ="indSch.

PROOF. The ‘only if’ part is evident. Conversely, let X be convergent and
such that for every n, we have "X € *"indSch. By repeating the argument of
Proposition|1.3.2] it follows from Chapter 1, Sect. 6.1.3 that X admits a connective
deformation theory.

Hence, such X satisfies the conditions of Corollary [1.3.13] namely, we take
Xo=X.
O

1.4.3. From Proposition we obtain:

COROLLARY 1.4.4. Let o = X, be a filtered diagram of objects of Schy. with
the maps being closed embeddings. Set X' := colim X,. Then ©™(X') is an ind-

scheme.
Finally, from Corollary [[.4.4] we deduce:

COROLLARY 1.4.5. Let X,, (resp., X1, Xrea) be an n-coconnective (resp., clas-
sical, reduced) ind-scheme. Set

X, = LKE‘?SChaff haff (X7)7

where 7 =<n (resp., 7 =cl, ?=red). Then “°™(X") is an ind-scheme.

—Sc

1.5. Closed embeddings into an ind-scheme. In this subsection we show that
an ind-scheme & can be recovered from the category of schemes equipped with a
closed embedding into X.

2See Chapter 1, Definition 8.1.2(d’) for what this means.
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1.5.1.  We recall (see Chapter 1, Definition 8.1.2) that a map of prestacks X; - X»
is a closed embedding if for S5 € Sch?iz, the map

CI(SQ; Xl)_)cls2

is a closed embedding of classical affine schemes (in particular, the left hand side is
a classical affine scheme).

It is easy to see that if X} - Xy —» X3 are such that X7 - X3 and X5 — X3 are
closed embeddings, then so is X} - Ab.

In what follows, for X € PreStk we let
PreStkeiosed in ¥ € PreStk, x

denote the full subcategory, consisting of those (X', f : X' - X)), for which f is a
closed embedding. We will use a similar notation for any category that maps to
PreStk, e.g.,

SChcloscd in X -

1.5.2. Let X be an ind-scheme, written as in (1.1)). It is clear that for Z € Schg,
amap Z — X is a closed embedding if and only if for some/any «, for which the
above map factors through a map Z - X, the latter is a closed embedding.

1.5.3. We claim:

PROPOSITION 1.5.4. An object X € “°™PreStk is an ind-scheme if and only if
the following two conditions are satisfied:

e The functor Scheiosed in x = (Schqe)x s cofinal.
e The category Scheosed in x 15 filtered.

Proor. Clearly, the conditions of the proposition are sufficient for X to be an
ind-scheme.

Assume now that X is an ind-scheme. The fact that

Schelosed in & = (SChqc)/X
is cofinal follows from Corollary [T.2.7]

To prove that the category Schejosed in x is filtered, it is enough to show that it
contains finite colimits. Let

(1.4) i Z;, iel

be a finite diagram in Scheiosed in x- Write X as in ([1.1]). Then by Corollary
and since the category of indices A is filtered, there exists an index « € A such that
(1.4) factors through a diagram in Scheosed in X, -

By Volume I, Chapter 5, Proposition 1.1.3, the resulting diagram admits a
colimit, denote it
Zo € Schelosed in X4 -

Furthermore, by Volume I, Chapter 5, Lemma 1.1.5, for an arrow a — o’ in

A, the resulting map Z, - Z,+ is an isomorphism. Since A is filtered, this implies
that Z, maps isomorphically to the sought-for colimit in Sch¢joged in X'

O
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1.6. Topological conditions. In this subsection we introduce several classes of
maps between prestacks, imposing the condition that they behave as ‘relative ind-
schemes’.

1.6.1. We give the following definitions:

DEFINITION 1.6.2. We shall say that a reduced ind-scheme X is ind-affine if it
can be written as in (.2) with X, € **Schy. being affine.

It is easy to see that X is ind-affine if and only if for any closed embedding
X - X with X € re‘iSCth, the scheme X is affine.

DEFINITION 1.6.3. We shall say that an ind-scheme (resp., n-coconnective ind-
scheme) X is ind-affine if X has this property.

Again, it is easy to see that & is ind-affine if and only if for any closed embedding
X - X with X € Schyc (resp., ="Schqc), the scheme X is afﬁnﬂ

It is easy to see that X is ind-affine if for any/some presentation (1.1)) (resp.,
(1.2)), the schemes X, are affine.

1.6.4. We give the following definition:

DEFINITION 1.6.5.

(a) We shall say that a morphism X; — Xa of prestacks (resp., n-coconnective
prestacks, classical prestacks, reduced prestacks) is ind-schematic if its base change
by an affine scheme (resp., n-connective affine scheme, classical scheme, reduced
scheme) yields an ind-scheme (resp., n-coconnective, classical, reduced ind-scheme).

(b) We shall say that a morphism X; — Xo of prestacks (resp., n-coconnective
prestacks, classical prestacks, reduced prestacks) is ind-affine if its base change by an
affine scheme (resp., n-connective affine scheme, classical scheme, reduced scheme)
yields an ind-affine ind-scheme (resp., n-coconnective, classical, reduced ind-affine
ind-scheme).

1.6.6. We also give the following definitions:

DEFINITION 1.6.7.

(a) We shall say that a map from a classical prestack X to a classical affine scheme
S is an ind-closed embedding if X is a classical ind-scheme and for any closed
embedding X — X, where X € ClSCth, the composed map X — S is a closed embed-
ding.

(b) We shall say that a map of classical prestacks X1 — Xo is an ind-closed em-
bedding if its base change by a classical affine scheme yields a map which is an
ind-closed embedding.

(¢) We shall say that a map of prestacks X1 - X is is an ind-closed embedding if
the corresponding map X, — Xy is.
REMARK 1.6.8. Note that ‘closed embedding’ is stronger than ‘ind-closed em-
bedding’. E.g.,
Spf(k[[t]]) > Spec(k[t])

3Here we use the fact that if a classical scheme X is such that ™9X is affine, then X itself is
affine.
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is an an ind-closed embedding, but not a closed embedding. And similarly, for
upt— A
i pt = A,

where I is an arbitrary infinite set of distinct k-points in Al.

1.6.9. Let f:X; > X5 be a map of (classical) ind-schemes. It is easy to see that it
is an ind-closed embedding (resp., ind-affine) if and only if the following is satisfied:
If

Xy = colim X, o and &5 := colim X5 g,

then for every index «, and every/some index § for which X; , - &1 - X, factors
as

Xi0 = Xop— Ao,

the map X7, - Xo3 is a closed embedding (resp., an affine morphism between
schemes).

In addition, f is an ind-closed embedding if and only if for every closed embed-
ding X; - &1, the composition X; - X} - &% is a closed embedding.

1.6.10. For future reference we also give the following definitions:

DEFINITION 1.6.11.

(a) We shall say that a map from a reduced prestack X to a reduced affine scheme
S is ind-proper (resp., ind-finite) if X is a reduced ind-scheme and for any closed
embedding X — X, where X € ‘edScth, the composite map X — S is proper (resp.,
finite).

(b) We shall say that a map of reduced prestacks Xy — X is (ind)-proper (resp.,
(ind)-finite) if its base change by a reduced affine scheme yields a map which is
(ind)-proper (resp., (ind)-finite).

(¢) We shall say that a map of prestacks X1 — X2 is (ind)-proper (resp., (ind)-
finite) if the corresponding map "X, — "Xy is (ind)-proper (resp., (ind)-finite).

1.6.12. Let f: A& - A5 be a map of reduced ind-schemes. It is easy to see that it
is ind-proper (resp., ind-finite) if and only if the following is satisfied:
If
X = cgli/ranLa and X5 = CBEXHXM’
then for every index «, and every/some index 8 for which X; , - &1 - X, factors
as
Xi,a = Xopg — As,
the map X; o - Xs g is proper (resp., finite).
1.7. Indschemes and the finite type condition. In this subsection we show

that ind-schemes are nicely compatible with the ‘locally almost of finite type’ con-
dition.
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1.7.1.  'We have the following assertion:

PROPOSITION 1.7.2. Let X be an object of indSchyag,. Then the category (Schagt ) closed in
18 filtered and the functor
(SChaft)closcd inX — SChclosod in X

is cofinal.

The proof will be given in Sect.
1.7.3.  From Proposition [1.7.2] we obtain:

COROLLARY 1.7.4. An object X € PreStky.s is an ind-scheme if and only if the
following two conditions are satisfied:

o The functor (SChaft)closcd inXx > (SChqc)/X 18 coﬁnal.
e The category (Schagt )closed in x 1 filtered.

PROOF. It is clear that the conditions of the proposition are sufficient for X
to be an ind-scheme. The converse implication follows by combining Propositions
and|[1.7.2] and the fact that a category cofinal in a filtered category is filtered.

|

Now, from Corollary we obtain:

COROLLARY 1.7.5. Let X be an object of indSchyag;.
(a) As an object of PreStk, it can be written as a filtered colimit

(1.5) X ~colim X,

where X, € Schage and the maps Xo, - Xq, are closed embeddings.
(a’) The map

colim Z - X,
Ze(Schagt ) closed in x

where the colimit is taken in PreStk, is an isomorphism.
(b) The functors
(Schatt ) closed in ¥ = (Schag) /2
and
(Schagt ) x = (Schqe)/x
are cofinal.

1.7.6. The following theorem is a variant of Theorem [I.3.12]in the locally of finite
type case.

THEOREM 1.7.7. Let X be an object of PreStky.g, which admits a connective
deformation theory, and such that:

o Forany(S,z:5S—>X)e¢ (”’dSch?tﬂ)/X, the object HO(T (X)) € Pro(QCoh(S)?)
is given by a surjective system.
e X is a reduced ind-scheme.

Then the following conditions are equivalent:
(a) X is an ind-scheme;
(b) X is a classical ind-scheme;

(¢) The map LKE (eagepatyor o, (el gchatt yor (**1X) - ?'X, is a monomorphism.
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(d) For any S € ™3Sch®™ and a map x: S - X, the object
T (X /X) € Pro(QCoh(S)7)

belongs to Pro(QCoh(S)*™). (Here by a slight abuse of notation, we denote by
red ¥ the ind-scheme obtained by the procedure of Corollary )

The proof will be given in Sect.
1.8. Nil-schematic ind-schemes. In this subsection we study ind-schemes, whose
underlying reduced ind-scheme is a schemeﬂ
1.8.1. We give the following definition:

DEFINITION 1.8.2. We shall say that an ind-scheme X is nil-schematic if the
reduced ind-scheme "X is a scheme.

1.8.3. For X e PreStk let
PreStknilp-emb into X © PreStk/X

be the full subcategory spanned by objects f : X’ — X for which f is a nilpotent
embedding.
We will use a similar notation for full subcategories of PreStk, e.g.,

SChnilp—emb tox € SCh/X7

etc.

1.8.4. In this subsection we will prove the following:

PROPOSITION 1.8.5. Let X be a nil-schematic ind-scheme locally almost of finite
type. Then the category (Schagt )nilp-emb into x 15 filtered, and the functor
(SChaft)nilp-emb into X — (SChaft)closed in X

is cofinal.
As a formal consequence we obtain:

COROLLARY 1.8.6. Let X be a nil-schematic ind-scheme locally almost of finite
type.
(a) As an object of PreStk, it can be written as a filtered colimit

(1.6) X ~colim X,

where X, € Schage and the maps X, = Xa, are nilpotent embeddings.
(a’) The map

colim Z - X,
ZE(SChaft )nilp-emb into X

where the colimit is taken in PreStk, is an isomorphism.
(a”) The category (Schagt )nilp-emb into & 1S filtered.
(b) The functor

(Schatt )nilp-emb into x = (Schge)/x
is cofinal.

4Elsewhere in the literature, such ind-schemes are called ‘formal schemes’. We do not use
this terminology to avoid clashing with other usages of the word ‘formal’.
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1.8.7. Proof of Proposition m Since the category (Schatt)closed in x 18 filtered, it
suffices to show that for any object

(Z — &) € (Schagt ) closed in
there exists a factorization
Z->W > X,
where (W — X') € (Schagt ) nilp-emb into & -

Note that since Z is almost of finite type, the map **4Z — Z is a nilpotent
embedding. The sought-for scheme W is constructed as

7 U rch
redy ’

using Chapter 1, Corollary 7.2.3.

2. Proofs of results concerning ind-schemes

2.1. Proof of Theorem [1.3.12 Plan. Let X and X be as in Theorem [1.3.12

2.1.1. We consider the following full subcategory of (Schyc)/x, to be denoted A.
Its objects are those

Z - X,
for which there ezists a commutative diagram

Z()—>X0

|

7 — X,

where Z; € ClSchqc, the map Zy, - Z is a nilpotent embedding, and Zy; - A} is a
closed embedding.

Note that this condition implies that the map Z — X is nil-closed. In particular,
any map Z; — Zo in A is nil-closed, and hence affine.

2.1.2. Let B be a full subcategory of A, consisting of those
v:Z->X
that satisfy the following condition:
The map (dz)* : T (X) - T*(Z) induces a surjection H(T; (X)) » H°(T*(2)).
2.1.3.  We will prove Theorem by establishing the following facts:

(1) Any map Z; — Z5 in B is a closed embedding;
(2) The category B is filtered,;

(3) The map colim Z — X is an isomorphism.
(Z—>X)eB

2.2. Step 1: proof that the maps are closed embeddings. We will prove a
slightly stronger assertion: any map Z; - Z5, where Z; € B and Z3 € A, is a closed
embedding.
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2.2.1. Let Z; - Z5 be a map in A. Consider the corresponding nilpotent embed-
dngS ZOJ' ind Zi, Z(),i € ClSCth, 1= 1, 2.

Let Zy be the intersection of the closed subschemes Z;; and z, x Zp,2 in
c Z2

ClZ1

The map Zy — Zy, is a nilpotent embedding. The map Zy - Zp 2 is a closed
embedding, because the composition Zy - Zp 2 - &) is.

2.2.2.  The assertion of Step 1 follows now from the following general statement:

Zy
v\
f

o ————— 2o,

Let

be a diagram in Schyc, where g, is a closed embedding, and g; a nilpotent embed-
ding. We have:
PROPOSITION 2.2.3. The following conditions are equivalent:
(a) f is a closed embedding;
(b) f is a monomorphism when evaluated on classical affine schemes;
(c) The map T,,(Z2) - T, (Z1), induced by (df )*, gives rise to a surjection

HOTS (22)) — HO(TL (20).
The rest of this subsection is devoted to the proof of Proposition [2.2.3]

2.2.4. Clearly, (a) implies (b) and (b) implies (c). Let us show that (c) implies (a).
Clearly, the statement reduces to one about classical schemes. So, we can assume
that Zy, Z1 and Z5 are classical.

Let Zy be given in Z; by an ideal that vanishes to the power n. We will argue
by induction on n, starting with n = 2.

2.2.,5. For n = 2, the map Zy — Z; is a square-zero extension, say by Z; €
QCoh(Zy)®. Replacing Z5 by the classical 1st infinitesimal neighborhood of Zg, we
can assume that Zy — Z5 is also a square-zero extension, say by Zs € QCoh(Z)?.
We have:

H™ Y (T*(Z0/ %)) = L.
We have a map of exact sequences

HNT*(20)) —— H (T"(Z0]22)) —— H(13,(%)) —— H(T*(Z0))

“| | l “|

HY(T* (%)) —— H(T*(Z/21)) —— H°(T,,(Z1)) —— H°(T"(Z0)),

hence assumption (c¢) implies that Zy — Z; is surjective, as required.
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2.2.6. To carry out the induction step, let Z;;; be a closed subscheme of Z; such
that

ZO C Zl/2 C Zl,

and such that the ideal of Zg in Z; /5 and the ideal of Z;/, in Z; vanish to a smaller
power.

Note that the assumption of (c) holds for the map Z;;, - Z. Hence, by

induction hypothesis applied to
Zo

Zyjg ————— 2o,
the map Z,/ - Z is a closed embedding.
We now apply the induction hypothesis to
AV
Zy ———————>Zp,

and deduce that Z; - Z5 is a closed embedding.
O

2.3. Step 2: construction of a left adjoint. In order to proceed with the proof
of Theorem [L3.12 we will now show that the inclusion

B A
admits a left adjoint.

2.3.1. Thus, given an object Z — X of A, we need to show that the category D(Z)
of factorizations

Z -7 - X,

where (Z' - X) € B, admits an initial object.

2.3.2.  We first reduce to the case of classical schemes. Indeed, let
Z-7-x

be the initial object in the category D(°'Z) (in this case Z/, is automatically clas-
sical). Then the object

Zu Z
cly cl

is initial in D(Z).
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2.3.3.  From now, until the end of Step 2, all schemes will be classical, and we shall
sometimes omit “cl” from the notation.

By assumption, there exists a diagram

Zo—>X0

|

7z -z X,
where Zy — Z is a nilpotent embedding, and Zy — X is a closed embedding (and
in particular, a monomorphism when evaluated on classical schemes).

Note that for any (Z - Z' - X) € D(Z), the composed map Zy - Z' is a
closed embedding (e.g., by Step 1).

Let Zy = Z be given by the ideal that vanishes to the power n. We will argue
by induction on n, starting with n = 2.

2.3.4. Thus, we first assume that Zy = Z is a square-zero extension. Let
D(Z)qu C D(Z)

be the full subcategory spanned by those objects, for which Zy - Z’ is a square-
zero extension. (Note that since we are working with classical schemes, being a
square-zero extension is a property and not an extra structure.)

Note that the embedding D(Z)sqz = D(Z) admits a right adjoint, which sends
7' to the classical 1st infinitesimal neighborhood of Zy in Z’. Hence, it is enough
to show that D(Z)gqz admits an initial object.

2.3.5. Denote zg = z|z,. The data of a square-zero extension Zy = Z and a map
x, extending x is given by the data of Z € QCoh(Zy)® and a map

(2.1) COFib(T7, (X) - T*(Z0))[-1] » L.

By assumption, xq is a monomorphism. This implies that
(dzo)™ : Ty, (X) = T7(Z0)
induces a surjection
(2.2) HY(T;,(X)) » H(T*(Z0))-
Hence,

T*(Zo/X)[-1] = coFib(T, (X) - T"(Zo))[-1] € Pro(QCoh(Z)?°).

Now, the assumption on T*(X) implies that
H° (coFib(Ty (X) - T*(Zo))[-1])
is also given by a surjective family.
Hence, the map canonically factors as
coFib(T; (X) - T (Z))[-1] - T’ - I,
where
HO (T*(Zo] X)[-1]) = H° (coFib(T, (X) = T*(Z))[-1]) » T'

is surjective.
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Let Z’ be the square-zero extension of Z; that corresponds to
coFib(Ty (X) - T (Z))[-1] - T'.
It is easy to see that Z' is the initial object in D(Z)gqz-

2.3.6. We are now ready to carry out the induction step. Choose a classical sub-
scheme Z o

Zy = Zijg = 2,
such that
Ziyjp = Z
is a square-zero extension, and the ideal of Zy in Z; /5 vanishes to a smaller power.

By the induction hypothesis, the category D(Z;/2) admits an initial object,
denote it by Z! ,,. Denote

1/2:
Z:=7Z u Z,,
Zi)s 1/2
and let
T:Z-X
denote the resulting map.
Note that
Z{/2 i Z

is a square-zero extension. Hence, by Sects. and the category D(Z ) ad-
mits an initial object. Indeed, the proof only used the fact that (2.2)) was surjective,

which is satisfied for the map Z] J2 = X by construction.

Let
Z-7'-X
an initial object of D(Z). It is easy to see that the resulting object
Z -7 - X

is the initial one in D(Z).

2.4. Step 3: proof of filteredness.
2.4.1. We consider two auxilliary categories. We let B’ be the category

(ClSChqc)closed in Xp-

We let B” be the category of commutative diagrams

Z()—>X0

|

Z —— X,
where (Z - X) e B, (Zyg - Xy) € B, and Zy - Z is a nilpotent embedding,.
We have the naturally defined forgetful functors:
B+« B" - B
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2.4.2. Note that the category B’ is filtered by the assumption on Xy. We will now
show that the category B” is filtered as well.

We will use the following general assertion:

LEMMA 2.4.3. Let F: C - D be a co-Cartesian fibration. Assume that D is
filtered and that the fibers of F' are also filtered. Then C is filtered.

We claim that the above lemma is applicable to the above functor
B/I N B/
This would imply that B” is filtered.

2.4.4. Let us show that B” — B’ is a co-Cartesian fibration. Given a diagram

z} Xo

|

7l — X,

and a map Z3 — ZZ we construct the sought-for object

z3 Xo

72— X
as follows. First, we set

7 _ 7l 2

Zy =7 IZ—[I} Z§,
which is equipped with a canonical map to X.

We have (Z; - X) € A and the required object (Z, - X) € B is obtained by
applying the left adjoint A — B constructed in Step 2.

2.4.5. Let us now show that the fiber of B” over a given object (Zy - Xp) € B’ is
filtered. We claim that the fiber in question admits coproducts and push-outs.

For products, given two objects Z' and Z?2, we take
Z:=27"u 72
Zo
which is equipped with a canonical map to X.

We have (Z - X) € A and the sought-for coproduct in B is obtained by
applying the left adjoint A — B.

The proof for push-outs is similar (using the fact that all maps in B are closed
embeddings).



2. PROOFS OF RESULTS CONCERNING IND-SCHEMES 95

2.4.6. Thus, we have shown that B” is filtered. To prove that B is filtered, we
will use the following general statement:

LEMMA 2.4.7. Let F: C — D be a functor between (oo, 1)-categories. Assume
that F is cofinal and C is filtered. Then D 1is filtered.

We claim that the above lemma is applicable to the functor B” — B. This
would imply that B is filtered.

We have the following general statement:

LEMMA 2.4.8. Let F': C - D be a Cartesian fibration. Then F is cofinal if
and only if it has contractible fibers.

Hence, it is enough to show that B” — B is a Cartesian fibration and that it
has contractible fibers.

The fact that B” — B is a Cartesian fibration is obvious via the formation of
fiber products (again, using the fact that any map in B is a closed embedding).

The fact that the fibers of B” — B are contractible is proved in Sect.

below.

2.5. Step 4: proof of the isomorphism. We will now show that the map

colim Z > X
(Z—X)eB

is an isomorphism, thereby proving Theorem [1.3.12

2.5.1.  We need to show that for S € Sch®® and a map S — X, the category C of
factorizations

S—>7->X,
with (Z - X)) € B is contractible.

We introduce several auxilliary categories.

2.5.2. We let C’ be the category of diagrams

Zo X,
(2.3) l j
9 7z X,

where (Z - X) € B, Zy € “'Schyc, the map Zy — Z is a nilpotent embedding, and
Zy —> Xy is a closed embedding.

We let C” be the category of diagrams

S() ZO XO
S A X,

where Z - X, Zy - Z, Zy - Xy are as above, Sy € ClSchqc, and Sy — S is a nilpotent
embedding.
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We let C"" denote the category of diagrams

(2.4) So ——=Zyg —= AX)

| l

S— =X
where So - S and Zy - &) are as above.

We let C"” denote the category of diagrams

So — X

N

S — X,

where Sy — S is as above.
2.5.3.  We have the forgetful functors

C - Cl - CII — CIII — C”".

We claim that all of the above functors are homotopy equivalences and that
C""" is contractible. This will imply that that C is contracible.

2.5.4. The functor C' - C is a Cartesian fibration (via the formation of fiber
products). Hence, in order to show that it is a homotopy equivalence, it suffices to
show that it has contractible fibers.

The fiber of C’' — C over an object (S - Z - X) € C is the category of ways
to complete

to a commutative diagram

Z0—>XO

|

7 —— X,

where Zy - Z is a nilpotent embedding, and Zy - X} is a closed embedding.

The assumption that (Z — X) belongs to A means that the above category
is non-empty. To prove that this category is contractible, it is sufficient to show
that it contains products. These are given by intersecting the corresponding closed
subschemes inside ©Z (here we use the fact that Xy — X is a monomorphism of
classical prestacks).
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2.5.5. The functor C"” - C’ is a Cartesian fibration. Hence, in order to show that

it is a homotopy equivalence, it suffices to show that it has contractible fibers.

The fiber of C” - C’ over an object (2.3]) is the category of fillings of

to a commutative diagram
So —— Zy

|

S —— Z,
where Sy — S is a nilpotent embedding. This category is contractible, because it
contains the final object, namely, Sy := S % Zy.

2.5.6. Coniser the functor C” — C”’. We claim that it is a co-Cartesian fibration.
Indeed, given a map from a diagram

Soq1 —= Zog — Xo

| |

S X

to a diagram

So2 —> Zp2 —> Xp

| |

S X,
and a diagram
So,1 Zo 1 Xo
S Z X,
we construct the corresponding diagram
So,2 Zo,2 Xo
S Zo X

as follows.
Set Zy = 7, ZI_I Zy,2. We have (Zp2 — Zg) € A. The sought-for object
0,1
(Zo,2 = Z3) € B is obtained from Zj o — 7 by applying the left adjoint functor to
B - A from Step 2.
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2.5.7. Hence, in order to show that C"” — C"" is a homotopy equivalence, it suffices
to show that it has contractible fibers.

The fiber of C” — C"” over an object (2.4) is the category of factorizations of
the map
S u ZO - X
So
as
Suzy—-27-2X,
So

where the composition
ZO - Su Zo -7
So

is a nilpotent embedding, and (Z - X) € B.

We claim that the above category of factorizations contains an initial object.
Indeed, set Z := S u Zy, where the formation of the push-out is well-behaved because
0

the map Sy — Zj is affine (recall that all our schemes were assumed separated).

We have (Z - X) € A. Now, the sought-for initial object is obtained by
applying to Z the left adjoint to B — A.

2.5.8. The functor C"”" — C""" is a Cartesian fibration. Hence, in order to show
that it is a homotopy equivalence, it suffices to show that it has contractible fibers.

The fiber of C"" - C""" over an object (2.5)) is the category of factorizations of
Sy — Xy via a closed embedding
So - Zo - X.
The latter category contractible by the assumption that &} is a classical ind-

scheme.

2.5.9. Finally, we claim that C”” is contractible. Indeed, it is non-empty by
the assumption that Xy — X is a pseudo-nilpotent embedding. Furthermore, it
contains finite products: these are obtained by intersecting the corresponding closed
subschemes in 'S as in Sect.

O(Theorem [1.3.12))

2.6. Proof of Theorem
2.6.1. The implication (a) = (b) is tautological.

Note also that at this point we also know that (b) implies (a): this follows from
Corollary [T.3.13]

2.6.2. The implication (b) = (c) is easy: we need to show that for S € Sch™T,
the map
Maps(S, "9 x) - Maps(S, < X)
is a monomorphism of groupoids.
Writing /X = coli}‘nXa with X, € ClSchqc and A filtered, the above map be-
comes

coli}ln Maps(S,"4X,) > Maps(S, Xa),
e

which is an injection (of sets), since A is filtered.
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2.6.3. We now claim that (c¢) implies (a). Indeed, we apply Theorem [1.3.12] to
Xy = "X, Thus, we only have to show that "X — X is a pseudo-nilpotent
embedding. However, this follows from Chapter 1, Lemma 8.1.5.

2.6.4. The implication (c) = (d) is tautological from the definition of pro-cotangent
spaces. Hence, it remains to show that (d) implies (c).

By Volume I, Chapter 2, Lemma 1.6.8, the functor
LKE(CISCh?tff)OPL»(dSCh“ff)OP

commutes with finite limits, and in particular, preserves monomorphisms. Hence,
it is sufficient to show that for S e “'Schi’, the map

Maps(S, ™ x) - Maps(S, X)
is a monomorphism of groupoids.
The map
Maps(So,"4X) - Maps(Sy, X)
is a monomorphism (in fact, an isomorphism) for Sy = 4.

Since S is of finite type, there exists a finite sequence of square-zero extensions

redg =Gy S > ... 8, =5

We will show by induction that the maps
MapS(Sia redX) - MapS(Sia X)
are monomorphisms.

2.6.5. The case ¢ =0 has been considered above. To carry out the induction step,
we need to show that for any z; : S; = ™9 X, the map

i M S; 7de i M Siv1, X
{z; Maps(§£7redx) aps(Si+1 )%{I}Maps?si,)() aps(Sii1,X)

is a monomorphism.
Let the square-zero extension S; — S;;1 be given by an object
Te QCOh(Sl);'*(S,L)[_l]/
Then the groupoid

s x Maps(S;s1,°4x
{517} Maps(S;,"edx) P ( + )

identifies with that of null-homotopies of the composition
Ty, (X)) - T*(S:) - Z[1],

while the groupoid

{w}MapS(XShX) aps(Si+1, X)

identifies with that of null-homotopies of the composition
T, (X)—>T"(S;) - I[1].
Hence, the required monomorphism property follows from the fact that

T (X /X) € Pro(QCoh(S;)<™),

i
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which in turn follows from condition (d) and the fact that Sy — S; is a nilpotent
embedding.

O(Theorem |1.7.7))

2.7. Proof of Proposition [1.7.2

2.7.1. Step 0. Since the category Sch¢josed in x 18 filtered, in order to prove the
proposition, it is sufficient to show that every closed embedding Z — X can be
factored as

Z->7->X ,
where Z € Schug and Z — X is a closed embedding.

Given a closed embedding Z - X, we will construct a compatible system of
factorizations

STLZ - Zn - X, En € (SnSChf‘c)closed in X SnilZn = Zn—1~
We shall proceed by induction on n, starting from n = 0.

2.7.2. Step 1. We claim that °'Z is already of finite type. Le., we claim that the
functor

cl cl
( SChaft)Closed inX — ( SChqc)closed in X
is an equivalence. Indeed, write

Y ~colim X, Xa € ClSchqc )

Since a closed classical subscheme of a classical scheme of finite type is itself of
finite type, it suffices to show that all X, are of finite type.

Recall the following characterization of classical schemes of finite type: X €
ClSchqc is of finite type if and only of for a classical commutative k-algebra R and
a filtered family of subalgebras R; with U R; = R, the map

colim Maps(Spec(R;), X) - Maps(Spec(R), X)

is an equivalence.
For a R and R; as above, and any index «, the diagram
colim Maps(Spec(R;), X,) —— colim Maps(Spec(R;), X)
Maps(Spec(R), Xo) — Maps(Spec(R), X)

is a pullback square. Hence, the fact that the right vertical arrow is an isomorphism
implies that the right vertical arrow is an isomorphism, as required.
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2.7.3. Step 2. We shall now carry out the induction step. Assume that

g 57, > X
has been constructed.
Set
=, o sty

By Chapter 1, Proposition 5.4.2, the morphism <"Z — <"*17 has a (canonical)
structure of square-zero extension. Hence, the morphism

Zn - Z;+1
also has a structure of square-zero extension, by an ideal Z' € QCoh(Z,)%[n +1].

Since the morphism *"Z — Z,, is affine, we have a canonical map

Z’+1—>X.

n

We need to factor the latter morphism as

= ~
Zn+1 > Zpy1 > X,

where Z,,1 € <"*1Schg, and Z,, - <"Z,,1 is an isomorphism.
We claim that we can find such a Z,,,1 so that Z,, - <"Z,,.1 is a square-zero
extension by an ideal Z € Coh(Z,)%[n + 1].

This follows by the argument in Step 3 of the proof of Chapter 1, Theorem
9.1.2

O(Proposition [1.7.2)

3. (Ind)-inf-schemes

Ind-inf-schemes are our primary object of study. These are the algebro-geometric
spaces on which the category IndCoh is defined along with the operations of !-
pullback and *-pushforward; in this respect they behave much in the same way as
schemes (the main difference is the absense of t-structure); we will develop this in
Chapter 3. In addition, it turns out that ind-inf-schemes are well-adapted to a lot
of formal differential geometry, as we shall see in Chapter 8 and Chapter 9.

What is surprising is that the class of ind-inf-schemes is quite large. In this
section we define ind-inf-schemes and discuss some basic properties.

3.1. The notion of (ind)-inf-scheme. We will only define the notion of (ind)-
inf-scheme, under the ‘laft’ hypothesis. One can give a definition in general, but it
is more technical and currently we do not see sufficient applications for it.

3.1.1. Let X be an object of PreStky,s.

DEFINITION 3.1.2. We shall say that X is an inf-scheme (resp., ind-inf-scheme)
if:
o X admits deformation theory;
e The reduced prestack ™4 X is a reduced quasi-compact scheme (resp., ind-
scheme).
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We let indinfSchy.g (resp., infSchy,g) denote the full subcategory of PreStkyay:
spanned by ind-inf-schemes (resp., inf-schemes). It is clear that both subcategories
are closed under finite limits.

3.1.3. Examples.

(i) By Proposition m any object of indSch is an ind-inf-scheme.

(ii) Let Z be an object of PreStkj,g. Consider the de Rham prestack Zgg:
Maps(S, Zqr ) = Maps(™1S, Z).

If "4 Z is a reduced ind-scheme (resp., scheme), then Zqg is an ind-inf-scheme
(resp., inf-scheme). Indeed,

redZdR _ redZ’
while the cotangent complex of Z4g is zero.

However, Z4g is not an ind-scheme. For example, it violates condition (d) of
Theorem

(iii) Let ) - X be a map in PreStkj.;. We definite the formal completion of X
along Y (or of Y in X), denoted X to be the prestack

XXX ydR.
dR
Note that 43 ~ redy,

Hence, if 1Y is a reduced ind-scheme (resp., scheme), and X admits deforma-
tion theory, then X§ is an ind-inf-scheme (resp., inf-scheme).

3.1.4. We give the following definition:

DEFINITION 3.1.5. Let f: Xy - X5 be a morphism in PreStky.¢. We shall say
that f is (ind)-inf-schematic if its base change by an affine scheme (almost of finite
type) yields an (ind)-inf-scheme.

3.2. Properties of (ind)-inf-schemes.
3.2.1. By Chapter 1, Proposition 8.2.2(a) we have:
COROLLARY 3.2.2. Let X €indinfSch. Then X satisfies Nisnevich descent.
REMARK 3.2.3. According to Chapter 1, Remark 8.2.3, any object of indinfSch
satisfies étale descent.
3.2.4. We now claim:

LEMMA 3.2.5. Any ind-inf-scheme X can be exhibited as a filtered colimit in
PreStk
colim X,

where X, € infSchiage and the maps Xo, - Xa, are ind-closed embeddings.
PROOF. Write "X as a filtered colimit in **4PreStk
coEmXa, X, €"4Schy, .
Let X, be the formal completion of X, in X, i.e.,
Xo = (Xa)dr XjR X.

This gives the desired presentation. [
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3.3. Ind-inf-schemes vs. ind-schemes. In this subsection we discuss various
conditions that guarantee that a given (ind)-inf-scheme is in fact an (ind)-scheme.

3.3.1. First we observe:

LEMMA 3.3.2. Let X' — X be a map in PreStky.; with X an ind-inf-scheme
(resp., ind-scheme). Then X' is an ind-inf-scheme (resp., ind-scheme) if and only
if for every S € (<°°Sch?tﬁ)/;(, the base change S x X' is an ind-inf-scheme (resp.,

ind-scheme).

3.3.3. When is an ind-inf-scheme an ind-scheme? A partial answer to this question
is provided by Theorem [1.3.12] Here is a more algorithmic answer:

COROLLARY 3.3.4. An object X € indinfSchy.g, belongs to indSchy.g if and only
if:
e Forany(S,x:S5 > X)e¢ (redSch?tﬁ')/X, we have T (**4X [ X) € Pro(QCoh(S))<™;
o Forany(S,x:S5 > X)¢ (”’dSch?tﬁ)/X, the object HO(T} (X)) € Pro(QCoh(S)%)
is given by a surjective system.
PRroor. This is a restatement of Theorem 7.7 O
The above assertion has a number of corollaries that will be useful in the sequel:
COROLLARY 3.3.5. Let f: X — Y be a nil-isomorphism, where X € indinfSchy,
and Y € indSchy,g,. Assume that for every (S,x: S - X) € (redSch?tﬁ)/X we have:

o T3(X/Y) € Pro(QCoh(S)=°);
e The object H*(T;(X/Y)) € Pro(QCoh(S)?) is given by a surjective sys-
tem.

Then X € indSchyay -

Proor. We claim that X satisfies the conditions of Corollary We need
to show that for every (S,z: 8 — X) ¢ (rEdSch?tH)/X we have:

o T; (X /X) € Pro(QCoh(S)*");
e HO(T (X)) e Pro(QCoh(S)?) is given by a surjective system.
Consider the fiber sequence
Ty (X[Y) > T; (X [Y) > T; (X X)
in Pro(QCoh(S)").
Since Y is an ind-scheme and ™9X ~ rcdy, we have
T ("X /Y) € Pro(QCoh(S)<™).
Hence, T ("X /X) € Pro(QCoh(S)="1), as desired.
Consider now the fiber sequence
Tfo, (V) = T2 (X) - T2 (X[P),
and the corresponding exact sequence
HO (T, () > HO(T; (X)) - HO(T; (X]9)) 0.
From here we obtain that H°(T (X)) € Pro(QCoh(S)?) is given by a surjective

system, since both HO(TJ?‘M(y)) and H(T}(X]Y)) are.
O



104 2. IND-SCHEMES AND INF-SCHEMES

4. (Ind)-inf-schemes and nil-closed embeddings

The results of this section are of crucial technical importance. We prove two
types of results. One is about approximating (ind)-inf-schemes by schemes; this is
needed for the development of IndCoh on (ind)-inf-schemes. The other is about
recovering an (ind)-inf-scheme as a prestack (i.e., a presheaf on the category of
affine schemes) from its restriction to a much smaller subcategory of test schemes;
this is needed for the study of formal moduli problems in Chapter 5.

4.1. Exhibiting ind-inf-schemes as colimits. In this subsection we show that
an (ind)-inf-scheme X is isomorphic to the colimit of schemes equipped with a
nil-closed map into X.

4.1.1. For X € PreStk let
PreStkpil-closed in x € PreStk/X
be the full subcategory spanned by objects f: X’ — X for which f is nil-closed.
We will use a similar notation for full subcategories of PreStk, e.g.,
Schyil-closed in ¥ © Schyx,
etc.

4.1.2.  'We have the following assertion (cf. Corollary a’) in the case of ind-
schemes):

THEOREM 4.1.3. Let X be an object of indinfSchy,s. Then the map
colim Z - X,

ZG(SChaft )nil-closed in X

where the colimit is taken in PreStk, is an isomorphism.
Evaluating the two sides in Theorem on <""Sch?tlcf, we obtain:

COROLLARY 4.1.4. Let X be an object of indinfSchy,g. Then the map
colim Z - X,

Ze(Schagt )nil-closed in X

where the colimit is taken in PreStkyag, is an isomorphism.

With future applications in mind, let us state the following particular case of

Corollary separately:

COROLLARY 4.1.5. Let X ¢ indinfSchyg be such that "X = X, is ind-affine.
Then the functor

< aff red aff < aff
( “Schft )/)( X ( SChft )closed in Xo L’( ooSChft )/X
(redsch?ff)/x
t 0

s cofinal.

REMARK 4.1.6. We note that the analog of Corollary b) fails for ind-inf-
schemes. l.e., it is not true that the inclusion

(SChaft)nil—closed inX < (SChaft)/X
is cofinal.

The rest of this subsection is devoted to the proof of Theorem [£.1.3]
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4.1.7. Step 0. For (S,x) € (CISchaﬁ)/X consider the category Factor(x, nil-closed, ft, cl)
of factorizations

S—>7->X,

where Z € (“'Sche )nil-closed in - In Steps 1-6 we will show that this category is
contractible.

Since <X € PreStkg, it is easy to see that we can assume that S € ClSch?tﬁ.
4.1.8. Step 1. Denote Sy :="4S and zg := x|g,. Consider the category
Factor(xo, nil-closed, red)

of factorizations
So - Zo - X,
where ZO € (redSChft)Closed in red x -

The category Factor(zg, nil-closed, red) is contractible, since ™4 X is a (reduced)
ind-scheme locally of finite type.

We have a functor
(4.1) Factor(z, nil-closed, ft, c1) — Factor(zo, nil-closed, red), Z ~ 7,
and it is enough to show that (4.1)) is a homotopy equivalence.

We note that (4.1)) is a co-Cartesian fibration via the formation of push-outs.
Hence, it is enough to show that the fibers of (4.1]) are contractible.

4.1.9. Step 2. For an object Sy — Zy - X of Factor(z, nil-closed,red). The fiber
of (4.1) over this object is described as follows.

Let Z' denote the push-out
S u Zp.
So 0
(Note, however, that Z’ is not necessarily of finite type.)

Since S was assumed of finite type, the map Sy — S is a nilpotent embedding (in
fact, a finite succession of square-zero extensions). Since the morphism Sy — Zj is
affine, by Chapter 1, Corollary 7.2.3, we obtain a canonically defined map Z' — X.

The sought-for fiber is the category of factorizations of the above map Z’ — X
as

7' -7 > X,
where Z € “1Schg, and ™17 = Z,.

4.1.10. Step 3. We will prove the following general assertion. Suppose that Z) —
Z' can be written as a finite succession of square-zero extensions, with Zj, Z’ €
(ClScth)/X and Z) € “'Schy.

Let C(x) denote the category of factorizations of the map z: Z' > X as
7' -7 - X,
where Z € “'Schy, and Z}{ - Z a nil-isomorphism.

We claim that C(x) is contractible.
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4.1.11. Step 4. Suppose that Z) — Z' can be written as a succession of m square-
zero extensions. We will argue by induction on m.

If m = 1, the required assertion is proved by repeating Chapter 1, Proof of
Theorem 9.1.2, Steps 2-3.

Let us carry out the induction step. Choose an intermediate extension
AR ATEAR
2
and let Ty denote the map Z} - X.
2

Let C(x 1 ) denote the corresponding category of factorizations of x 1. By the
induction hypothesis, we can assume that C(x 1 ) is contractible.

Let D denote the category of commutative diagrams

I

7, — > 7
2

N

in (ClScth) z/ X with Z, Z 1€ ClSChft, and where all the maps are nil-isomorphisms.
We have the forgetful functors
C(a:%) <D - C(x).

We will show that both these functors are homotopy equivalences. This will
prove that C(x) is contractible.

4.1.12. Step 5. The functor D - C(z) is a Cartesian fibration. Hence, in order to

show that it is a homotopy equivalence, it is enough to show that it has contractible
fibers.

However, for an object (Z' - Z - X) € C(x), the fiber in question has a final
point: take Z% =7Z.

4.1.13. Step 6. The functor D -~ C(z1) is a co-Cartesian fibration via the forma-
tion of push-outs. Hence, in order to show that it is a homotopy equivalence, it is
enough to show that it has contractible fibers.

For an object
(Z% > Z% ->X)e€ C(mé),
2

set

Let T denote the resulting map Z' - X. The fiber in question is the category
C(7). This category is contractible by the induction hypothesis, applied to the
nil-isomorphism

Z1 > 7.
2



4. (IND)-INF-SCHEMES AND NIL-CLOSED EMBEDDINGS 107

4.1.14. Step 7. Now, let (S,z) be an arbitrary object of (Schaﬁ)/x. Let us show
that the category Factor(z,nil-closed, aft) of factorizations

S—>7->X,
where Z € (Schagt )nil-closed in x 1S contractible.
Denote Sy = IS and x = z|s,. Consider the functor
Factor(z, nil-closed, aft) — Factor(zo, nil-closed, ft, cl), Z ~ Z, := “Z.

This functor is a coCartesian fibration via the formation of push-outs. Since
we already know that Factor(zo,nil-closed,cl) is contractible, it suffices to show
that the fibers of the above functor are contractible. The latter is established by
repeating the argument of Chapter 1, Theorem 9.1.4.

4.2. A construction of ind-inf-schemes. Our current goal is to prove a par-
tial converse to Theorem [4.1.3] which will give rise to a procedure for explicitly
constructing ind-inf-schemes.

4.2.1. We start with an object Xy € "dindSchyg. In this subsection we will assume
that Xy is ind-affine.

Let Xyil-closea be a presheaf on the category

<oo aff red aff
SChft X ( SChft )closed in Xo>
red Sch?tff

where the functor <©Schaf - redgenaf js g s redg.

4.2.2. We impose the following assumptions on Xyilclosed:

e The restriction of Xpuji_closeq to the full subcategory

red aff red aff red aff
( SChft )closed in Xp = SChft X ff( SChft )closed in Xy ©

redSch?f

< aff red aff
c wSChft X ff( SChft )closed in Xo

redSchaf

takes the value * € Spc.
e For a push-out diagram

le_IZ,
Z

in <""Sch‘?tﬂc X ff(re‘iSch?th)Closcd in x,» Where Z — Z' has a structure of
redGcha
ft

square-zero extension, the resulting map

Xnil-closed(Zl % Z,) g Xnil—closed(zl) X Xnil—closed(Z,)

Xnil-closed (Z)

is an isomorphism (cf. characterization of deformation theory in Chap-
ter 1, Corollary 6.3.6).
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4.2.3. Let X denote the left Kan extension of Xyiclosed under the fully faithful
embedding

(<°°Sch?tff x ff(redSCh?tff)closed in XO)OP > (<°°SChaL1cf X (redSChaﬁ)/Xo)Op-

erSch?t red §chaff

Note that
“<Sch™  x  (*I8ch™) %, = (*Sch™) ) xy)un -

red Schaff

Thus, we can view X as an object of ““*VPreStk mapping to (Xp)ar. By
construction, X belongs to

PreStkas ¢ “"VPreStk,

and "4 X is canonically isomorphic to Aj.
4.2.4. We are going to prove:

THEOREM 4.2.5. Under the above circumstances X € indinfSchyag; -

By combining with Corollary we obtain:

COROLLARY 4.2.6. The assignements

Xnil-closed ~ X
and
X ~ X|<°<>Sch;ffr

£f
x  (*edSchfT)closed in X,
edscnaff

define mutually inverse equivalences between

*

(indinfSchy )/(X(, YR

X
(redindSchyg ) x,
and the category of presheaves on <°°Sch?tff redsthaff(erSCh?tff)Closed in X, satisfying
the assumptions of Sect. [[.2.3 "

The rest of the subsection is devoted to the proof of Theorem [£:2.5

4.2.7. Step 1. We only have to show that X admits deformation theory. Since
X e PreStky.g, by Chapter 1, Corollary 7.2.6, it suffices to check the following:

Let S - Z be a map in (<°°Schaff) Jx, where redz . X is a closed embedding
and Z € <""Sch?tff. We need to show that for a map S < S’, equipped with a
structure of square-zero extension, and such that S’ e <°°Schaff, the map

Mapsz,(Z', X) - Mapsg, (S, X')

is an isomorphism, where Z’ := Zu S’.
s

Fix a point 2’ € Mapsg, (5", X'). We need to show that the groupoid

4.2 Maps,,(Z', X X x’
(42) Pz (22 k)

is contractible.
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4.2.8. Step 2. Let C be the category of factorizations of the given map S — X as
S —>7Z - X,

where ™17, - X, is a closed embedding, and Z; € <°"Sch?tﬁ. By the construction of
X as a left Kan extension, the category C is contractible.

Let C’ be the category whose objects are commutative diagrams
S’ Z{Z:Z1§S'—>X

| T |«

S —— Z — o,

where the bottom row is an object of C.

We have a natural forgetful functor C’ - C. We claim that this functor is a
co-Cartesian fibration in groupoids, such that every edge in C induces a homotopy
equivalence between the fibers. The claim will be proved in Step 6.

Since the category C is contractible, we obtain that for any (S - Z; - X) e C
the map

C'é{(S%Zl—MX)}%C'

is a homotopy equivalence. In particular, we can take (S - Z; — X) to be the
orginal map (S - Z - X).

(Note that
C'é{(S—>Z—>X)}
identifies with the groupoid , whose contractibilty we want to establish.)
4.2.9. Step 3. Let Factor(z') denote the category of factorizations of z’ as
S > W - X,

with W e <""Sch?tff and 4 — X, being a closed embedding. This category is
contractible by definition.

We claim that there is a canonical functor

Factor(z') - C'.

Indeed, for an object of Factor(z') as above, consider the composed map
S-S W,
and set W’ := Wg S’. The extension W — W’ splits by construction.

We regard
S->-W->X
as an object of C. And we regard the composition
W W - X

as an object of C’ over it.
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4.2.10. Step 4. Let D denote the category where an object is given by the following
data:
e A square-zero extension Z — Z' with Z’ € <°Sch?;
e A map Z' — Z' in the category of square-zero extensions of Z.
e A map @ : Z' - X, extending #’ and compatible with the restriction to
Z.

We have a natural functor D - Maps,,(Z’, X) ) {z'}, and we claim

X
Mapss/(S’,y
that this functor is a homotopy equivalence.

Indeed, note that the scheme Z’ can be written as a filtered limit of the Z”’s,
taken over the category of square-zero extensions

Z-7, Z'e*"Schy,
where n is such that Z, 2’ € *Sch®®. Hence, our assertion follows from the fact
that X € PreStkj.g, and hence takes filtered limits in 18ch™ to colimits.
Note also that we have a naturally defined functor
D - Factor(z")
that sends Z' to W.

4.2.11. Step 5. We have a non-commuting diagram of categories:

Maps (2, X) X {2/} ——
apsg/(o7,

(4.3) T I

D —— Factor(a2').

However, we claim that the two resulting maps

D=C’
are homotopic. Indeed, the two functors send an object of D as above to
S’ A X
[ .
S Z X,
(for the clockwise circuit)
s’ Z'us — X

s

S —— 77 2. x,
(for the anti-clockwise circuit), respectively. The required homotopy is provided by
the map Z — Z'.

Note that the clockwise circuit in (4.3)) is a homotopy equivalence. Hence, we

obtain that Maps,(Z’, X) X {z'} is a retract of Factor(x'). Therefore, it
Mapsg,(S",Y)

is contractible, as required.
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4.2.12. Step 6. It suffices to show that whenever Z; — Z5 is a map in

<oo aff red aff
SChft X ff( SChft )closed in Xg»

redSchg

and Z; - Z] is a square-zero extension with Z] € <*Sch®", then for
’ . 1
22 = ZQ L Zl7
4

the map

Maps(Zy, &) > Maps(Z2, &) ) Maps(Z1, X)
aps(Z1,

is an isomorphism.
As in Step 3, we write
! . !
Zy = lim Zy ,,
acA
where A is a filtered category, and Z; — Zj , are square-zero extensions with
iy
Z] o € ="Schyy for some n. Then
! . !
Zy~lim Z, ,,
acA
where
r 1
Z2,a =2 Zl—l Zl,a‘
1

The required assertion now follows from the fact X belongs to PreStki,s, and

hence takes filtered limits in <*Sch®T to colimits.

4.3. Exhibiting inf-schemes as colimits. In this subsection we will adapt The-
orem [L.1.3] to the case of inf-schemes. Namely, we will show that in this case we
can replace the word ‘nil-closed’ by ‘nil-isomorphism’.

4.3.1. For X € PreStk let
PreStkpil-isom to x C PreStk/X

be the full subcategory spanned by objects f : X' — X for which f is a nil-
isomorphism.

We will use a similar notation for full subcategories of PreStk, e.g.,
SChnil-isom toXx © SCh/X,
etc.

We claim (compare with Proposition in the case of nil-schematic ind-
schemes):

PROPOSITION 4.3.2. Let X be an object of infSchyas.. Then the inclusion

(SChaft)nil—isom to X (SChaft)nil—closed in X

s cofinal.

PRrROOF. It is enough to show that the embedding in question admits a left
adjoint. Given an object

(Z - X) € (SChgg)nil—closed in X

we note that since Z € Schzg, the map "7 - Z is a nilpotent embedding.
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Now, the value of the left adjoint in question is given by sending

(Z - X) € (SCth)nﬂ-closed in X

to

Z u iy
redy ’

which maps to X using Chapter 1, Corollary 7.2.3.
O

Combining with Theorem we obtain (compare with Corollary a’)
in the case of nil-schematic ind-schemes):

COROLLARY 4.3.3. Let X be an object of infSchy,g. Then the map

colim Z—- X,
Ze(Schagt )nil-isom to

induces an isomorphism, when the colimit is taken in either PreStk or PreStki..
Note that Corollary [.3-3] admits the following corollary:

COROLLARY 4.3.4. Let X € infSchyag be such that X = X, € redSch?tﬂ, Then
the functor
(<OOSCh?tH)/X « {XO} N (<ooSChaff)/X

(mdSCh.fcff)/Xo

is cofinal.

4.3.5.  We now claim (compare with Corollary a”) in the case of nil-schematic
ind-schemes):

PROPOSITION 4.3.6. For X € infSchyag the category (Schag )nilisom to x 1 sifted.

PROOF. We need to show that for a pair of nilpotent embeddings f1: Z; - X
and fo: Zy > X, the category of

f
(2132, 2532, 25X, fi~fog, fo~fog)
is contractible.

We claim, however, that the category in question admits an initial object,
namely

see Chapter 1, Corollary 7.2.3.
O

4.4. A construction of inf-schemes. In this subsection we will consider a ver-
sion of Proposition for inf-schemes. This version will be crucial for our study
of formal moduli problems in Chapter 5.

4.4.1. We start with an object X € redSchﬁff7 and let Xyjlisom be a presheaf on
the category
<°°SChaft X {XO}v

redSchyy

where the functor <®Schag — "9Schg is S — "48.
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4.4.2. We impose the following two conditions:
e Xuilisom(Xo) = *.
e For a push-out diagram
A U A

in <*Schi™  x  {X,}, where Z - Z’ has a structure of square-zero
ff

redSch?f

extension, the resulting map

Xnil-isom(zl % Z,) g nil-isom(Zl) X )Xnil-isom(Z,)

nil-isom (Z

is an isomorphism (cf. remark following Chapter 1, Definition 6.1.2).

4.4.3. Let X denote the left Kan extension of Xy isom under the fully faithful
embedding

(<°°Sch?tff x {XO})OPQ(WSChaff x (fedschaﬂ)/xo)op.

red Sch?tff redgchaff

Thus, we can view X as an object of “°™PreStk mapping to (Xo)ar. By

construction X belongs to
PreStkyas ¢ “"V PreStk,

and ™4X is canonically isomorphic to Xj.
4.4.4. We are going to prove:

PROPOSITION 4.4.5. Under the above circumstances X € infSchyg; .

Combining with Corollary [£.3.4] we obtain:

COROLLARY 4.4.6. The assignements

Xnil—isom ~ X and X ~ X|<°°Sch?tff < {Xo)

red genaff
define mutually inverse equivalences between

infSchy, X *
( 1 ft)/(XO)dR, (redindSehne ) x,

and the category of presheaves on <°°Schf‘»t1Ef x  { Xy}, satisfying the two assump-

redSch?tff
tions of Sect. [[4-3

4.4.7. Proof of Proposition[{.4.5 Let Xind-closed denote the presheaf on the category

<oo aff red aff
SChft X ( SChft )closed in Xo
red Schf.‘tff

equal to the left Kan extension of Xy isom under the fully faithful embedding

(<°°SCh?tH X {XO}) P o (<°°SCh?tH X f(TedSCh?tﬂ)Closed in Xo) P,

red aff red afi
Schiy Schiy

Now, by Theorem [I.2.7] it is sufficient to show that Xind-closea satisfies the
conditions of Sect. £.2.2
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Note, however, that the functor

< aff < aff red aff
OOSChft X {XO} > mSChft X ( SChft )closed in Xo
redSchaff redSchaff

admits a left adjoint, given by

Zw7Z u X,
redy

Hence, the value of Xjq.closea O Z = X can be calculated as
Xnil—isom(z relE'Z XO)

This implies the required condition on Xjg_closed, since the above left adjoint
preserves push-outs.



CHAPTER 3

Ind-coherent sheaves on ind-inf-schemes

Introduction

In this Chapter we will perform a construction central to this book: we will
extend the assignment
X ~ IndCoh(X),
viewed as a functor out of the (00,2)-category of correspondences on schemes, to a
functor out of the (00,2)-category of correspondences on ind-inf-schemes.

0.1. Why does everything work so nicely? Let us explain the mechanism of
why IndCoh works out so well on ind-inf-schemes (there is not much difference be-
tween ind-inf-schemes and inf-schemes, the former being just a little more general).

0.1.1. The key assertion here is Chapter 2, Theorem 4.1.3. It says that an ind-inf-
scheme can be written as

X = colim X,
acA

where the colimit is taken in PreStkj.s, and where the maps X, Loy X, are nil-
closed embeddings of schemes; in particular, they are proper.

We can (tautologically) write IndCoh(X’) as the limit
lim IndCoh(X,)
aeA°p

under the functors i;7b.
Hence, by Volume I, Chapter 1, Proposition 2.5.7 we have:
IndCoh(X) ~ colijn IndCoh(X,),
ae

where the functors IndCoh(X,) — IndCoh(X}) are (i, )mdcon.

0.1.2.  The latter presentation implies that a functor out of IndCoh(X) amounts
to a compatible family of functors out of the categories IndCoh(X,).

This readily implies that if f: X — ) is an ind-inf-schematic ind-proper map
between laft prestacks, then the functor f' admits a left adjoint that satisfies base
change against !-pullbacks. The latter, in turn, entails the descent property of
IndCoh for point-wise surjective ind-inf-schematic ind-proper maps.

In addition, we obtain that IndCoh(X’) is compactly generated, and has a t-
structure with reasonable properties.

0.2. Direct image for IndCoh on ind-inf-schemes. The first step in making
IndCoh into a functor out of the category of correspondences is the construction
the direct image part of this functor.
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0.2.1. Since ind-inf-schemes are laft prestacks, we know what IndCoh(X) is for
X € indinfSchj,g. We also know how to form the !-pullback for a morphism f :
X1 - X;. What we do not yet know is how to form push-forwards.

The construction of push-forwards will be given as a result of the combination
of Corollary and Theorem It amounts to the following.

As we have already mentioned, if :) — X is an ind-proper map between ind-
inf-schemes, then the functor ' : IndCoh()) - IndCoh(X') admits a left adjoint, to
be denoted !"4€°P  In particular, we can take i to be nil-closed map from a scheme.

Now, the claim is that for a map f: X} - X5 there is a uniquely defined functor
findCoh: IhdCoh(X;) - IndCoh(X,)

such that for every commutative diagram

X1L> Xy

2
Xo —— Ay,
where X1, X5 are schemes and 41,45 are nil-closed maps, we have
IndCoh - \IndCoh _, /- \IndCoh IndCoh
f o (i1), ~ (i2), og :

Moreover, if f is itself nil-closed, then fI"d€°P jdentifies with the left adjoint of
.
Essentially, the existence and uniqueness of fI*4€°h follows from the description

of functors out of IndCoh(X) (in this case X = X;) in Sect. What this
amounts to technically will be reviewed in Sect.

0.2.2. Having defined the functor f™4€°" for any morphism X — ), we can in
particular take ) = pt. In this way we obtain the functor of global sections

F(X, _)IndCoh . IDdCOh(X) = Vect .

Here is an example of what this functor does. As we will see in Chapter IV.3, the
category of inf-schemes whose reduced scheme is pt is canonically equivalent to the
category of Lie algebras in Vect. For a given Lie algebra g, the category IndCoh on
the corresponding inf-scheme B(g) identifies canonically with the category g-mod
of modules over g.

Under this identification, the functor of global sections T'(B(g), —)™4C°" corre-
sponds to the functor of g-coinvariants. (Moreover, the forgetful functor g-mod —
Vect is the pullback under the map pt - B(g).)

0.2.3. A more precise description of the construction in Sect. [0.2.1] is as follows.

We consider the category indinfSchy,s and its full subcategory Sch,g. We now
consider the categories

(SChaft)nil-closcd c (indinfSChlaft)nil-CIOSCdv
where we restrict morphisms to be nil-closed.
Consider the functor

IndCohgen,, : Schag — DGCateons, X = IndCoh(X), (X1 5 X3) s gndCoh,

aft *
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We consider the operation of left Kan extension

LKE(SCha& Inil-closed = (indinfSchyagt ) nil-closed (IndCOhSchan | (Schatt )nil-closed ) )

this a functor
(indinfSChlaft)nil—closed - DGCatcont -
One shows (Proposition and Lemma [1.4.4) that the value of the above
functor on a given X € indinfSchy,g identifies canonically with IndCoh(X).

Now, the key assertion is Theorem that says that the natural transforma-
tion

LKE(SChaft)nil—closed‘_’(indinfSChlaft)nil»closed (IndCOhSChaft |(SChaft)nil—closed) -
— LKEsch, ¢, sindinfSchyae, (INACONSeh ¢, )| (indintSchag )nit-cronea)
is an isomorphism. This theorem ensures that the functor
LKESChaft‘—)indinfSChlaft (IndCOhSChaft) : indinfSChlaft - DGcatcont

takes the value IndCoh(X) on a given X € indinfSchy,g. Being a functor, it gives
rise to the sought-for functoriality of IndCoh:

x5 x o fndCoh . [qCoh(X;) - IndCoh(Xs).

0.3. Extending to correspondences.
0.3.1. In order to extend the functor

IndCohindinfsch,e, = LKESch, 4 —indinfSchy,y, (INdCohgen,, )

to a functor out of the category of correspondences, we apply the machinery of
Volume I, Chapter 8, Sect. 1. The only thing to check is that the functors

findCOh . IndCOh(Xl) — IndCOh(XQ)

thus constructed satisfy base change against the !-pullback functors under ind-
proper maps. lLe., given a Cartesian diagram of objects of indinfSchy,g;

g1
x; —2 . x

| |

x; —2 5 x
where g (and hence ¢;) is ind-proper, we have, by adjunction, natural transforma-
tions
(f/)indCoh ogll N 9'2 ° f){ndCOh

and
(gl)indCOh ° (fl)! N f! ° (92)£ndCoh.
We show that these natural transformations are isomorphisms. Once this is
done, by Volume I, Chapter 8, Theorem 1.1.9, we obtain the desired functor

IndCoh ind-proper Corr(indinfSchlaft)im'p’mpe’r - DGCat2C2t

(indinfSchy,gt )a“:all all;all cont

This is a functor from the (oo, 2)-category of correspondences, whose objects
are ind-inf-schemes, horizontal and vertical morphisms are arbitrary maps, and
2-morphisms are given by ind-proper maps.
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0.3.2. Finally, we apply Volume I, Chapter 8, Theorem 6.1.5 and extend the latter
functor to a functor

o . . indinfsch & ind-proper 2-Cat
Corr(PreStkyg )ndintseh & ind-proper * Corr(PreS‘uklaft)indinfsch;ELll - DGCat;

indinfsch;all

IndCoh

Le., it is a functor from the (oo, 2)-category of correspondences, whose objects
are all laft prestacks, horizontal morphisms are arbitrary maps, vertical morphisms
are ind-inf-schematic maps, and 2-morphisms are ind-inf-schematic and ind-proper
maps.

This is the furthest point that we can imagine that the theory of IndCoh can
be extended to.

0.4. What else is done in this Chapter?

0.4.1. In Sect.[I] we analyze the behavior of the category IndCoh on ind-schemes.
Some of the assertions concerning ind-schemes (such as base change) are redundant:
they will be reproved for ind-inf-schemes in greater generality. We have included
them in order to compare the statements (and methods of their proofs) for ind-
schemes and ind-inf-schemes.

We show that for an ind-scheme X, the category IndCoh(X') is compactly
generated and that its compact objects are of the form il*4“°h (F), where i: X - X
is a closed embedding with X € Sch,g and F € Coh(X). In the above formula,
iIndCoh (7} is the left adjoint to the functor i'.

We show that the category IndCoh(X') has a unique t-structure, for which the
above functors i"4C°R(F) are t-exact.

We apply a left Kan extension to the functor

IndCohgep. .. : Schast = DGCateont

aft

and obtain a functor
IndCOhindSCh]aft :indSchjase = DGCateont -

We show that its value on a given X € indSchy,s identifies canonically with
IndCoh(X). This is quite a bit easier than for ind-inf-scheme because of Chapter 2,
Corollary 1.7.5(b)), the analog of which fails for ind-inf-schemes.

The construction of IndCohingsch,,,, has the property that for an ind-proper
map f: X — Y, the corresponding functor fI"4€°h : IndCoh(X) — IndCoh() is
the left adjoint of f'.

We show that a morphism f: X — ) between ind-schemes, the functor
fIdCoh: 1ndCoh(X) - IndCoh(Y)

is left t-exact, and if f is ind-affine, then it is t-exact.
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0.4.2. In Sect. 2] we establish the base change property for ind-schematic ind-
proper morphisms. Namely, let

g1
x 2 ox

f’l lf
x, —2 x

be a Cartesian diagram of laft prestacks.

Suppose that the vertical arrows are ind-schematic ind-proper. In this case, by
adjunction we obtain a natural transformation

(fl)indCoh Og!l N 9‘2 ° fIndCOh

*

and we show that it is an isomorphism.

Now suppose that in the above diagram all prestacks are ind-schemes the hori-
zontal arrows are ind-proper. Then, again by adjunction, we have a natural trans-
formation

7\IndCoh ! ! IndCoh
(f)* Ogl_>g2of* )
and we also show that it is an isomorphism.

0.4.3. In Sect. 3] we initiate the study of IndCoh on ind-inf-schemes. The key
statement is Proposition It says that for an ind-inf-schematic nil-isomorphism
f:X -, the functor f' is:

(1) conservative;
(ii) admits a left adjoint;
(iii) the left adjoint of f' satisfies base change against !-pullbacks.

The proof of Proposition relies on Chapter 2, Corollary 4.3.3, which is
deduced from Chapter 2, Theorem 4.1.3 and says that an ind-inf-scheme whose
underlying reduced ind-scheme is an affine scheme, can be written as a colimit of
affine schemes under nil-closed maps.

From Proposition we deduce the various favorable properties of IndCoh
on ind-inf-schemes mentioned in Sect. [0

In particular, we establish ind-proper descent for IndCoh. The statement here
is that if X — )Y is ind-inf-schematic ind-proper and point-wise surjective map
between laft prestacks, then the pullback functor

IndCoh(Y) - Tot(IndCoh(X*))

is an equivalence, where X* is the co-simplicial prestack given by the Cech nerve
of X - ).
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0.4.4. 1In Sect.[]we carry out the construction of the functoriality of IndCoh with
respect to the operation of direct image, described in Sect. above.

In Sect. [p| we carry out the construction of IndCoh as a functor out of the
category of correspondences, already explained in Sect.

In Sect. |§| we show that for in ind-inf-scheme X, the category IndCoh(X) is
canonically self-dual. I.e., there is a canonically defined identification

D5 : IndCoh(X)" - IndCoh(X),
or equivalently
D3 : (IndCoh(X)€)°? - IndCoh(X)°.
Under this identification, for a morphism f : X; — &b, the functor dual to
fImdCoh ; 1nqCoh(X; ) — IndCoh(X,) is

f': IndCoh(X;) - IndCoh(X;).

It follows formally that if f is ind-proper, then fI"4C°h sends IndCoh(X;)¢ to
IndCoh(X;)¢ and
Di_ezrre ° (findCoh)op ° Di?lrre ~ IndCoh

as functors IndCoh(X;)¢ - IndCoh(Xs)°.

1. Ind-coherent sheaves on ind-schemes

In order to develop the theory of IndCoh on ind-inf-schemes, we first need to
do this for ind-schemes. The latter theory follows rather easily from the one on
schemes.

In this section we will mainly review the results from [GaRoll Sect. 2].

1.1. Basic properties. In this subsection we will express the category IndCoh
on an ind-scheme X" in terms of that on schemes equipped with a closed embedding
into X.

1.1.1. Let IndCohindSChlaft denote the restriction of the functor IndCoh!PmStklaft to
the full subcategory
(indSchyag )P = (PreStkyag ).

In particular, for X' € indSchy,g we have a well-defined category IndCoh(X).
1.1.2.  Suppose X has been written as
(1.1) X~y X'~ colim X,

acA

where X, € Schus with the maps i, : X, - X being closed embeddings. In this
case we have:

PROPOSITION 1.1.3. Under the above circumstances, !-restriction defines an
equivalence
IndCoh(X) — h,ﬁn IndCoh(X*),
aeA°P

where for a — b, the corresponding functor IndCoh(X,) - IndCoh(X,) is i;’b.

PRrROOF. This follows from the convergence property of the functor IndCOh!SCha? ,
aft

see Volume I, Chapter 5, Lemma 3.2.4 and Sect. 3.4.1.
O
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REMARK 1.1.4. The reason we exhibit an ind-scheme X as Conv(colif{mXa)
ae
rather than just as colif{n X, is that the former presentation comes up in practice
ae

more often: many ind-schemes are given in this form. The fact that the resulting
prestack is indeed an ind-scheme (i.e., can be written as a colimit of schemes under
closed embeddings) is Chapter 2, Corollary 1.4.4 and is somewhat non-trivial.

1.1.5. Combining the above proposition with Volume I, Chapter 1, Proposition
2.5.7, we obtain:

COROLLARY 1.1.6. For X written as in (1.1), we have
IndCoh(X) ~ colign IndCoh(X*),
ae

where for a — b, the corresponding functor IndCoh(X,) - IndCoh(Xy) is (i,,5)mdCn,

COROLLARY 1.1.7. For X € indSchj,g and a closed embedding i : X — X from
X e Scha,g, the functor

ii24C°h : IndCoh(X) - IndCoh(X),
left adjoint to i', is well-defined.

For X € indSchy,s;, let Coh(X) denote the full subcategory of IndCoh(X)
spanned by objects
imdCoh 7y i X — X is a closed embedding and F e Coh(X).
From Corollary we obtain:

COROLLARY 1.1.8. For an ind-scheme X, the category IndCoh(X') is compactly
generated and
IndCoh(X)“ = Coh(X).

ProOF. Follows from [DrGall, Corollary 1.9.4 and Lemma 1.9.5.]. O

1.1.9. Here is another convenient fact about the category IndCoh(X), where X €
indSchjas. Let
x5l xr
be closed embeddings.
We would like to calculate the composite
(i")! o (i") 40 IndCoh(X") — IndCoh(X").

Let A denote the category (Schagt)closed in &, S0 that X’ and X" correspond
to indices a’ and a”’, respectively. Let i, and i, denote the corresponding closed
embeddings, i.e., the maps i’ and ", respectively. Let B be any category cofinal in

Aarvsany 1= Agry X Aany.
For b e B, let
X=Xy Rl X, Pl Ko = X"
denote the corresponding maps.

The next assertion results from [Gad, Lemma 1.3.6]:
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LEMMA 1.1.10. Under the above circumstances, we have a canonical isomor-
phism
! . . . ! .
(’L,)' ° (le)indCoh ~ cghm (Za’,b)A ° ('La",b)indCOh-
cB

1.2. t-structure. In this subsection we will study the naturally defined t-structure
on IndCoh of an ind-scheme.

1.2.1. For X € indSchyag we introduce a t-structure on the category IndCoh(X)
as follows:

An object F € IndCoh(X) belongs to IndCoh(X)>° if and only if for every
closed embedding i : X - X, where X € Schag, we have i'(F) € IndCoh(X)>".

By construction, this t-structure is compatible with filtered colimits, which by
definition means that IndCoh(X)>° is preserved by filtered colimits.

1.2.2. We can describe this t-structure and the category IndCoh(Xx)<° more ex-
plicitly. Write
X ~ colim X,
acA

1
where Xa € (C SChaft)closed in X-

For each a, let i, denote the corresponding map (automatically, a closed em-
bedding) X, - X. By Corollary [1.1.7} we have a pair of adjoint functors

(ia)indCOh . IndCOh(Xa) =g IndCOh(X) : ’le

LEMMA 1.2.3. Under the above circumstances we have:
(a) An object F € IndCoh(X) belongs to IndCoh®*(X) if and only if for every a,
the object i', (F) € IndCoh(X,) belongs to IndCoh(X,)>".

(b) The category IndCoh(X)=0 is generated under colimits by the essential images
of the functors (i4)"4°°" (Coh(X,)=").

PrROOF. It is easy to see that for a quasi-compact DG scheme X, the category
IndCoh(X)=0 is generated under colimits by Coh(°'X)=C. In particular, by adjunc-
tion, an object F € IndCoh(X) is coconnective if and only if its restriction to <X
is coconnective.

Hence, in the definition of IndCoh(X)?°, instead of all closed embeddings X —
X, it suffices to use only those with X a classical scheme.

Note that the category A is cofinal in (“'Schag )closed in - This implies point
(a) of the lemma. Point (b) follows formally from point (a).
O

1.2.4. Suppose i: X - X is a closed embedding of a scheme into an ind-scheme.
By Corollary we have a well-defined functor

Aol 1 dCoh(X) - IndCoh(X),
which is the right adjoint to i'. Since 7' is left t-exact, the functor i™m4C°P is right
t-exact. However, we claim:

LEMMA 1.2.5. The functor i€ s t-ezact.
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PROOF. We need to show that for F € IndCoh(X)>°, and a closed embedding
i": X' > X, we have

(') 0 i1%°" (F) e IndCoh(X")>°.

This follows from Lemma(l.1.10} in the notations of loc.cit., each of the functors
(ignp) 4O s t-exact (because i, is a closed embedding), each of the functors
(ian )" is left t-exact (because i, is a closed embedding), and the category B is
filtered.

O

COROLLARY 1.2.6. The subcategory

Coh(X) = IndCoh(X)*

is preserved by the truncation functors.

PROOF. Follows from Lemmal[T.2.5|and the corresponding fact for schemes. [0

COROLLARY 1.2.7. The t-structure on IndCoh(X) is obtained from the t-structure
on Coh(X) by the procedure of Volume I, Chapter 4, Lemma 1.2.4.

1.3. Recovering IndCoh from ind-proper maps. The contents of this subsec-
tion are rather formal: we show that the functor IndCoh on ind-schemes can be re-
covered from the corresponding functor on schemes, where we restrict 1-morphisms
to be proper, or even closed embeddings. This is not surprising, given the definition
of ind-schemes.

1.3.1.  Recall what it means for a map in PreStk to be ind-proper (resp., ind-closed
embedding), see Chapter 2, Definitions 1.6.7 and 1.6.11.

1.3.2. Consider the corresponding 1-full subactegories
(indSchyagt )ind-closed € (indSchiagt )ind-proper
and the corresponding categories
(Schagt )closed € (Schagt) proper-
Consider the corresponding fully faithful embeddings
(Schatt)closed = (indSchiatt )ind-closed:
and

(SChaft )proper > (indSChlaft )ind—proper-

Let IndCoh!(SCha N denote the functor

)proper
IndCOh!SChaft|((SChaft)Proper)Dp : ((SChaft)proper)op - DGCateont,
and similarly, for ‘proper’ replaced by ‘closed’.

Let IndCoh!(indSChla& denote the functor

)ind-proper
! . . o
IndCOhinSChlaft‘((indschlaft)ind»proper)oP : ((lndSChlaft)ind'PmPer) P DGcatCOU“

and similarly, for ‘ind-proper’ replaced by ‘ind-closed’.
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1.3.3. We claim:

PROPOSITION 1.3.4. For X €indSchy.g, the functors

(1.2)
(SChaft )closed inXx = (SChaft )closed . X ( (indSChlaft)ind—closed )/X - (SChaft )/X
(lndSChlaft )ind»closed

and

(1.3)

(SChaft )proper /X = (SChaft)proper . X ((indSChlaft )ind—proper)/x - (SChaft )/X
(indSchiaft )ind-proper

are cofinal.

PROOF. The cofinality of (1.2)) is given by Chapter 2, Corollary 1.7.5(b). Since
(1.3) is fully faithful, we have that the functor

(SChaft)closed inX — (SChaft)proper (indSChlafz()ind—propcr ((indSChlaft)ind—proper)/X 3
and hence (|1.3)), is also cofinal. O

COROLLARY 1.3.5. The naturally defined functors

! !
IndCOh(indSChlaft)ind—proper - RKE((SChaft)proper)Op'_’((indSChlaft)indfpropcr)()p (IndCOh(SChaﬁ)pmper) ’
and

! !
IndCOh(indSChla& Yind-closed RKE((SCha& )eclosed )°P=((indSchyaft )ind-closed ) °P (IndCOh(Scha& )closed )

are isomorphisms.

PRrOOF. The cofinality of ([1.2)) implies that the functor

! !
IndCOh(indSChlaft )ind-closed e RKE((SChaft )closed )Op'_’((indSChlaft )ind-closed )Op (IndCOh(SChaft )closed )

is an isomorphism.
The cofinality of ([1.3]) implies that the functor

! !
IndCOh(indSchlaft - RKE((SCha& )proper )°P—=((indSchiaft ) ind-proper ) °P (IndCOh(Schaft )proper )

Jind-proper
is an isomorphism.

O

1.4. Direct image for IndCoh on ind-schemes. In this subsection we show
how to construct the functor of direct image on IndCoh for morphisms between
ind-schemes.

1.4.1. Consider the functor
IndCohge, ;. : Schag > DGCateont,
where for a morphism f: X; - X5 in Schag, the functor
IndCoh(X;) — IndCoh(X>)
is fImdCoh see Volume I, Chapter 4, Sect. 2.2.
Recall the notation
IndCohsep
and consider also the corresponding functor
IndCoh(gen : (Schaft ) closed = DGCateont -

aft

= IndCOhSChaft |(SChaft : (SChaft)proper - DGCatcont,

aft)propcr )propcr

aft)closed
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Denote
IndCohinaschyay, = LKE (sch, ) (indSchyar ) (IndCohsen 1)),

and let

IndCOh(indSCh]aft IndCOh(indSChlaft

)ind-proper ? )ind-closed

denote its restriction to the corresponding 1-full subcategories.
The same proof as that of Corollary [[.3.5] gives:

PROPOSITION 1.4.2. The natural maps

LKE (Schae) proper (indSehiage )ina-proper (MACON(Seh g proper ) = TACON(10aSchyag0) smaproper
and
LKE(SChaft )closed‘_’ (indSChlaft )ind—closed (IndCOh(SChaft )closed ) - IndCOh(indSChlaft )ind—closed

are isomorphisms.

1.4.3. Recall from Volume I, Chapter 1, Sect. 2.4 the notion of two functors
obtained from each other by passing to adjoints.

Let F': C; - Cs be a functor between co-categories. Let @1 : C; - DGCatont
be a functor such that for every ¢] — ¢, the corresponding functor

Py (ch) = Py(cf)
admits a right adjoint. Let Wy : C]¥ - DGCatcony be the resulting functor given
by taking the right adjoints.

Let &5 and ¥4 be the left (resp., right) Kan extension of ®; (resp., ¥;) along F'
(resp., F°P). The following is a particular case of Volume I, Chapter 8, Proposition
2.2.7T:

LEMMA 1.4.4. Under the above circumstances, the functor ¥y is obtained from
Dy by taking right adjoints.

1.4.5. We apply Lemma [T.4.4]in the following situation:
C,:= (SChaft)propeu Cs:= (indSChlaft)ind—propera

and F' to be the natural embedding. We take
¥, := IndCohge, and W, := IndCohygg,

aft )pmper aft )proper :
These two functors are obtained from one another by passage to adjoints, by
the definiton of the functor IndCoh!(SCh , see Volume I, Chapter 4, Corollary

5.1.12.

aft )proper

COROLLARY 1.4.6. The functor

IndCOh!(indSchlaft : ((indSChlaft)ind—proper)op - DGC&tcont

)ind-proper

is obtained from the functor

IndCOh(indSchla& : (indSChlaft)ind—proper - DGC&tcont

)ind-proper

by passing to right adjoints.
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1.4.7. By the above corollary and Proposition [[:4.2] for X € indSchi,g there is a
canonical isomorphism

IndCOhindSchlaft (X) = IndCOhindSChlaft (X)’

and by definition the left hand side is IndCoh(&X'). Thus, given a morphism f :
X - A in indSchyag, the functor IndCohingsen,,,, gives a functor

fidCeh ; ndCoh (X, ) — IndCoh(Az),

which, by definition of the functor IndCohipqscn,,, , agrees with the previously de-
fined IndCoh direct image functor when restricted to Sch,s,. Furthermore, by Corol-
lary if f is ind-proper, then fI"4C°h is the left adjoint of f'. In particular, for
a closed embedding

X5Sx
of a scheme X € Sch,g into an ind-scheme & € indSchy,g, the corresponding functor
indCoh aovees with that of Corollary

1.4.8. We can now make the following observation pertaining to the behavior of
the t-structure with respect to direct images:

LEMMA 1.4.9. Let f : X1 —» Xy be a map of ind-schemes. Then the functor
fIndCoh s left t-exact. Furthermore, if f is ind-affine, then it is t-ezact.

ProOF. Let F € IndCoh(X;)>°. We wish to show that fI*4°h(F) e IndCoh(X,)>°.
By Corollary we can assume that F = (i; )P4 (F)) for F; € IndCoh(X)>°
where
il : Xl nd Xl
is a closed embedding of a scheme. Now, let
X4 x5
be a factorization of f o4, where is is a closed embedding of a scheme. Thus, it

suffices to show that the functor
IndCoh . \IndCoh - \IndCoh IndCoh
o (i1). ~ (ig), og

* *

is left t-exact. However, (i)1"4C°0 is t-exact by Lemma while gIndCob(F)) is
left t-exact, since g is a map between schemes.

Now, suppose that f is ind-affine. In this case, we wish to show that fIndCeh jg
also right t-exact. Let F € IndCoh(X;)<0. We can assume that F = (i1 ) (F))
for F; € IndCoh(X;)=? where i; : X; — &} is a closed embedding. In the notation
as above, it suffices to show that
fIndCoh ° (il)indCoh ~ (i2)£ndCoh OgIndCoh

is t-exact.
By Lemma m (i5)IndCoh g t_exact. Hence, it suffices to show that gmdceh

is t-exact. However, ¢ is an affine map between schemes, and the assertion follows.
|

2. Proper base change for ind-schemes

Base change for IndCoh is a crucial property needed for its definition as a func-
tor out of the category of correspondences. In this section we make two (necessary)
preparatory steps, establishing base change for morphisms between ind-schemes.
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2.1. 1st version.
2.1.1. Recall the notion of ind-schematic map in PreStk, see Chapter 2, Defintion
1.6.5(a).

Let

91
x 2L ox

| ) |

Xj —— Xy,

be a Cartesian diagram in PreStky,s with f being ind-schematic and ind-proper.
We claim:

PROPOSITION 2.1.2. The functors f' and (f')" admit left adjoints, to be denoted
flndCoh g q (f)IndCoh " pespectively. Moreover, the natural transformation

(2.1) (f1)29 0 gy = gy 0 fL°0,
arrising by adjunction from
giof' =(f) o g,
is an tsomorphism.
The rest of this subsection is devoted to the proof of this proposition.
2.1.3.  We begin by reviewing the setting of Volume I, Chapter 1, Lemma 2.6.4:

Let G : Cy —» C; be a functor between oco-categories. Let A be a category of
indices, and suppose we are given an A-family of commutative diagrams

c: —— C

Ga[ ]G

-a

Cc: 2 C,.

Assume that for each a € A, the functor G* admits a left (resp. right) adjoint
F°. Furthermore, assume that for each map a’ — a” in A, the diagram

! a’

” ?q ’
Cf — ¢
7;a/)a//

Ca” 2 Ca’
2 2

which a priori commutes up to a natural transformation, actually commutes.
Finally, assume that the functors
C - }lienAlC‘f and Cy - EEIIA}C%
are equivalences.

In the above situation, Volume I, Chapter 1, Lemma 2.6.4 says:
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LEMMA 2.1.4. The functor G admits a left (resp. right) adjoint F, and for
every a € A, the diagram

a

il
ct 1 C

fl s

o« 2
C3 C,,
which a priori commutes up to a natural transformation, commutes.

2.1.5. To show that (2.1) is an isomorphism, it suffices to show that it becomes
an isomorphism after composing with f' for every map f:S — X3, with S € Schag.
Therefore, we can assume that X3 = X} € Schyg.

Now, we will apply Lemma to the following situation. Let C; := IndCoh (X)),
C; := IndCoh(&>) and let A be the category (Schat),x,. For each Z € (Schag) x,
let

C3 :=IndCoh(Z), Cf%:= IndCoh(Z; X1).
2

Now, since X5 is in particular an object of (Schaf;)/x,, by Lemma the
assertion of Proposition [2.1.2] reduces to the case when X, = X5 € Sch,g and
X5 = X% € Schare. In this case Xp, X[ € indSchy.g and the left adjoints exist by

Corollary
2.1.6. We have
Xq ~ colim X,
acA
where X, € Sch,g and i, : X, - X are closed embeddings.
Set
Xo= X5 x X
We have:
= eglip X,
Let 4/, denote the corresponding closed embedding X — X7, and let g, denote the
map X, > X,.

Note that the maps foi, : X, > X and f' ol : X! — X/ are proper, by
assumption.

2.1.7. By Corollary [T.1.6] we have:
a)IndCoh

o N s (s \IndCoh _ /.7 !
Idmacon(a,) = colim (4 o (ig)" and Idinacon(xy) = colim (i0, )Y o (4L
acA acA
Hence, we can rewrite the left-hand side in (2.1) as
colin (£/)1799% o (i) 900 o (i) o g}
and the right-hand side as
Cohmg'g o findCoh ° (ia)indCOh ° (ia)!-
acA

It follows from the construction that the map in (2.1)) is given by a compatible

system of maps for each a € A
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(f)ImdCoh o (7 yIndCoh o ;13 g g o (7 04! YndCOh o () 647 )
("ol )N o (50 go) = (f 0l )ndCoh o gl o gt
> gho (foig)ndCohogl o gl o plndCoh g yIndCoh o !
where the arrow
(f oil)lndCoh o gl s g o (f 0iy)indCoh

is base change for the Cartesian square

/ Ga
X X,

f’oi:ll lfoia

92
X, —2 X,

Hence, the required isomorphism follows from proper base change in the case

of schemes, see Volume I, Chapter 5, Proposition 3.1.4(b).
O

2.1.8. In the sequel we will need the following corollary of Proposition [2.1.2

COROLLARY 2.1.9. Let X' - X be a map of ind-schemes. Then the functor

IndCoh(X") — lim IndCoh(Z x X')
(Z5X)e((Schage ) proper over x)°P *

is an equivalence.

PROOF. The statement of the corollary is equivalent to the fact that for F e
IndCoh(X"), the map
(2.2) colim findCoh o ¢ (F) 5 F

(ZLX)E(SChaft)prOper over X

is an isomorphism, where

ZxX' =75y
X
Note that base change (i.e., Proposition [2.1.2)) implies the projection formula,

so for each Z' L X" as above, the natural map

IndCoh o pr!( ), prindCoh o g1l Y & F
is an isomorphism.
Hence, the map in is obtained by tensoring with F from the map
colim f/indCOh o fl!(wX') > Wy,
(Z52)e(Schag)proper over x
and therefore it is sufficient to check that the latter map is an isomorphism.
However, again by base change, the latter map identifies with the pullback

under X’ - X of the map

. !
. colim fIndCoh o fHp) - w,
(Z;X)G(SChaft)proper over X

while the latter is an isomorphism by Corollary [T:3.5]
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2.2. 2nd version.
2.2.1. Now, let

g1
x L x

7| |

g2
X, -2 x,

be a Cartesian diagram in indSchj.g, such that the map go, and hence g1, is ind-
proper.
From the isomorphism

(g2)£ndCoh ° (f/)indCoh ~ f}_ndCOh ° (gl)indCoh

)

we obtain, by adjunction, a natural transformation:
(2 3) (fl)IndCoh 09!1 N g'2 ofIndCoh
We claim:
PROPOSITION 2.2.2. The map (2.3) is an isomorphism.
The rest of this subsection is devoted to the proof of the proposition.

2.2.3. First, suppose that f is ind-proper. In this case, the map (2.3) equals the
map ([2.1). Hence, it is an isomorphism by Proposition m

2.2.4. We have

! . !
Xy ~ colim X,
acA

where X , € Schag and the maps i, : X3 , - A are closed embeddings. Therefore,
it suffices to show that becomes an isomorphism after composing both sides
with z'2a for every a. Thus, we can assume without loss of generality that X3 =
Xé € SChaft.

Furthermore, by Corollary we need to show that (2.3) becomes an iso-
morphism after precomposing both sides with the functor (i;)d¢°h for a closed
embedding i1 : Xy > X} with X € Sch,g. Consider the commutative diagram

X{HXl

N

g1
X — X

|

;92 ’
X2 X2a

where both squares are Cartesian. Since ¢; is ind-proper, we have that base change
holds for the top square. Hence, to show that becomes an isomorphism after
precomposing with (i1)"9“°" we need to show that base change holds for the outer
square. In particular, we reduce to the case when X; = Xy € Sch,g.
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2.2.5. By Chapter 2, Corollary 1.7.5(b), we can factor the map X; - X as a
composition
X1 - X1 - A,
where X; € Schug and X; — Xs is a closed embedding (and in particular schematic).
We have the diagram
X{ I X1

|

X{ Hj‘{l

|

X, —— X
where all the squares are Cartesian. The top square is a Cartesian square in Sch,g
and hence satisfies base change by Volume I, Chapter 4, Proposition 5.2.1. In the
bottom square, the map X; — A5 is ind-proper, and hence it satisfies base change
by the above. Hence the outer square satisfies base change as desired. O

3. IndCoh on (ind)-inf-schemes

In this section we begin the development of the theory of IndCoh on ind-inf-
schemes. We will essentially bootstrap it from IndCoh on ind-schemes, using nil
base change.

3.1. Nil base change. As just mentioned, nil base change is a crucial property of
the category IndCoh. Its proof relies on the structural results on inf-schemes from
Chapter 2, Sect. 4.

3.1.1.  Recall the notion of an ind-inf-schematic map in PreStk, see Chapter 2,
Definition 3.1.5.

We will show:

PROPOSITION 3.1.2. Let f: X; - Xy be a map in PreStky.¢, and assume that
f s an inf-schematic nil-isomorphism.

(a) The functor f':IndCoh(Xy) - IndCoh(X;) admits a left adjoint, to be denoted
IndCoh

(b) The functor f' is conservative.
(¢) For a Cartesian daigram

g1
x L x

fl jf

92
Xy 2

the natural transformation

(7)1 0 g} = gy o S,

arrising by adjunction from
! ! ! !
grof =(f") o2
is an isomorphism.
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3.1.3. Proof of Proposition[3.1.9 Using Lemma [2.1.4] we reduce the assertion to
the case when X5 = X € Schiy, for points (a) and (b), and further to the case when
X} = X4 e Sch™ for point (c).

a

In this case X; has the property that ™4X; = X; € erSch?tlcf. By Chapter 2,
Corollary 4.3.3, we can write

Xl o~ COliHle ay
acA ’

where A is the category
(SChzg)/Xl x {X1}7

(Seiif) v,
and the colimit is taken in the category PreStkjag;.

In particular, for every a, the resulting map X; , - Xy is a nil-isomorphism,
and hence, proper. Moreover, for every morphism a’ — a”, the corresponding map

ia/7a// Ilea/ e Xl,a"

is also a nil-isomorphism and, in particular, is proper.

We have

IndCoh (&) ~ lilgnp IndCoh(X1,4),
acA°

and the fact that f' is conservative follows from the fact that each (f oi,)' is
conservative.

Using Volume I, Chapter 1, Proposition 2.5.7, we can therefore rewrite

(3.1) IndCoh(X;) ~ colHnIndCoh(Xl,a),
ae

where the colimit is taken with respect to the functors

(Z‘alyau)indCOh : IndCOh(XLar) d Il’ldCOh(Xl’aH).

Now, the left adjoint to f is given by the compatible collection of functors
(f 0iq)™4C° : IndCoh(X; 4) - IndCoh(X>).

Thus, it remains to establish the base change property. However, the latter
follows by repeating the argument in Sects. [2.1.6
O

3.2. Basic properties. We will now use nil base change to establish some basic
properties of the category IndCoh on an ind-inf-scheme.

3.2.1. First, as a corollary of Proposition we obtain:

COROLLARY 3.2.2. Let X be an object of indinfSchy,s. Then the category
IndCoh(X) is compactly generated.

ProOF. Consider the canonical map i : **X — X. The category IndCoh("4Xx)
is compactly generated by Corollary [I.1.8] Now, Proposition [3.1.2] implies that the
essential image of #"4“°N (IndCoh(**?X')¢) compactly generates IndCoh(X).

(]
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3.2.3. Let

g1
xp -2 ox

| |

92
Xy —2 X,

be a Cartesian diagram in PreStky,s with f being ind-inf-schematic and ind-proper.
We claim:

PROPOSITION 3.2.4. The functors f* and (f')' admit left adjoints, to be denoted
IndCoh n g (f)IndCoh " respectively. The natural transformation

(3.2) (f/)mdCoh o gl gl o pindCoh
arrising by adjunction from

grof' =(f) o g,
is an isomorphism.

PRrROOF. By Lemma the assertion of the proposition reduces to the case
when X5 and (resp., both Xy and A3) belong to Schzg. Denote these objects by X,
and X}, respectively. In this case X (resp., both X; and A7) belong to indinfSchy,g; .
The existence of the left adjoint fI"4C°h (and therefore also (f)Ir4C°h) follows,

using Chapter 2, Corollary 4.1.4 and Proposition 2.1.2] by the same argument as
Proposition [3.1.2a).
Now, let Xy be any object of indSchy, endowed with a nil-isomorphism to X7;
e.g., Xy = red ;. Set
X=X x X
0 2 ;;2 0

and consider the diagram

90
x, 2L X

| I

91
x 2 x

o

92
Xy —Z— Xo,

in which both squares are Cartesian.

By Proposition [3.1.2{(b), it suffices to prove the assertion for the top square and
for the outer square.

Now, the assertion for the outer square is given by Proposition and for

the top square by Proposition c).
O

3.3. Descent for ind-inf-schematic ind-proper maps.
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3.3.1. Let X* be a groupoid simplicial object in PreStkj,s, see [Lull Definition
6.1.2.7]. Denote by

(3.3) Psipe: X1 = X0
the corresponding maps.

We form a co-simplicial category IndCoh(X*)" using the !-pullback functors,
and consider its totalization Tot(IndCoh(X*)"). Consider the functor of evaluation
on O-simplices:

ev? : Tot(IndCoh(X*)) — IndCoh(X?).
3.3.2.  We claim:

PROPOSITION 3.3.3. Suppose that the maps ps,p; in (3.3|) are ind-inf-schematic
and ind-proper. Then:
(a) The functor ev® admits a left adjoint and the adjoint pair
IndCoh(&x°) 2 Tot(IndCoh(X*)")
is monadic. Furthermore, the resulting monad on IndCoh(X"), viewed as a plain
endo-functor, is canonically isomorphic to (p;)"4C°" o (p,)".

(b) Suppose that X* is the Cech nerve of a map f : X° - Y, where f is ind-
schematic and ind-proper. Assume also that f is surjective at the level of k-points.
Then the resulting map

IndCoh(Y) - Tot(IndCoh(X*)")
is an equivalence.

PROOF. Follows by repeating the argument of Volume I, Chapter 4, Proposition
7.2.2. |

3.3.4. For X e PreStkj.g recall the category Pro(QCoh(X)~)fke see Chapter 1,
Sect. 4.3.6. From Proposition [3.3:3] and Chapter 1, Corollary 4.4.2 we obtain:

COROLLARY 3.3.5. Let X — Y be a map in PreStky.s, which is ind-inf-schematic,
ind-proper and surjective at the level of k-points. Then the pullback functor

Pro(QCoh(Y) )iz — Tot (Pro(QCoh(X*/Y) )iie)
is an equivalence.
3.3.6. Descent for maps. Let f : X — Y be an inf-schematic nil-isomorphism in
PreStkjas. We then have:
PROPOSITION 3.3.7. For Z € PreStKiafi-der, the natural map
Tot(Maps(X*®, Z)) - Maps(), 2)
is an isomorphism.

PROOF. The statement automatically reduces to the case when ) = Y € <Schif.
Furthermore, by Chapter 2, Corollary 4.3.4, we can further assume that X = X €
<eoGchif,

The assertion of the proposition is evident if Y is reduced: in this case the
simplicial object X* is split. Hence, by Chapter 1, Proposition 5.4.2, by induction,
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it suffices to show that if the assertion holds for a given Y and we have a square-
zero extension Y < Y’ by means of F € Coh(Y)=?, then the assertion holds also for
X'e (SCh:g)nil-isom toY’-

Set X := X’ X, Y’. By Chapter 1, Proposition 5.3.2, the map
X. s X/.
has a structure of simplicial object in the category of square-zero extensions.

By the induction hypothesis, it is enough to show that for a given map z:Y —
Z the map

3.4 Mans(V'. 2 Tot(Maps(X'®, Z
(3.4) aps(Y, )MaPS?Y,Z){Z}_) ot(Maps( ’ ))Tot(Mapé(X%Z))

{z}
is an isomorphism.

Since Z admits deformation theory, the left-hand side in (3.4)) is canonically
isomorphic to the groupoid of null-homotopies of the composition

TH(Z)->T(Y) > F.

We rewrite the right-hand side in (3.4]) as the totalization of the simplicial space

M X'tz .
w(X2) |k 2)

The above simplicial groupoid identifies with that of null-homotopies of the
composition
Tope(2) > TH(X®) = f*(F),
where f* denotes the map X°® - Y.
Now, the desired property follows the the descent property of Pro(QCoh(-)~)ake,
see Corollary [3.3.5] above.
O

3.4. t-structure for ind-inf-schemes. The category IndCoh on an ind-inf-scheme
also possesses a t-structure. However, it has less favorable properties than in the
case of ind-schemes.

3.4.1. Let X be an ind-inf-scheme. We define a t-structure on the category
IndCoh(X) by declaring that an object F € IndCoh(X) belongs to IndCoh(X)>? if
and only if i*'(F) belongs to IndCoh(**4X)>% where

R
is the canonical map.

Equivalently, we let IndCoh(X)=° be generated under colimits by the essential
image of IndCoh("*4x)<° under §mdCeh,

It is easy to see that if f is an ind-finite map, then the functor f' is left t-exact.
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3.4.2. Suppose that X is actually an ind-scheme. We claim that the t-structure
defined above, when we view X’ as a mere ind-inf-scheme, coincides with one for X
considered as an ind-scheme of Sect.[[.2l This follows from the next lemma:

LEMMA 3.4.3. Let f: X - X5 be a nil-isomorphism of ind-schemes. Then for
F € IndCoh(Xs) we have:

F e IndCoh(X,)*° < f'(F) e F e IndCoh(X;)>°.

ProoOF. The = implication is tautological. For the < implication, by the
definition of the t-structure on IndCoh(X3), we can assume that Xy = Xo € Schag
and X; = X; € Schug; i.e. f is a nil-isomorphism of schemes X; - Xo.

By the definition of the t-structure on IndCoh(X32) and adjunction, it suffices
to show that Coh(X2)<? is generated by the essential image of Coh(X;)<" under
fIndCoh “which is obvious. O

COROLLARY 3.4.4. Let X be an object of indinfSch),g .

(a) For F € IndCoh(X), we have F € IndCoh(X)2" if and only if for every nil-closed
map f:X - X with X €™4Schy we have

f'(F) e IndCoh(X)°.

(b) The category IndCoh(X)=° is generated under colimits by the essential images
of the categories IndCoh(X)<° for f: X — X with X €Schg and f nil-closed.

3.4.5. As mentioned above, if f is an ind-finite map X; - X5 of ind-inf-schemes,
then the functor f' is left t-exact. By adjunction, this implies that the functor
fIndCoh 5 yight t-exact.

LEMMA 3.4.6. Let f: X; - X5 be an ind-finite and ind-schematic map between
ind-inf-schemes. Then the functor 4N is t-exact.

PROOF. We only have to prove that fmdCoh ig left t-exact. By Proposi-

tion ¢), the assertion reduces to the case when Xo = indSchj,s. In the latter
case, X is an ind-scheme, and the assertion follows from the fact that the functor
fIndCoh for 4 map of ind-schemes is left t-exact, by Lemma O

REMARK 3.4.7. It is easy to see that the assertion of the lemma is false without
the assumption that f be ind-schematic, see Sect.

4. The direct image functor for ind-inf-schemes

In this section we construct the direct image functor on IndCoh for maps be-
tween ind-inf-schemes. The idea is that one can bootstrap it from the case of
maps that are nil-closed embeddings, while for the latter the sought-for procedure
is obtained as left /right Kan extension from the case of schemes.

4.1. Recovering from nil-closed embeddings. In this subsection we show that
if we take IndCoh on the category of schemes, with morphisms restricted to nil-
closed maps, then its right Kan extension to ind-inf-schemes recovers the usual
IndCoh.
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4.1.1. Consider the fully faithful embeddings

Schzg <> Schug < indinfSchyag = PreStkyas: -

Denote

! L !
IndCOhindinfSChlaft = IndCOhPreStklaft |(indil’lfSCh1aft)0p .
Since
! !
IndCOhSCha“ - RKE(SChzﬁi)op‘_)(SChaft)op (IndCOhSChZﬁ )

is an isomorphism, the map

! !
(41) IndCOhindinfSChm& - RKE(SChaft)OP'*(indinfSChlaft)()p (IndCOhSChafc )
is an isomorphism.

4.1.2. Let
(indinfSchyatt )nil-closed © indinfSchy,g

denote the 1-full subcategory, where we restrict 1-morphisms to be nil-closed.

Denote

! L !
IndCOh(indinfSChlaﬁ Jnil-closed IndCOhindinfSChlaft | ((indinfSchyaft ) nil-closed )P *

From the isomorphism (4.1]), we obtain a canonically defined map

(42) IndCOh!(indinfSChlaft

)nil-closed

!
RKE((Scha& nil-closed ) °P = ((indinfSchiast )nil-closed ) °P (IndCOh(SChaft Ynil-closed ) :

We will prove:
PROPOSITION 4.1.3. The map (4.2)) is an isomorphism.
PROOF. We need to show that for X € indinfSchy,¢, the functor

IndCoh(&X) — lim o IndCoh(Z)

ZE((SChaft)nil—closed in X)

is an equivalence.

However, this follows from Chapter 2, Corollary 4.1.4, since the functor IndCoh
takes colimits in PreStki,g to limits.
|

4.1.4. For the sequel we will need the following observation:
COROLLARY 4.1.5. Let X' - X be a map of ind-inf-schemes. Then the functor
IndCoh(X') - lim ., IndCoh(Z % X"

Ze((Schatt ) nil-closed in X )

is an equivalence.

PROOF. Same as that of Corollary O

4.2. Recovering from nil-isomorphisms. The material in this subsection is not
needed for the sequel and is included for the sake of completeness.
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4.2.1. Let
(indinfSchyagt ) nil-isom € indinfSchyage and (indSchyagt )nil-isom C© indSchyag
denote the 1-full subcategories, where we restrict 1-morphisms to be nil-isomorphisms.

Denote also

! . !
IndCoh iy dintSehyare ) mitisom = MACONndintSchyr | ((indinSchiate)nitcom)o?
and

! _ |
IndCOh(indSChlaft . IndCOhindSChlaft |((indSCh1aft nil-isom )°P

)nilfisom

4.2.2. From Proposition 4.1.3| we deduce:

COROLLARY 4.2.3. The natural map

!
IndCOh(indinfSChlaft)nil—isom -
]
- RKE((i“dSChlaft)nil—isom )oP—((indinfSchiatt )nil-isom )°P (IndCOh(indSchlafc )nil-isom )

is an tsomorphism.

ProoF. By Corollary [[.3.5] and Proposition [£.1.3] the map

!
IndCOh(indinfSChlaft)nil—closed -
!
- RKE( (indSchiaft ) nit-closea ) °P = ((indinfSchiafe Jnil-closed ) °P (IndCOh(indSChlafc Inil-closed )
is an isomorphism.

Hence, it remains to show that for X € indinfSchy,¢, the restriction map

i IndCoh(Y) - IndCoh(Y)

lim
Ye((indSchiaft )nil-closed in x)° Ye((indSchiatt )nil-isom to x )°P

is an isomorphism.
We claim that the map

(indSChlaft)nil—isom to X — (indSChlaft)nil-closed in X

is cofinal. Indeed, it admits a left adjoint, given by sending an object

(y - X) € (indSChlaft)nil—closed in X

y ‘5, red‘)c'_)‘)c'7
rcy

where the push-out is taken in the category PreStkjas:.
O

4.3. Constructing the direct image functor. In this subsection we finally
construct the direct image functor. The crucial assertion is Theorem which
says that this functor is the ‘right one’.
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4.3.1. Consider again the functor
IndCohgeh,,, : Schaf, = DGCateont,

where for a morphism f : X; — Xj, the functor IndCoh(X;) — IndCoh(X3) is
IndCoh

Recall the notation:

IndCoh g := IndCohgch,,, |(Schaft

aft)nilfcloscd )nilfcloscd °
Denote
IndCohindinfschyys, = LKESch, g —indinfSchyyy, (INdCohgen,, ),

Note that by Proposition[T.4.2} the restriction of IndCohindintSchy;, 10 IndCohingsen,,q,
identifies canonically with IndCohindasch,,y, -

4.3.2. Denote
IndCoh (indinfSchiage )nit-ctosea = TRACONindintSchyyee | (indinfSchias ) nit-ctosea
We have a canonical map

(43) LKE(Sch (IHdCOh(SCh

— IndCohindinfSchya,

aft )nil-closed > (indinfSchiatt ) nil-closed aft )nil-closed )
)nil-closed :

We claim:

THEOREM 4.3.3. The map (4.3)) is an isomorphism.

4.3.4. Note that by combining Lemma [I.4.4] and Theorem [£.3.3] we obtain:
COROLLARY 4.3.5. The functors

IndCoh(indintSchyur, and IndCoh (i, gingsen,.,

)nil—closcd )nil-closed

are obtained from one another by passing to adjoints.
REMARK 4.3.6. The concrete meaning of the combination of the above corollary

and Theorem [4:3.3]is the following. Let f: X; - X» is a morphism between objects
of indinfSchy,¢. Then the claim is that we have a well-defined functor

fIpdCeh: ThdCoh(Xy) » IndCoh(Xs),

which tautologically agrees with the previously constructed IndCoh direct image
functor when X7, X5 € indSchyag .

Furthermore, if f is nil-closed, then f™d€°h is the left adjoint of f'.
REMARK 4.3.7. Given an ind-proper map

f:X-=)
in indinfSchy.g, we have defined two functors that we called fI"4€°P: namely, one

is the functor given by IndCohindintsch,,,, and the other is the right adjoint of f .\
priori, these two functors are unrelated.

However, this abuse of notation will be justified in Corollary where we
will establish a canonical identification of these functors. Namely, we will show that
the assertion of Theorem [£.3.3] and therefore Corollary [1.3.5] can be strengthened
by replacing the class of nil-closed morphisms by that of ind-proper ones.
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REMARK 4.3.8. In what follows, for X} = X and X5 = pt, we shall also use the
notation

F(X, _)IndCOh

)indCoh

for the functor (px , where py : X — pt is the projection.

4.4. Proof of Theorem Before we begin the proof, let us explain why the
proof of Theorem [4:3.3] is more involved than that of Proposition [1.1.3]

The reason is that in Proposition [4.1.3] we could test the equivalence via affine
schemes, and the latter we did using Chapter 2, Theorem 4.1.3. Now, for Theo-
rem affine schemes are not enough. We could have gotten away cheaply if we
knew that for (a not necessarily affine) scheme Z € Sch,g and a map Z — X, the
category of its factorizations as

Z -7 - X,

where Z' — X is a nil-isomorphism, is contractible. However, the latter fact is
simply not true (see Chapter 2, Remark 4.1.6).

4.4.1. Step -1. We need to show that for X € indinfSch,¢, the functor

colim IndCoh(Z) - colim IndCoh(Y)

Ze(Schagt )nil-closed in & Ye(Schagt ) x
is an equivalence.

The convergence property of the IndCoh functor allows to replace Sch,g by
<*Schg. Thus, we need to show that the functor

colim IndCoh(Z) -  colim  IndCoh(Y')
Ze(<>>Schtt ) nil-closed in X Ye(<>>Schg ), x

is an equivalence.

4.4.2. Step 0. Consider the commutative diagram
colim  IndCoh(Y") — colim  IndCoh(S)

Y€(<°°SChft)/X S€(<°° Sch?tff)/x
(4.4) I ]
colim IndCoh(Z) «—— colim IndCoh(S),
Ze(<>*Schgt nil-closed in x (S—Z—-X)eC

where C is the category of S - Z — X, with S € <°"Sch?tff and
(Z - X) € (<ooSChft)nil—closed in X-
We will show that the horizontal arrows and the right vertical arrow in this

diagram are equivalences. This will prove that the left vertical arrow is also an
equivalence.
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4.4.3. Step 1. Consider the functor C — (“’"Sch?tff)/x, appearing in the right ver-
tical arrow in (4.4). We claim that it is cofinal, which would prove that the right
vertical arrow in (4.4)) is an equivalence.

We note that the functor C — (<*Scha) Jx is a Cartesian fibration. Hence,
the fact that it is cofinal is equivalent to the fact that it has contractible fibers.

The fiber over a given object S — X is the category of factorizations
S—Z~ Xv (Z - X) € (<O°SChft)nil—closed in X-
This category is contractible by Chapter 2, Theorem 4.1.3.

4.4.4. Step 2. Consider the functor C — (“*°Schgt )nil-closed in X, appearing in the
bottom horizontal arrow in (4.4). It is a co-Cartesian fibration.

Hence, in order to show that this arrow in the diagram is an equivalence, it
suffices to show that for a given Z € (**°Schgt )nil-closed in &, the functor

(4.5) colim  IndCoh(S) — IndCoh(Z)
SE(<°°SCh?tff)/Z

is an equivalence.

We have the following assertion, proved below:

PROPOSITION 4.4.5. The functor IndCohgen,,, , regarded as a presheaf on Schag
with values in (DGCateont )P satisfies Zariski descent.

This proposition readily implies that is an equivalence (for a general state-
ment along these lines see [Gall Proposition 6.4.3]; here we apply it to <°°SCh?tH c
<°°SChft.>
4.4.6. Step 3. To treat the top horizontal arrow in , we consider the category
D of

S>Y >X, Se<Scha v e<°Schy,

and functor

(4.6) colim IndCoh(S) »  colim  IndCoh(S).
(S=»Y—-X)eD Se(<=Schaff) »

We note that the functor (4.6) is an equivalence, because the corresponding
forgetful functor D — (<°Schif) Jx 1s cofinal (it is a Cartesian fibration with con-
tractible fibers).

Hence, it remains to show that the composition

colim IndCoh(S)—  colim  IndCoh(S)
(S>Y—->X)eD Ye(<>>Schg ), x

of (4.6) with the top horizontal arrow in (4.4) is an equivalence.

The above functor corresponds to the co-Cartesian fibration D — (**°Schy; ) /-
Hence, it suffices to show that for a fixed Y € (**°Schy;),x, the functor

colim  IndCoh(S) — IndCoh(Y")
Se(<=Schaff),y

is an equivalence.

However, this follows as in Step 2 from Proposition
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4.4.7. Proof of Proposition[{.4.5 The assertion of the proposition is equivalent to
the following. Let X € Sch,g be covered by two opens U; and Us. Denote

nix B x U nU, X,

Ji2,1 J12,1

UlﬂUQ ind U1, UlﬂUQ ind UQ.

Then the claim is that the diagram

3 IndCoh
IndCoh(U; n Uy) 22 TndCoh (1)
(j12,2)1:'d00hl J{(jl)indCoh
(jz)indCoh

IndCoh(Uy) ———— IndCoh(X)

is a push-out square in DGCat¢ong.

In other words, given C € DGCat and a triple of continuous functors

Fy : IndCoh(U;) — C, Fy:IndCoh(Usz) » C, Fia:IndCoh(U; nUy) - C
endowed with isomorphisms

Fy o (ji2,1) 099" » Fiy ~ Fy 0 (j12,2) 7",
we need to show that this data comes from a uniquely defined functor
F :IndCoh(X) - C.
The sought-for functor F is recovered as follows: for F € IndCoh(X), we have

FF)=FG@) | x B,

where the maps F;(j:(F)) - Fi2(jiy(F)) are given by

F(4;(F)) = Fi((j12,1) " 010,05 (F)) = Fi((j12,6) P9 030 (F) = Fia(jio(F))-
O

4.5. Base change. As in the case of ind-schemes, there are two types of base
change isomorphism for ind-proper inf-schematic maps. The first is given by Propo-
sition [3.2.41 Here we will prove the second.

4.5.1. Let

g1
X - x

f’l lf

92
Xy —2— Xy,

be a Cartesian diagram of objects of indinfSchj,g such that go is an ind-closed
embedding. Note that in this case, the right adjoint of (g3)"4C°" is g} (and similarly
for g1).

From the isomorphism

)indCoh ° (f/)indCoh ~ fo-ndCoh ° (gl)indCoh’

(92

we obtain, by adjunction, a natural transformation:
(4 7) (f/)IndCoh og! N g! ° fIndCoh
. * 1 2 * .



4. THE DIRECT IMAGE FUNCTOR FOR IND-INF-SCHEMES 143

We claim:
PROPOSITION 4.5.2. The map (4.7) is an isomorphism.
PROOF. Let Xp =X, Set

X) =X x X,
X1

and consider the diagram

90
X, —— A

g1
x 2L ox

v ) |

X —— Ay,

in which both squares are Cartesian.

Since the functor 7' is conservative (by Proposition [3.1.2(b)), its left adjoint
ilndCoh generates the target. Hence, it suffices to show that the outer square and
the top square each satisfy base change of Proposition

Note that base change for the top square is given by Proposition [3.1.2{c).

This reduces the assertion of the proposition to the case when X} is a classical
reduced ind-scheme. In this case the map f factors as

X~ X3/2 - X,
where X3/, = red ) Set Xé/Q =X X X3z, and consider the diagram
2

90
x - x

Xé/z — Xz/2
f'l lf

92
Xy, —F— X,

in which both squares are Cartesian.

It is sufficient to show that the two inner squares each satisfy base change of
Proposition For the bottom square, this is given by Proposition c).

We note now that X3/, and ng/z are ind-schemes. Hence, base change for the
top square, this is given by Proposition [2.2.2]
O
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5. Extending the formalism of correspondences to inf-schemes

In this section we will take the formalism of IndCoh to what (in our opinion)
is its ultimate domain of definition: the category of correspondences, where the
objects are all prestacks (locally almost of finite type), pullbacks are taken with
respect to any maps, push-forwards are taken with respect to ind-inf-schematic
maps, and adjunctions hold for ind-proper maps.

5.1. Set-up for extension. As a first step, we will consider the category of cor-
respondences, where the objects are ind-inf-schemes, pullbacks and push-forwards
are taken with respect to any maps, and adjunctions are for nil-closed maps. We
will construct the required functor by the Kan extension procedure from Volume I,
Chapter 8, Theorem 1.1.9.

5.1.1. We consider the category indinfSchy,¢ with the following three classes of
morphisms
vert = all, horiz = all, adm = nil-closed .
Let )
Corr(indinfSchy,g; ) 2{117';1110 sed
be the resulting (oo, 2)-category of correspondences.
5.1.2. Consider also the category
Corr(Schag )20,
and the functor

proper 1 Corr(Schyg )PP — DGCat?:Cat

IndCohcorr(Seh)Pens all;all cont >
constructed in Volume I, Chapter 5, Theorem 2.1.4.
We restrict it along
Corr(Schyag g;};}fsed — Corr(Schag glrl?;’ﬁr,
and obtain a functor

IndCOhCOrr(Sch

aft cont

yui-ctosea + COrr(Schag ;‘;};}fsed - DGCat?; 5
Note that by Volume I, Chapter 7, Theorem 4.1.3, this restriction does not lose

any information.

We wish to extend the functor Indcohcorr(schaﬁ)nlill.—cllloscd to a functor

. . : nil-closed 2-Cat
IndCOhCOrr(indinfSChlaft)glill._:;}f)sed ' Corr(lndlnfSChlaft)all;all - DGcatcont ’

along the tautological functor
Schyase — indinfSchyag: -
We will apply Volume I, Chapter 8, Theorem 1.1.9 to obtain this extension. In

the present context, the conditions of Volume I, Chapter 8, Sect. 1.1.6 are satisfied
for the following reasons:

Condition (1) is satisfied by Proposition
Condition (2) is satisfied by by Theorem [1.3.3}
Condition (3) is satisfied by by Proposition
Condition (4) is satisfied by Proposition [1.1.3]
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Condition (*) is satisfied by Corollary
5.1.3. Applying Volume I, Chapter 8, Theorem 1.1.9, we obtain:
THEOREM b5.1.4. There ezists a uniquely defined functor

. . : nil-closed 2-Cat
Indcohcorr(indinfschla“)glill.—;llloscd . Corr(lndlnfsch]aft)an;all g DGCatcont 5

whose restriction along
nil-closed s 1s nil-closed
Corr(Schagt ) aipan = Corr(indinfSchyag ) o

identifies with IndCohgyy (sch, g, ynit-closed -

aft ) all;all

Moreover, the restrictions of IndCohc gy (indinfSchy g nit-closed £0

all;all

(indinfSchy,s )P and indinfSchy,g
identify, respectively, with
IndCOhindinfSch]aﬂ and IndCOhindinfSChla& .

5.2. Adding adjunctions for ind-proper morphsisms. In this subsection we
will extend the functor from the previous subsection, where we include adjunctions
for ind-proper maps.

5.2.1.  Consider now the (oo, 2)-category

Corr(indinfSchiag ) PP,

where we enlarge the class of 2-morphisms to that of ind-proper maps.
Consider the 2-fully faithful functor

1 1 il- . . ind-
Corr(indinfSchyag )2 **® = Corr(indinfSchyag ) i b P

We are going to prove:

THEOREM 5.2.2. There exists a unique extension of the functor IndCohggyy(scn

proper
aft )all;all

to a functor

IndCoh ind-proper : Corr(indinfSChlaft);rllﬁ;lﬁroper & DGCat2-Cat

Corr(indinfSchiart )0 cont

As a formal corollary, using Volume I, Chapter 7, Theorem 3.2.2, we obtain:
COROLLARY 5.2.3. The functors
IndCoh (indintSchiar Jina-proper = INACONindintSchyar, | (indinfSchiate )imaproper
and

! a |
IndCoh (i dintS iy, i= IndCohyygingseh, r, [((indinfSchian Jind-proper) o

)ind-proper

are obtained from each other by passing to adjoints.
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5.2.4. Let us explain the concrete content of Theorem [5.2.2] and Corollary [5.2.3]

First, Corollary says that if f: X} — A5 is an ind-proper map between
ind-inf-schemes, then the functor fI"4€°h is the left adjoint of f'.

Next, let

g1
x 2L ox

f 'l lf
x, —2 5 x
be a Cartesian diagram in indinfSchy,s.
Theorem [5.1.4] says that we have a canonical isomorphism
(5.1) gh o fImdCoh o (pryIndCoh ¢ o1

If f is ind-proper, then the morphism < in (5.1]) is obtained by adjunction from
the (iso)morphism

() egz=grof
If g5 is ind-proper, then the morphism — in (5.1]) is obtained by adjunction
from the (iso)morphism

findCoh ° (gl)ind(]oh ~ (gz)indCoh ° (f/)indCoh-

In particular, a generalization of Proposition [£.5.2] holds with ‘nil-closed’ re-
placed by ‘ind-proper’.

If the ind-inf-schemes in the above diagram are schemes, then the isomorphism
(5.1) equals one defined a priori in this case by Volume I, Chapter 5, Corollary
3.1.4.

5.2.5. Note that by combining Corollary with Lemma |1.4.4] we obtain:
COROLLARY 5.2.6.

LKE(Schas)proper = (indinfSchiase Jind-proper ARACON(Sch ) proper ) = TRACON (indingSchyar )ind-proper

is an isomorphism.
5.3. Proof of Theorem [5.2.2]

5.3.1. The case of ind-schemes. Consider the category indSchy,s with the following
three classes of morphisms

vert = all, horiz = all, adm = ind-proper.
We claim that we have the following result:
THEOREM 5.3.2. There ezists a uniquely defined functor

. L[ ind-proper 2-Cat
IndCOhCorr(indSchla,ct);‘#_’;l’lmpOr . (lndschlaft)all;all - DGC&tcont )

whose restriction along
proper . ind-proper
Corr(Sch,g )all;all — Corr(indSchy,g; )all;all

identifies canonically with IndCohggpy(gen,g, ynit-elosed -
a; all;a.
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PROOF. This follows from Volume I, Chapter 8, Theorem 1.1.9 applied to the
functor
SChaft g indSchlaft .

Here the conditions of Volume I, Chapter 8, Sect. 1.1.6 are satisfied for the
following reasons:

Condition (1) holds by Proposition
Condition (2) holds by Corollary

Condition (3) holds by Proposition
Condition (4) holds by Proposition [1.4.2]
(*)

Condition (*) holds by by Corollary
O

REMARK 5.3.3. The difference between the case of ind-schemes and that of
inf-schemes that the fact that the map

LKE (Schyg, ) proper = (indintSchiase Jind.proper (MACON(Sch, 1) proper ) = TNACOR (indinSchia )ina-proper

is an isomorphism only follows a posteriori from Theorem [5.2.2] while the corre-
sponding fact for ind-schemes, i.e., the isomorphism

LKE (Sch, ) proper = (indSchiage )ina-proper 1RACON(sch
is given by Corollary

5.3.4. We are going to deduce Theorem from Theorem by applying
Volume I, Chapter 7, Theorem 4.1.3. Thus, we need to check that the inclusion

~ IndCOh(indSChlaft

att)proper ) Yind-proper

nil-closed c ind-proper
satisfies the condition of Volume I, Chapter 7, Sect. 4.1.2.
That is, we consider a ind-proper morphism
f: X > X

of objects of indinfSchy,g, and the Cartesian square:

P2
Xl X Xl E—— Xl
X

pll lf

Xl L> XQ.

The diagonal map
A;\ﬁ/;\f2 1 X - X )>(< X1
2

is nil-closed. Hence, from the ((AXl/Xz)I*“dCOh, (AXI/XQ)!—adjunction, we obtain a
natural transformation

)indCoh

(AXl/Xz o (AXl/Xz)! — IdIndCoh(?ﬁX{;Xl) .

By composing, the latter natural transformation gives rise to
(52) IdIndCoh(Xl) = (idxl)indCOh o (idX1 )! =

= (Pl)indcc}h ° (Axl/xg)indCOh © (AXl/Xz )! OPIQ - (Pl)indCOh o P!z = f! o findCOh,



148 3. IND-COHERENT SHEAVES ON IND-INF-SCHEMES

where the last isomorphism is due to the existence of the functor IndCohyy (indinfSchag )mil-closed

see Sect. [(.2.41 o
We need to show that the natural transformation is the unit of an ad-
junction. ILe., that for F; € IndCoh(X;) and F» € IndCoh(AX3), the map
(53)  Maps(f,*“"(F1), Fo) - Maps(f' o [N (Fy), f1(F2)) =
= Maps((p1):*4%" 0 py (F1), f'(F2)) > Maps(F1, f1(F2))
is an isomorphism.

We note that by Theorem the map (5.3) is the unit for the (fIndCoh fh
adjunction, when f is nil-closed.

5.3.5. Note that the natural transformation ([5.2)) is defined for any map f which
is nil-separated, i.e., one for which Ay, x, is nil-closed.

Let g: Xy — X1 be another nil-separated map between objects of indinfSchy,g.
Diagram chase implies:

LEMMA 5.3.6. For Fy € IndCoh(Xp) and Fz € IndCoh(Xs), the diagram

Maps(g™iCh (Fy), 1/(F2)) Maps(Fo, g o f1(F2))

| [ia

E3)
Maps( f1n4%0h o ginacon 2y 7y BN nrong( 7 oo £1(F2))

commutes.
5.3.7. Let us take &j = ™94} and ¢ to be the canonical embedding. By Proposi-

tion |3.1.2} it is sufficient to show that (5.3) is an isomorphism for F; of the form
gndCoh(F) for Fy € IndCoh(Xy).

Using Lemma and the fact that the map
Maps(g;"'“" (Fo), f'(F2)) -~ Maps(Fo, g' o f'(F2))

is an isomorphism in this case, since g is nil-closed, we obtain that it is sufficient
to show that ([5.3]) is an isomorphism, when the initial map f is replaced by f o g.

Thus, in proving that (5.3) is an isomorphism, we can assume that A is a
reduced ind-scheme.

5.3.8. Let us now factor f as
Xl - XS/Z - XQ,

where X35 = red . Applying Lemma again, we obtain that it is enough to
show that (5.3)) is an isomorphism for f replaced by X1 — X3/ and X35 — A
separately.

For the map X3/ — X», the assertion follows from the fact that the map in
question is nil-closed.
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5.3.9. Hence, we are further reduced to the case when f is a ind-proper map
between ind-schemes. However, in this case, the required isomorphism follows from
Theorem it follows by Volume I, Chapter 7, Theorem 4.1.3 from the existence
of the functor

IndCoh, nil-proper COI‘I’(inSCh}aft);IIl(_i Pt > DGCat2 ¢at

Corr(indSchlaft)au;all cont

whose restriction to COI’I‘(indSCh]aft)glill,_sll{)SEd is isomorphic to

IndCOhCorr(infSchlaft);‘lill;’;llfscd |Corr(indSchla& :l‘f’;ff“d .

O

5.4. Extending to prestacks. In this subsection, we will finally extend the for-
malism to the category of correspondences that has all laft prestacks as objects.
5.4.1. Consider the category PreStkj,s, and the three classes of morphisms
indinfsch, all, indinfsch & ind-proper,
where ‘indinfsch’ stands for the class of ind-inf-schematic morphisms, and ‘ind-
proper’ for the class of morphisms that are ind-proper.
Consider the tautological embedding
indinfSchlaft > PreStkIaft .

It satisfies the conditions of Volume I, Chapter 8, Theorem 6.1.5, with respect
to the classes

(all, all, ind-proper) — (indinfsch, all, indinfsch & ind-proper).

Now, consider the functor

. . T ind-proper 2-Cat
IndCohg,,, dinfSchyagy ) prover Corr(indinfSchiage ) .o - DGCat &,

and the corresponding functor
IndCohy,, ginsen, ., * (indinfSchyag ) - DGCatcons -
Clearly, the map

1 1
IndCOhPreStklaft - R’KE(indinfSChlaft)Op'_’(PYEStklaft)Op (IndCOhindinfSchlaft)
is an isomorphism.
5.4.2. Hence, by Volume I, Chapter 8, Theorem 6.1.5, from Theorem [5.1.4] we

obtain the following theorem, which is for us the ultimate version of the formalism
of ind-coherent sheaves:

THEOREM 5.4.3. There ezists a uniquely defined functor

IndCoh indinfsch & ind-proper N DGCatQ -Cat

indinfsch & ind-proper : COIT(PreStkyas ). 5. .
indinfsch;all ( a )mdlnfsch,all cont

Corr(PreStkjast )

equipped with isomorphisms

!
Indcohcorr(PreStkIa&)indinfsch&ind—propcr (PreStkias )oP = IndCOhPrcStklaft

indinfsch;all

and

IndCoh ind-proper ~ IndCoh

ind-p Corr(indinfSchyag, ) 0 Prorers

Corr(PreStkyyg ) ndinfsch & ind-proper |Corr(indinfSch1aft) ind-p

indinfsch;all

where the latter two isomorphisms are compatible in a natural sense.
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5.4.4. The concrete meaning of Theorem [5.4.3] is analogous to that of Theo-
rem with the difference that we can now consider the direct image functor
dCoh when f is an ind-inf-schematic map

fZX1—>X2,

with &7, X5 being objects of PreStkj.s, and not necessarily ind-inf-schemes. The

functor fIrdCoh satisfies base change for Cartesian squares

g1
x L x

fl b

92
Xy 2,

with vertical maps being ind-inf-schematic:

(f,)indCOh ogi N 9'2 ° findCOh.

Moreover, for f ind-inf-schematic and ind-proper, the functor fI"¢°P is the
left adjoint of f'. In this case the base change isomorphism comes by adjunction
from

(f) eg=giof
If g is ind-inf-schematic and ind-proper, the base change isomorphism comes

by adjunction from

IndCoh ° (gl)ind(}oh ~ (fl)indCoh ° (g2)£ndCoh-

*

5.5. Open embeddings. The formalism of Theorem contains the (findCoh !
adjunction for f proper.

However, it does not explicitly contain the (f', fI"d4C°h)_adjunction for f which
is an open embedding. In this subsection we will show that the latter follows
automatically.

5.5.1.  Let IndCohcorr(PreStking )inainmen.n d€N0te the restriction of the functor

IndCOhCorr(PreStklah )indinfsch & ind-proper

indinfsch;all
to

indinfsch & ind-proper
Corr(PreStkiat ) indinfschsanl © COrr(PreStKiast )i, dintsch:al e
We regard it as a functor of (oo, 1)-categories

Corr(PreStkIaft)indinfsch;all — DGCateont -

Consider the (oo,2)-category Corr(PreStkyag )i o

indinfsch;all*
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5.5.2.  We claim:

PROPOSITION 5.5.3. There exists a unique extension of IndCohcorr(PreStkia Jindintochian
to a functor

2-0
IndCohcopr(PreStia )P : Corr(PreStkyag )by - (DGCat?cftat) P

indinfsch;all indinfsch;all
ProOF. We start with the three classes of 1-morphisms in PreStk.g
indinfsch, all, isom,

and enlarge it to
indinfsch, all, open.

This enlargement satisfies the assumptions of Volume I, Chapter 8, Sect. 6.1.1.
Hence, if the functor IndCohgorr(Prestkg, )oPen exists, then it is unique.

indinfsch;all

Furthermore, to prove the existence, it is sufficient to do so for the pair of
categories
Corr(PreStkiatt Jopen;an € Corr(PreStkiag ) b

open;all’

and the functor

IndCOhCorr(PreStklaft Yopensall *— IndCOhCOrr(PreStkm& )indinfsch;all |COTT(PreStk1afc )open;all-

To construct the sought-for functor

open _Cat\2-opP
IdCOoNorr(Presti,)erer Corr(PreStkiag ) ohen .y = (DGCaty ™)

opensa open;all
we proceed as follows.
We start with the functor
: Corr(Schag )open;all =~ DGCat?:Cat

cont

IndCOhCorr(Sch

aft )open;all

and we recall that by construction (see Volume I, Chapter 5, Sect. 2.1.2), it extends
to a functor

_Cat\2-op
oven 2 Corr(Schagt )openiall = (DGCatZog™)” .

IndCOhCorr(Schaft)opema“
Now, the functor

IHdCOhCorr(PreStkIa& )open

openjall

open by Volume I, Chapter 8, Theorem 6.1.5

is obtained from IndCohcgrr(sen,;,) ;
altJopen;al

for the functor
Schag = PreStkpag .

O

6. Self-duality and multiplicative structure of IndCoh on ind-inf-schemes

In this section we will show how the formalism of IndCoh as a functor out of
the category of correspondences of ind-inf-schemes defines Serre duality on ind-inf-
schemes. This is parallel to Volume I, Chapter 5, Sect. 4.

6.1. The multiplicative structure. In this subsection we discuss a canonical
symmetric monoidal structure on IndCoh.



152 3. IND-COHERENT SHEAVES ON IND-INF-SCHEMES

6.1.1. Recall that the functor

. roper 2-Cat
IndCohcorr(seh g )Prever : Corr(Schag ) oy = DGCatgon

aft ) all;all
is endowed with a symmetric monoidal structure, see Volume I, Chapter 5, Theorem
4.1.2. Hence, the same is true for its restriction

il- 2-Ca
nil-closed * COI‘I‘(SCha& 21111;;11105()(1 - DGC&tcor(ljt% .

aft Ja]1;all

IndCOhCorr(Sch

Applying Volume I, Chapter 9, Proposition 3.3.3, we obtain:
COROLLARY 6.1.2. The functor

. N nil-closed 2-Cat
IndCohorr (indintSch g, )mil-closed * Corr(indinfSchyagg ) apan ™" = DGCat gy

all;a

carries a unique symmetric monoidal structure extending one on IndCohg gy (sen,,, nil-closed .
allja

Applying Volume I, Chapter 9, Proposition 3.1.2, from Corollary we
obtain:

COROLLARY 6.1.3. The functor

) . T ind-proper 2-Cat
IndCoh,;,, gins iy, g ymd-prover * Corr(indinfSchuas ) ). - DGCat

all;all

carries a unique symmetric monoidal structure extending one on IndCohcgrr(Seh,g, yProve: -

aft ) a1l;all

6.2. Duality. In this subsection we show that the symmetric monoidal structure
on IndCoh gives rise to Serre duality. The idea is that an ind-inf-scheme X is
canonically self-dual as an object of the category of correspondences equipped with
its natural monoidal structure.

6.2.1. By restricting the functor Indcoh(indinfschla&)ind—proper to

alljall
Corr(indinfSchiag )anzan © Corr(indinfSchyag ) b P,
we obtain a symmetric monoidal structure on the functor
IndCohgorr(indintSchiage Yanan * COTT(indinfSchyagy )anan =~ DGCateont -
As in Volume I, Chapter 5, Theorem 4.2.5, we deduce:
THEOREM 6.2.2. We have a commutative diagram of functors

op
(IndCOh(indinfSchlaft )all:all )

(Corr(indinfSchiaf )an;an) (DGCatguaiabie)op

Wl ldualiza‘cion

T IndCoh(indintSchy, g )all;all .
Corr(indinfSchiag )art;an - DGCatdualizable

As in Volume I, Chapter 5, Sect. 4.2.2, the functor w is the natural anti-
equivalence on the category Corr(indinfSchiag )an;an corresponding to interchanging
the roles of vertical and horizontal arrows. The right vertical arrow is the functor
of passage to the dual category.
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6.2.3. Let us explain the concrete meaning of Theorem [6.2.2] This is parallel to
Volume I, Chapter 5, Sect. 4.2.6.

For an individual object X € indinfSch,¢ it says that there is a natural self-
duality data on the category IndCoh(X), i.e.,

(6.1) D3 : IndCoh(X)" ~ IndCoh(X).
Furthermore, for a map f: X; — X, there is a canonical identification
(62) e (firceny

6.2.4. Below we shall write down explicitly the unit and counit functors
ex : IndCoh(X) ® IndCoh(X') - Vect and px : Vect - IndCoh(X) ® IndCoh(X)
that define the identification (6.1)).

REMARK 6.2.5. We observe that the fact that the functors ex and px do indeed
define an isomorphism (6.1)) is easy to check directly. L.e., this does not require the
full statement of Theorem [6.2.2

6.2.6. The pairing
ex : IndCoh(X) ® IndCoh(X') - Vect
is the composition
IndCoh

(px),

IndCoh(&X') ® IndCoh(X') ~ IndCoh(X x X) 2, IndCoh(&X) "—  Vect.

Here py is the map X — pt, so (py)ndCeh « PIndCoh(x Y The first map is
an isomorphism due to the fact that IndCoh(X’) is dualizable as a DG category.

The unit functor
px : Vect > IndCoh(X') ® IndCoh(X)

is the composition

! IndCoh
Vect 2% IndCoh(X) ~“— IndCoh(X x X) ~ IndCoh(X) ® IndCoh(X).
One can explicitly verify that (ex,pux) specified above define an identification
IndCoh(X)" ~ IndCoh(X)

by calculating the composition

Id ®pux ex®ld
—

IndCoh(X) ® IndCoh(X) ® IndCoh(X) = IndCoh(X).

Indeed, it can be calculated via the commutative diagram

IndCoh(X)

!

IndCoh(X) «=— IndCoh(X xX) <« — IndCoh(X)

AindCoh l 1{ (ld XA)indCOh

IndCoh(X x X) IndCoh(&X x X x X)

(Axid)!
(p2 )IndCoh l
IndCoh(X),
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and the base chase isomorphism ({5.1)) isomorphs it with the identity functor. The
other composition is calculated in the same way by symmetry.

6.2.7. For the sake of completeness, let us explicitly perform the calculation that
defines an identification (6.2)).

We can think of both functors as given by objects of
IndCoh(X;) ® IndCoh(Xs) ~ IndCoh (X x Xy)
and diagram chase shows that both are given by the object

()8 (wy),
where I'y : X1 - X x &> is the graph of f, and
Wx, = p!xl (k)
6.2.8. The datum of self-duality
D5 : ITndCoh(X)" ~ IndCoh(X)
is equivalent to that of an equivalence
(IndCoh(X)€)°? - IndCoh(X)°.
We shall refer to the above functor as ‘Serre duality’ on X', and denote it by
DSXerre.
From Theorem isomorphism (6.2]) and Volume I, Chapter 1, Proposition
7.3.5, we obtain:

COROLLARY 6.2.9. For an ind-proper map f: X1 - Xy of ind-inf-schemes, we
have a commutative diagram

Serre

(IndCoh(X1)¢)°? — = IndCoh(X;)°

(findCOh)opl lfindCoh

Serre

(IndCoh(X5)¢)°? —2— IndCoh(Xy)".

6.3. Convolution categories and algebras.
6.3.1. Asin Volume I, Chapter 5, Sect. 4.1.5, from Corollary we obtain that
the functor

IndCoh indinfsch & ind-proper N DGCatZ -Cat

indinfsch & ind-proper - Corr(PreStklaft)indinfsch;all cont

indinfsch;all

Corr(PreStkarst )
also carries a canonical right-lax symmetric monoidal structure.
6.3.2. This allows to extend the formalism in Volume I, Chapter 5, Sect. 5 by
replacing

—the class of schematic quasi-compact maps by the class of ind-inf-schematic
maps;

-the class of schematic and proper maps by the class of maps that are ind-inf-
schematic and ind-proper.



CHAPTER 4

An appliction: crystals

Introduction

In this Chapter we will establish one of the goals indicated in the Introduction
to Part I: we will show that inf-schemes give a common framework for ind-coherent
sheaves and D-modules. In particular, we will show that the induction and forgetful
functors

(0.1) ind x : IndCoh(X) 2 Dmod(X) : oblvx
interact with the direct and inverse image functors in the expected way.

0.1. Let’s do D-modules! The usual definition of the category of D-modules on
a smooth affine scheme X is as the category

Diff x -mod,
where Diff x is the (classical) ring of Grothendieck operations.
This approach to D-modules is very explicit, and is indispensable for concrete
applications (e.g. to define regular D-modules and study the notion of holonomic-

ity). However, this approach is not particularly convenient for setting up the theory
from the point of view of higher category theory.

Here are some typical issues that become painful in this approach.

0.1.1. One often encounters the question of how to define the category of D-
modules on a singular scheme X7 The usual answer is that we first assume that
X is affine, and choose an embedding X < Y, where Y is smooth. Now, define
Dmod(X) to be Dmod(Y)x, i.e., the full subcategory of Dmod(Y") consisting of
objects with set-theoretic support on X.

Then, using Kashiwara’s lemma, one shows that this construction is canonically
independent of the choice of Y. For general X, one considers an affine Zariski cover
and glues the corresponding categories.

Note, however, that the words ‘choose an embedding X < Y’ mean that in the
very definition, we appeal to resolutions. From the homotopical point of view, this
exacts a substantial price and is too cumbersome to be convenient.

0.1.2.  Another example is the definition of the direct image functor. For a mor-
phism f: X - Y between smooth affine schemes, one introduces an explicit object

Diff x y : (Diffy ® Diff§)-mod,
which defines the desired functor
Diff x -mod — Diffy -mod.

155
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When X and Y are not necessarily smooth, one again embeds this situation into
one where X and Y are smooth. When X and Y are non-affine, this is performed
locally on X and Y.

All of this can be made to work for an individual morphism: we can prove
the proper adjunction between pullbacks and pushforwards, and the base change
isomorphism. However, it is not clear how to establish the full functoriality of the
category D-mod in this way; namely, as a functor out of the category of correspon-
dences.

0.1.3.  Another layer of complexity (=homotopical nuisance) arises when one wants
to construct D-modules together with the adjoint pair (0.1).

0.2. D-modules via crystals. In this book, we take a different approach to the
theory of D-modules. We define the category of D-modules as crystals, establish all
the needed functorialities, and then in the case of smooth schemes and morphisms
between them identify the resulting categories and functors with the classical ones
from the theory of D-modules.

0.2.1. By definition, for a laft prestack Z, the category of crystals on Z is
Crys(Z) = IndCoh(Z4r),
where Z4gr is the de Rham prestack of Z.
Let f: Z; - Z5 be a map of laft prestacks. Then !-pullback on IndCoh defines
a functor
féR : Crys(23) — Crys(Z2,).
This is the pullback functor for crystals.
0.2.2. Assume now that f is ind-nil-schematic, which means that the correspond-
ing morphism ™42, — **d2, is ind-schematics. Then one (easily) sees that the
resulting morphism
(far) : (Z21)ar = (22)ar
is ind-inf-schematic. Now, using Chapter 3, Sect. 4, we define the functor
far,» : Crys(21) — Crys(2s)
to be the functor (fqr)«. This is the de Rham direct image functor.

0.2.3. Taking Z; = Z (so that ™4 Z is an ind-scheme) and Z; = pt, we obtain the
functor of de Rham sections

Tar(Z,-) : Crys(Z) — Vect.

Moreover, the above constructions automatically extend to the data of a functor
out of a suitable (o0,2)-category of correspondences. Namely, we consider the
category PreStk),s equipped with the following classes of functors:

—‘horizontal’ maps are all maps in PreStkj,s;

~‘vertical’ maps are those maps f that **df is ind-schematic (we call them ind-nil-
schematic);

—‘admissible’ maps are those vertical maps that are also ind-proper.
One shows that the assignment Z — Z4g defines a functor

indnilsch & ind-proper indinfsch & ind-proper
Corr(PreStkiag )indnilsch;all — Corr(PreStkiag )indinfsch;all :
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Composing with the functor

indinfsch & ind-proper 2-Cat
indinfsch;all - DGcatcont ’

IndCoh indinfsch & ind-proper : COIT(PreStkiag )

(PreStKiatt)indintschsall
we obtain a functor

indnilsch & ind-proper N DGCatZ -Cat

Cryscorr(PrCStkla&)indnilsch&ind-proper : Corr(PreStklaft)indnilsch;all cont

indnilsch;all

The above functor CrySCOrr(PreStkl 1 )indnilsch & ind-proper is the desired expression
al

indnilsch;all

of functoriality of the assignment
Z — Crys(2).

0.2.4. Now suppose that Z € PreStkj,s admits deformation theory. One shows
that in the case the tautological map

PdR,z : Z — Zdr
is an inf-schematic nil-isomorphism. Hence, by Chapter 3, Prop. 3.1.2, the functor
pin,z : Crys(Z) - IndCoh(Z2)
admits the left adjoint.
Thus, we obtain the desired adjoint pair:
indgg, z : IndCoh(Z) 2 Crys(Z) : oblvgg, z.
0.2.5. But what does this have to do with D-modules? The basic observation, essen-

tially due to GrothendieckEl, is that for a smooth scheme X, the category Crys(X),
together with the forgetful functor

U x ooblvgg x : Crys(X) - QCoh(X),

is canonically equivalent to the category of right D-modules, together with its tau-
tological forgetful functor to QCoh(X).

We describe this identification in Sect. [] of this Chapter. We also show that
the functors on the category of crystals (direct and inverse image for a map f: X —
Y) described above map to the corresponding functors for D-modules under this
identification.

This is thus our ansatz to the construction of the theory of D-modules: instead
of developing the theory of D-modules directly, we develop the theory of crystals,
and then identity it with D-modules when D-modules are conveniently defined;
namely, in the case of smooth schemes.

0.3. What else is done in this chapter?

LWe learned it from A. Beilinson.
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0.3.1. In Sect. We introduce the category of crystals Crys(Z), where Z € PreStkjay; .

The key observation here is the following: let f : Z; - Z5 be a map between
prestacks such that the induced map

red g _, red
is (ind)-schematic. Then we show that the resulting map
(Z1)ar = (22)ar
is (ind)-inf-schematic.

This observation, along with the fact that pushforward is defined on IndCoh
for (ind)-nil-schematic morphisms, is what makes the theory work. ILe., this is the
framework that allows to treat the de Rham pushfoward (in particular, de Rham
(co)homology) on the same footing as the O-module pushforward (in its IndCoh
variant).

We then establish some properties, expected from the theory of D-modules:

(i) For a closed embedding i : Y < Z, the functor igr « : IndCoh()) - IndCoh(Z)
is fully faithful;

(ii) If Z is an (ind)-nil-scheme, the category Crys(Z) is compactly generated and
has a reasonably behaved t-structure.

0.3.2. In Sect. 2] we apply the results of Chapter 3, Sect. 5 and 6 and construct
Crys as a functor out of the category of correspondences.

We show that when evaluated on ind-nil-schemes, this gives rise to the operation
of Verdier duality.

0.3.3. In Sect. 3] we study the functor of forgetting the crystal structure:
oblvyg, z : Crys(Z) - IndCoh(Z),
which, in our framework, is just the pullback functor for the morphism
PdR,z : Z — Z4R-

The key observation is that if Z admits deformation-theory, then the map
Par,z is inf-schematic. Hence, in this case the functor oblvgr z admits a left
adjoint, given by (par.z )™, This left adjoint, denoted indgr. z, is the functor
of induction from ind-coherent sheaves to crystals.

When Z = X is a smooth affine scheme, under the identification
Crys(X) =~ (Diff ¥ )-mod,
the functor indggr,z corresponds to
FeF c% Diff x .

We show that if Z is an ind-scheme, then the morphism pqg, z is ind-schematic.
We use this fact to deduce that the functor indgg, z is t-exact.
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0.3.4. In Sect. [3.3] we develop the theory of crystals relative to a given prestack
Y. Namely, for Z over ), we set

Z/ydR =2Z4r X Y
Yar
and we set
Y Crys(2) = IndCoh(Z/vyg)-
When Z = X and Y =Y are smooth affine schemes, and the map X - Y is
smooth, category /Y Crys(Z) identifies with
(DiﬁX/y)OP-mOd,

where Diff y /3 is the (classical) ring of vertical differential operators (i.e., the sub-
ring of Diff x consisting of elements that commute with functions on Y).

If Z admits deformation theory relative to ), then the morphism
Divar,z 2 = Zvar
is again inf-schematic, and hence the forgetful functor
(prvar,z)" : /¥ Crys(2) - IndCoh(2)
admits a left adjoint, given by (p/vgg, 5 )IndCol,

0.3.5. In Sect. [4 we show how to identify the theory of crystals with D-modules
in the case of smooth schemes. Our exposition here is not self contained: we make
frequent references to [GaRo2].

We first consider the case of left D-modules, and we show that the category
Crys'(X) of left crystals on a smooth affine scheme X, defined as QCoh(Xgr),
identifies with Diff x -mod.

We then show that the category of right crystals (i.e., the usual category of

crystals)
Crys"(X) := Crys(X) := IndCoh(X4gr)

identifies with (Diff x )°P-mod.

Next, we show that the functor

Tx.p - QCoh(Xgr) — IndCoh(Xar)
that identifies Crys'(X) with Crys”(X) corresponds under the above equivalences
(0.2) Crys'(X) = Diff x -mod and Crys”(X) = (Diff x )°-mod
with the functor
Crys' (X) - Crys"(X), M M @det(T*(X))[dim(X)].

Finally, we show that for a map between f: X — Y between smooth schemes,
under the identifications (0.2)), the functor

4! Diffy -mod — Diff x -mod
from the theory of D-modules corresponds to pullback
fir : QCoh(Yar) - QCoh(Xar),

and the functor
fDmod,» : Diff x -mod — Diffy -mod
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from the theory of D-modules corresponds to push-forward

far.« : QCoh(X4r) = QCoh(YyR).

1. Crystals on prestacks and inf-schemes

In this section we will reap the fruits of the work done in Chapter 3. Namely,
we will show how the theory of IndCoh gives rise to the theory of crystals.

1.1. The de Rham functor and crystals: recollections. The category Crys(X)
of crystals on a prestack X is defined to be IndCoh on the corresponding prestack
Xgr. In this subsection we recall the functor X — Xyr and study its basic proper-
ties.

1.1.1. For Z € PreStk, we denote by Zgr the corresponding de Rham prestack,
defined as

Maps(S, Zar) := Maps ("9, 2),
for S e Sch®.

For a morphism f: Z! - 22, let fqr : Zig ~ 23z denote the corresponding
morphism between deRham prestacks.

1.1.2. Note that the functor dR commutes both with limits and colimits.

Also, note that
Zar = (" 2)ar.

So, if a morphism f : Z; — 2, is a nil-isomorphism (i.e., 42, - ™42, is an
isomorphism), then (Z1)qr = (22)4r is an isomorhism.

1.1.3. We claim:
PROPOSITION 1.1.4. The functor dR takes PreStkyag to PreStky.s.
PROOF. Let Z be an object of PreStky.s;. We need to show that Zqr satisfies:

e It is convergent;
e For every n, the truncation =" Z belongs to <"PreStkis.

The convergence of Z4r is obvious. To show that <" Z € <"PreStkys, it suffices
to show that Zqg takes filtered limits in Sch®® to colimits in Spc. However, this
follows from the fact that the functor

S > redS, Schaff _, red Schaff

preserves filtered limits, and the fact that red 7 ¢ red PreQik s

1.2. Crystals. In this subsection we introduce the category of crystals.
1.2.1. Composing the functor dR : PreStkj,s — PreStkj,g with
IndCohp,.gy, . * (PreStkia)°® = DGCateont,
we obtain a functor denoted by
Crys!preStklaft : (PreStkiag )P - DGCateont -
This is the functor which is denoted Crysp, g, in [GaRo2, Sect 2.3.2].
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1.2.2. For Z e PreStkj.s we shall denote the value of Cryslpresﬂqaft on Z by
Crys(Z). For a morphism f : Z; — Z5 in PreStkj.g, we shall denote by fig
the resulting functor
Crys(Z3) - Crys(Z21).
Note that if a morphism f: Z; — 25 is a nil-isomorphism, then
fir : Crys(2,) - Crys(2))
is an equivalence.
1.2.3. For Z e PreStk, we let pgr,z denote the tautological projection:
Z - ZdR~

The map pgr,z gives rise to a natural transformation of functors

! !
ObIVdR : CrySPreStklaft g IrldCol'llz)restkldft .

For a map f: Z; - Z5, we have a commutative square of functors:

bl
Crys(2;) ——21, 1ndCoh(Z2,)
féRI Tf’
oblvgr, z,
Crys(Z22) IndCoh(Z5).

1.2.4. Finally, we make the following observation:
PROPOSITION 1.2.5. For Z € PreStky.g, the functor

Crys(2) —» . (l(ijr/n)op Crys(Z2)
€ z

is an equivalence, where C is any of the following categories:
rEdSch?tH, ClSch?tﬂr, <""S(:h?”tff, Schgg, redSehg, “'Schyy, <*°Schg, Schag -
PROOF. It is enough to show that the functor
dR : PreStkia.g — PreStkiag

is isomorphic to the left Kan extension of its restriction to C c PreStky.s for C as
above. It is sufficient to consider the case of C = "dSch?T.

First, we note that the functor dR commutes with colimits. This implies that
aff

dR is isomorphic to the left Kan extension of its restriction to <**Schjy. Hence, it
suffices to show that the functor
dR : Sch™ - PreStky,g
is isomorphic to the left Kan extension of its restriction to **4Schif.
In other words, we have to show that given Z € Sch™@ | S ¢ Sch™ and a map
redg , 7
the category of its factorizations as
A4

with 2’ € *dSch®T | is contractible.
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However, the latter is obvious as the above category has a final object, namely,
AR rch.
O

1.3. Crystals and (ind)-nil-schemes. In this subsection we introduce the class
of prestacks that we call (ind)-nil-schemes, and study the category of crystals on
such prestacks. (Ind)-nil-schemes play the same role vis-a-vis Crys as (ind)-inf-
schemes do for IndCoh.

1.3.1.  Consider the full subcategories

indnilSchiag = PreStkiag e redindSch ¢ PreStkyag
redPreStkse

and

nilSchag = PreStkiag ~ x "9Sch ¢ PreStkiag,
red PreStk s

where PreStkyas — "9PreStkys is the functor Z — "4 2.

In other words, Z belongs to indnilSchyag (resp., nilSchyag) if and only if 42
is a reduced ind-scheme (resp., scheme).

For example, we have

infSchyag € nilSchy,g and indinfSchy,g ¢ indnilSchyag

We shall refer to objects of indnilSchyag (resp., nilSchyag) as ind-nil-schemes
(vesp., nil-schemes).

1.3.2. We claim:

LEMMA 1.3.3. The functor dR takes objects of indnilSchiag (resp., nilSchyag )
to indinfSchy.g (resp., infSchyag ).

PrROOF. We have
red(ZdR) _ redZ
Now, we claim that for any Z € PreStk, the corresponding Z4r admits deformation
theory. In fact, it admits an oo-connective deformation theory: all of its cotangent

spaces are zero.
(]

1.3.4. Recall from Chapter 2, Definitions 1.6.5(a), 1.6.7(c) and 1.6.11(c), the no-
tions of (ind)-schematic and (ind)-proper maps of prestacks, as well as (ind)-closed
embeddings of prestacks.

DEFINITION 1.3.5.
(a) We shall say that a map of prestacks is (ind)-nil-schematic if the map of the
corresponding reduced prestacks is (ind)-schematic.
(b) We shall say that a map of prestacks is an nil-closed-embedding(ind)-nil-closed

embedding if the map of the corresponding reduced prestacks is an ind-closed em-
bedding.

Recall the notion of an (ind)-inf-schematic map of prestacks, see Chapter 2,
Definitions 3.1.5. We have:

COROLLARY 1.3.6. The functor dR takes (ind)-nil-schematic maps in PreStKjas
to (ind)-inf-schematic maps.
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PROOF. For a map of prestacks f : Z; - Z5 and S € (Schgg)/(gz)w, the
Cartesian product

S x Z
(Zz)dR( 1)dR

identifies with
S X re S X Z .
Sy ( y l)dR

Now, we use Lemma [1.3.3] and the fact that the subactegory indinfSchy,¢ is pre-
served by finite limits.
O

1.3.7. We claim:

LEMMA 1.3.8. Let f: Z1 - Z5 be an ind-nil-proper map in PreStky.g. Then:

(a) The functor far .« : Crys(21) — Crys(22), left adjoint to fin, is well-defined,
and satisfies base change with respect to -pullbacks.

(b) If f is an ind-nil-closed embedding, then fam . is fully faithful.

PROOF. Point (a) follows from Corollary and Chapter 3, Proposition
3.2.4.

To prove point (b), we need to show that the unit of the adjunction
!
Idcrys(zl) - de © de,x—
is an isomorphism.

Consider the Cartesian square:

p1
Zl X Zl e Zl
Z2

g |

Z — Z5.
The above unit of the adjunction equals the composite map
Ideyys(z,) = (P2)dar.«0(Az, )ar.o(Az ) iro(P1)ir = (P2)dr.+0(P1)iR = fiROfaR.+)
where Az, is the diagonal map

21— 21 x 2y,
Z2

and second arrow is the co-unit of the ((Az, )dr .+, (Az, )ig)-adjunction.
Now, by base change,
! !
(P2)ar,« © (P1)ar = far © far,
is an isomorphism. Hence, it is enough to show that
! ! !
(P2)ar.» © (Az,)ar, © (Az,)ar © (P1)ar = (P2)ar, © (P1)ar
is an isomorphism as well. However, the map
!
(Azi)ar,s 0 (Bz)ar = ldorys(z, 5 21)
2
is an isomorphism, since (Az, )iy is an equivalence (because the map Az, is a

nil-isomorphism).

O
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1.4. The functor of de Rham direct image. In this subsection we develop the
functor of de Rham direct image (a.k.a., pushforward) for crystals.

1.4.1. Recall the functor
IndCohindintSchy,g, : indinfSchiag, = DGCateont,
that sends a morphism f to the functor fIn4C°h gsee Chapter 3, Sect. 4.3.
Precomposing it with the functor
dR : indnilSchy,¢ — indinfSchyg,
we obtain a functor
(1.1) CrySindnilschy,y, | indnilSchyag = DGCateont -

1.4.2. For a morphism f : Z; — Z5 in indnilSch),¢ we shall denote the resulting
functor

Crys(Z1) - Crys(Z2)
by de,*.

In other words,
farx = (far)doon,

1.4.3. From Chapter 3, Corollary 5.2.3, we obtain:

COROLLARY 1.4.4. The restriction of the functor Crys;,aniscn,.,, t0 the 1-full
subcategory

(indnilSchiafs )ind-proper € indnilSchiag
!

is obtained by passing to left adjoints from the restriction functor Crys;,anisch,,, 0
((indnilSchlaft )ind_pmper)Op C (indnilSchlaft )Op.
REMARK 1.4.5. Note that we have used the notation fqr, . when f is ind-proper

earlier (in Lemma [1.3.8), to denote the left adjoint of féR. The above corollary
implies that the notations are consistent.

1.5. Crystals on ind-nil-schemes as extended from schemes. The material
of this subsection will not be used in the sequel and is included for the sake of
completeness. We show that the theory of Crys on ind-nil-schemes can be obtained
by extending the same theory on schemes.

1.5.1. Consider the category "4Schg, and consider the functors
CrySieagap,, © (*?Schg )P — DGCatcont

and
Crysreagen,, ¢ "*Schg ~ DGCateont -

From Proposition [1.2.5| we obtain:
COROLLARY 1.5.2. The natural map

! !
CrysindniISchlaft - RKE(“’d Schgt )°P— (indnilSchyagt ) OP (Crysred Schg )

is an tsomorphism.

We are going to prove the following:
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PROPOSITION 1.5.3. The natural map

LKEreageh g, windnilSchyag (CTYSredsehy, ) = CTYSindnilSehyag
is an tsomorphism.
The rest of this subsection is devoted to the proof of this proposition.
1.5.4. Consider the 1-full subcategory of indnilSchj,g, equal to

: : red:
(lndnllsChlaft)nil-closed = PreStkias x ( indSchyag )closed~
‘“edPreStklft

Ie., we restrict 1-morphisms to be nil-closed maps.

It is enough to show that the map in Proposition[I.5.3 becomes an isomorphism
when restricted to the above subcategory. This follows by Chapter 3, Corollary 4.1.4
from Proposition and the following statement:

PROPOSITION 1.5.5.

(a) The map

!
( (1%I{E(red Schy; )oP < (indnilSchy . )P ) (Crysfed Schygy ) ) | ((indnilSchiag )nil-closed )°P

!
- RKE((red SChft )closed )Op‘_> ((indnilSChlaft )nil-closed )OP (CrySrEdSChft | ((red SChft )closed )op )

is an isomorphism.

(b) The map

LKE(red Schy ) closed = (indnilSchyagt )nil-closed (Crys“"dSChft |(”8d SChft)closed) -

— (LKEreagchg, oindnilSchiag (CTYSreasehy, )) | (indnilSchia Juitctosea
is an isomorphism.
ProoFr. Follows from the fact that for
Z € indnilSchy,g,
the category
{f:Z—>Z, Ze™Schy, fis nil-closed}

is cofinal in

{f:Z—>Z, Ze™Schg},

by Chapter 2, Corollary 1.7.5(b)
([l

1.6. Properties of the category of crystals on (ind)-nil-schemes. In this
subsection we study properties of the category Crys(Z) on a given object Z €
indnilSchy,g.
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1.6.1. We claim:

PrOPOSITION 1.6.2. The functor
Crys(Z2) —» f:léIEZ Crys(Z)

is an equivalence, where the limit is taken over the index co-category
{f:Z— Z, Ze™Schy, f is nil-closed}.
For every f:Z - Z as above, the corresponding functor
far,« : Crys(Z) — Crys(Z)

is fully faithful.

PROOF. The first assertion follows from Proposition for C =*4Scha™ and
Chapter 2, Corollary 1.7.5(b).

The second assertion follows from Lemma [1.3.8|(b).

1.6.3. Compact generation. From Chapter 3, Corollary 3.2.2 and , we obtain:
COROLLARY 1.6.4. The category Crys(Z) is compactly generated.

From Proposition combined with [DrGa2, Corollary 1.9.4 and Lemma
1.9.5], we have the following more explicit description of the subcategory

Crys(Z)° c Crys(Z2).
COROLLARY 1.6.5. Compact objects of Crys(Z) are those that can be obtained
as
far,«(M), MeCrys(2)°, Ze redSchg and f is a nil-closed map Z — Z.
1.6.6. t-structure. According to Chapter 3, Sect. 3.4, the category Crys(Z) carries
a canonical t-structure. It is characterized by the following property:
M e Crys(2)*° < oblvgr z(M) e IndCoh(2)>°.

In addition, from Chapter 3, Corollary 3.4.4, we obtain:

COROLLARY 1.6.7.
(a) An object M € Crys(Z) lies in Crys(Z)2° if and only if for every nil-closed
map f:Z — Z with Z € **4Schg we have
Jar(M) € Crys(2)*°.

(b) The category Crys(Z)=C is generated under colimits by the essential images of
Crys(Z)=° for f: Z — Z with Z € **Schg and f nil-closed.

2. Crystals as a functor out of the category of correspondences

In this section we extend the formalism of crystals to a functor out of the
category of correspondences.

2.1. Correspondences and the de Rham functor. In this subsection we show
that the de Rham functor turns (ind)-nil-schematic morphisms into (ind)-inf-schematic
ones.
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2.1.1. Recall that the functor dR commutes with Cartesian products. Combining
this observation with Lemma we obtain that dR gives rise to a functor of
(o0, 2)-categories:

ind-proper indnilsch & ind-proper indinfsch & ind-proper
Corr(dR)indnilsch;all : Corr(PreStklaft)indnilsch;all - COfr(PreStklaft)indinfsch;an .

Hence, from Chapter 3, Theorem 5.4.3 and Proposition 5.5.3, we obtain:

THEOREM 2.1.2. There exists a canonically defined functor

indnilsch & ind-proper N DGCat2 -Cat

Cryscorr(PreStkla“)indnilsch& ind-proper * Corr(PreStklaft)indnilsch;all cont

indnilsch;all

equipped with an isomorphism

!
Cryscorr(PreStklaft)indnilsch&ind-proper |(PreStk1aft)°P =~ Cj]:‘ySPreStklaft .

indnilsch;all

Furthermore, the restriction

CrySCO”(PFeStklafc Yindnilschiall - CrySCOrr(PreStklaft yindnilsch & ind-proper |COYT(PYEStk1afc )indnilsch;all

indnilsch;all
uniquely extends to a functor

i 2-o0
: Corr(PreStkyg )boren (DGCatQ-Cat) P

CI.ySCorr(PreStklaft)ml_Open indnilsch;all cont

indnilsch;all

2.1.3. As in the case of Chapter 3, Theorem 5.5.3, the content of Theorem
is the existence of the functor

far.« : Crys(Z1) - Crys(Z22)

for ind-nil-schematic morphisms of prestacks f : Z; - Z5, and of the base change
isomorphisms compatible with proper and nil-open adjunctions. Namely, for a
Cartesian diagram of prestacks

91
zl o,z

| |

92
Z ——— Zo,

with f ind-nil-schematic, we have a canonical isomorphism

L
(2.1) flar. © 91 ar = 95,ar © JaR.-

Moreover, if f is ind-proper, then fggr,« is the left adjoint of féR. Furthermore,
the isomorphism ([2.1)) is the one arising by adjunction if either fx or go is ind-
proper.

If f is a nil-open embedding (i.e., the map of the corresponding reduced prestacks
is an open embedding), then f4gr .« is the right adjoint of f(!iR. Furthermore, the
isomorphism is the one arising by adjunction if either fx or gs is a nil-open
embedding.
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2.1.4. Now, let us restrict the functor CrysCOrr(PreStkla“)andnusch&md.pmper to

indnilsch;all

. . ind-proper indnilsch & ind-proper
Corr(mdmlSchlaft)au;all c Corr(PreStkm&)imdnﬂsch;all .

We denote the resulting functor by CrySCOH(irl dnilSchyyg ) nd-prover - From Chap-
a all;all
ter 3, Theorems 5.2.2 and 5.4.3 we obtain:

COROLLARY 2.1.5. The restriction of Cryscorr(indnilschla&)in(l—proper to

alljall

indnilSchy,g, © Corr(indnilSchlaft)Ziﬁ orerer

identifies canonically with the functor Crys;,qnisen,.,. of (L1)).

2.1.6. Further restricting along
. . . ind-
Corr(nilSchag zﬁ?;’ﬁr - Corr(lndmlSchlaft)larh;;flroper7
we obtain a functor

Crys(niISChaft yproper —> (DGcatcont )2 -Cat

alljall

denoted by Crys(pigch, g, yerover-

aft ) all;all

In particular, we obtain a functor

CrysnilSchaft = Cl”}’s(schaft proper |nilSch g 5

all;all

which is also isomorphic to
CrysindnilSChlaft |nilSchag -

2.2. The multiplicative structure of the functor of crystals. In this sub-
section we show how the formalism of crystals as a functor out of the category of
correspondences gives rise to Verdier duality.

2.2.1. Duality. From Chapter 3, Theorem 6.2.2, we obtain:
THEOREM 2.2.2. We have a commutative diagram of functors

op
(CFYSCOK-x-(mdmlsa;laft Jalliall )

(Corr(indnilSchiate )aitzan ) (DGCatdualizableyop

w l l dualization

CrySCo rr(indnilSch
: . rr(indr laft)all;all .
Corr(indnilSchiag ) antan DG Catdualizable

2.2.3. Concretely, this theorem says that for Z € indnilSchy,¢ there is a canonical
involutive equivalence

(2.2) DYder: Crys(2)Y ~ Crys(2),
and for a map f: Z; - Z5 in indnilSchy,s there is a canonical identification

fc!iR = (de,*)V-
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2.2.4. As in Chapter 3, Sect. 6.2.6, we can write the unit and counit maps
Wz, : Vect - Crys(2) ® Crys(Z) and ez, : Crys(Z) ® Crys(Z) — Vect
explicitly.

Namely, €z, is the composition

A ar(Z,~
Crys(2) ® Crys(Z) ~ Crys(Z x Z) =57 Crys(2) (£ Vect,

where
Lar(Z,-) = (p2)dr,+,
and pz,, is the composition

w A %
Vect —3 Crys(2) (B2)qr Crys(Z x Z) ~ Crys(Z) ® Crys(Z).

2.2.5. Verdier duality. For Z € indnilSchy,g, let D}erdier denote the canonical equiv-
alence

(Crys(2))*" — Crys(2)°,
corresponding to the isomorphism ([2.2)).

In other words,
Verdier _ mSerre
DZ =Dz "

2.2.6. As a particular case of Chapter 3, Corollary 6.2.9, we obtain:

COROLLARY 2.2.7. Let f : Z1 = Z5 be an ind-proper map in indnilSchy,g. Then
we have a commutative diagram:

]D)Verd)er

(Crys(Z,)°)°P LR Crys(2,)°
(de,*)OPl lde‘*

Verdier

(Crys(22)°)” —2— Crys(2,)°.

In view of Corollary the above corollary gives an expression of the Verdier
duality functor on Z € indnilSchy,¢ in terms of that on schemes.

2.2.8. Conwvolution for crystals.

indnilsch & ind-proper

indnilsch;all and

Returning to the entire (oo, 2)-category Corr(PreStkya;)
the corresponding functor

IndCOh indnilsch & ind-proper ,
Corr(PreStkla& )indnilsch;all

we obtain, from Chapter 3, Sect. 6.3, that the functor

indnilsch & ind-proper = DGCatZ-Cat

Cryscorr(PreStkla&)indnilsch&ind»proper : Corr(PreStklaft)indnilsch;all ot

indnilsch;all

carries a canonical right-lax symmetric monoidal structure.

As in Chapter 3, Sect. 6.3.2, we have:
(i) Given a Segal object R® of PreStkys;, with the target and composition maps
ind-nil-schematic, the category Crys(R) acquires a monoidal structure given by

convolution, and as such it acts on Crys(X) (here, as in Volume I, Chapter 5, Sect.
5.1.1, X =R? and R = RY).
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(ii) If the composition map is ind-proper, then wr € Crys(R) acquires the structure
of an algebra in Crys(R). The action of this algebra on IndCoh(X), viewed as a
plain endo-functor, is given by

(pt)dR,* ° (pS)iiR'

3. Inducing crystals

In this section we study the interaction between the functors IndCoh and Crys.

3.1. The functor of induction. In this subsection we show that the forgetful
functor
Crys(Z) — IndCoh(Z)
admits a left adjoint, provided that Z is a prestack that admits deformation theory.
3.1.1. For an object Z € PreStky,s consider the canonical map
PdR,z : £ — ZdR.-

We claim:

PROPOSITION 3.1.2. Suppose that Z admits deformation theory. Then the map
PdR,z 15 an inf-schematic nil-isomorphism.

aff

PROOF. We need to show that for S € (Schyy )z, , the Cartesian product
(3.1) S x Z
Zar

is an inf-scheme.

Clearly, the above Cartesian product belongs to PreStky,s;, and its underlying
reduced prestack identifies with **4S. Hence, it remains to show that admits
deformation theory. This holds because the category PreStkgef.1ast is closed under
finite limits.

O

3.1.3. From Proposition and Chapter 3, Proposition 3.1.2(a) we obtain:
COROLLARY 3.1.4. Let Z be an object of PreStkqet.1afs- Then the functor
oblvyg,z : Crys(Z) - IndCoh(Z)
admits a left adjoint.

We denote the left adjoint to oblvgr z, whose existence is given by the above
corollary, by indgr, z.

3.1.5. Thus, for Z € PreStkget.1aft, we obtain an adjoint pair
(3.2) indgr, z : IndCoh(Z) 2 Crys(Z) : oblvgg, z.
We claim:

LEMMA 3.1.6. The pair (3.2]) is monadic.

PROOF. Since oblvgg, z is continuous, we only need to check that it is conser-
vative. However, this follows from Chapter 3, Proposition 3.1.2(b). O
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3.1.7. The next corollary of Proposition [3.1.2] expresses the functoriality of the
operation of induction:

COROLLARY 3.1.8. There is a canonically defined natural transformation

indgr : IndCOh(PrCStklaft)indinfsch |(PrCStkdef-1aft)indinfsch = CryS(PreStklaft)indinfsch |(PrCStkdef—laft)indinfsch7

as functors
(PreStkdef—laft)indinf—sch - Decatcont .

In particular, the above corollary says that for an ind-inf-schematic morphism
f 21 = Z5 of objects of PreStkget.1aft, the following diagram of functors commutes:

inddR,Zl

IndCoh(Z2;) Crys(21)
| [
ind
IndCoh(Z25) e Crys(Z2).

3.2. Induction on ind-inf-schemes. In this subsection, let Z be an object of
indinfSchy,¢. We study the interaction of the induction functor with that of Serre
and Verdier dualities.

3.2.1. We have:
LEMMA 3.2.2. The functor indggr, z sends IndCoh(Z)¢ to Crys(Z)°.

Proor. Follows from the fact that the functor oblvgr, z is continuous and
conservative.

O

3.2.3. Induction and duality. Let us apply isomorphism Chapter 3, Equation (6.2)
to the map

PdR,z : Z = Z4R.
‘We obtain:

COROLLARY 3.2.4. Under the isomorphisms
D57 : IndCoh(Z)Y ~ IndCoh(Z) and DY : Crys(2)Y =~ Crys(2),
we have a canonical identification
(oblvgg,z)" ~ indgg, z.
In addition, by Chapter 3, Corollary 6.2.9

COROLLARY 3.2.5. The following diagram of functors commutes:

Serre

(IndCoh(Z)¢)°? —Z— IndCoh(Z)¢

(inddR,Z)OPl linddR,z

Verdier

(Crys(2)9)® —2 . Crys(Z)".
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3.2.6. Induction and t-structure. Recall that by the definition of the t-structure on
Crys(Z), the functor oblvgg, z is left t-exact. We claim:

COROLLARY 3.2.7. Assume that Z is an ind-scheme. Then the functor indgg, z
s t-exact.

ProorF. The fact that indgg, z is right t-exact follows by adjunction. To show
that it is left t-exact we use Chapter 3, Lemma 3.4.6: we have to show that the
PdR,z is ind-schematic.

Indeed, for S € Sch® and S — Zgg, the Cartesian product

S x Z
Z4r
identifies with the formal completion of S x Z along the graph of the map ™95 —
Z. |

3.3. Relative crystals. In this subsection we describe how the discussion of crys-
tals generalizes to the relative situation.

3.3.1. Let Y be a fixed object of PreStkj,s;. Consider the co-category
(PreStklaft )/y
and the corresponding (oo, 2)-category

indinfsch & ind-proper
COI‘I‘( (PreStkIaft )/y)indinfsch;all :

Restricting the functor IndCoh indinfsch & ind-proper along the forgetful func-

indinfsch;all

(PreStkiart )
tor

indinfsch & ind-proper inf-proper
Corr((PreStklaft)/y)indinfsch;all - COI‘I‘(PI‘GStk]a& )inf—sch;all ’

we obtain the functor

IndCoh indinfsch & ind-proper N DGC&t2 _Cat

indinfsch;all cont

indinfsch & ind-proper + Corr ( (PreStklaft ) YAY )

indinfsch;all

with properties specified by Chapter 3, Theorem 5.4.3.

Corr((PreStkiagt )y )

In particular, let

IndCOhI(PreStklaft : ( (PreStklaft )/3} )Op - DGC&tcont

)y
be the resulting functor.
3.3.2. The category (PreStkjas);y has an endo-functor, denoted by IYdR:

Z (= Z/ydR = ZdR y>< y
dR

Corollary implies that the functor /YdR gives rise to a functor
((PreStkiatt ) /v )indnitseh = ((PreStkiat: ) /y ) indinfsch-

Hence, /YdR induces a functor

(3.3)  Corr((PreStkiag )y )ind‘prOper — Corr((PreStkyag ) /y)iﬁjgﬁggﬂfﬁnd‘pmper.

indnilsch;all

indinfsch & ind-proper With /ydR7 we ob-

indinfsch;all

Thus, precomposing IndCohCorr((PreStkm&)/y)

tain the functor

A% . ) . ind-proper 2-Cat
CrybCorr((PreStklaft)/y)’“d'p”’per : Corr((PreStkIaft)/y)indnilsch;au e DGcatcont .

indnilsch;all
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3.3.3. Let
/ycryS!(PreStkmft)/y : ((Prestklaft)/y)op - DGcatCOnt

and
/ycrys((PreStklaft )/ )indnilsch - ((PreStkiag )/y)indnﬂs‘?h - DGCatcont

denote the corresponding functors obtained by restriction.

For a map Z; » Z5 in (PreStkiagt )indnilsch, we shall denote by f!ydR and fyqg «
the corresponding functors

1YCrys(2,) s 17 Crys(2s).
These functors are adjoint if f is ind-proper/nil-open.

3.3.4. Let /YindnilSchi,y denote the full subcategory of (PreStkiat: )y given by
the preimage of (indinfSchyag; )/ under the functor IY4R.

Restricting the functor /ycryscorr((PreStkla“)/y)ind-proper to

indnilsch;all

Corr(/YindnilSchyag ) PP ¢ Corr((PreStkiag ) /Y )ind-proper

all;all indnilsch;all?
we obtain the functor

/yCrySCorr(/yindniISchhft)i“d'pmper : Corr(/yindnﬂschlaft)lnd_prOper d DGCa,t2-Cat .

all;all all;all cont

Furthermore, for an object Z of /YindnilSchy,g, the category /¥ Crys(Z2) satis-
fies the following properties:

(1) The category /YCrys(Z) is compactly generated, and is self-dual in the
sense of Theorem 2.2.21

(2) The category /YCrys(Z) carries a t-structure in which an object F is
coconnective if and only if its image under the forgetful functor

oblv/yg z : /¥ Crys(Z) — IndCoh(Z)

. . !
is coconnective, for oblv/yqg z = (p/var.z)’s Where pygr z denotes the
canonical morphism

(3) If Z admits deformation theory over Y (see Chapter 1, Sect. 7.1.6 for
what this means), then the morphism p/yqr z is an inf-schematic nil-
isomorphism, and hence the functor oblv,yqg z admits a left adjoint,
denoted ind/yg z-

REMARK 3.3.5. The essential difference between Crys and /YCrys is that for
Z € (PreStkiag )y, the category Y Crys(Z) depends not just on the underlying
reduced prestack. E.g., for Z =),

Y Crys(Z) = IndCoh(Y).
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3.3.6. Assume for a moment that ) =Y is a smooth classical scheme, and Z = Z is
also a classical scheme smooth over Y. Then, as in [GaRo2| Sect. 4.7], one shows
that the category
Y Crys(Z)

identifies with the DG category associated with the abelian category of quasi-
coherent sheaves of modules on Y with respect to the algebra of ‘vertical’ differential
operators, i.e., the subalgebra of Diff (Z) that consists of differential operators that
commute with Oy .

4. Comparison with the classical theory of D-modules

In this section we will identify the theory of crystals as developed in the previous
sections with the theory of D-modules.

This section can be regarded as a companion to [GaRo2| Sects. 6 and 7], and
we shall assume the reader’s familiarity with the contents of loc. cit.

4.1. Left D-modules and left crystals. In this subsection we will recollect
(and rephrase) the contents of [GaRo2| Sect. 5]. Specifically, we will discuss the
equivalence between the category of left D-modules on a smooth scheme X and the
category of left crystals on X.

4.1.1. Let X be a classical scheme of finite type. Consider the category QCoh(X x X)¥
and its full subcategory (QCoh(X x X)a, )Y, consisting of objects that are set-
theoretically supported on the diagonal. Let

(QCOh(X x X) Ay )rernar © QUo(X x X)a )"

be the full subcategory, consisting of objects that are X-flat with respect to both
projections
Ps,pr: X x X - X.

The category (QCoh(X x X)a )Y qac has a naturally defined monoidal struc-
ture, given by convolution.

Moreover, we have a canonically defined fully faithful monoidal (!) functor
(4.1) (QCOL(X x X) A )rer far ~ QCOR(X x X),

where QCoh(X x X)) is a monoidal category as in Volume I, Chapter 5, Sects. 5.2.3
and 5.3.3.

4.1.2. Now suppose that X is smooth. In this case, we have a canonically defined
object
Diff x € AssocAlg ((QCoh(X x X)ax )fel.ﬁat)) ,

namely, the Grothendieck algebra of differential operators.
Composing with the monoidal equivalence
QCoh(X x X)) — Functeont (QCoh(X), QCoh(X)),
we obtain that Diff x gives rise to a monad on QCoh(X).

We consider the category Diff x -mod(QCoh(X)). Tt is equipped with a t-
structure, characterized by the property that the tautological forgetful functor
Diff x -mod(QCoh(X)) - QCoh(X) is t-exact.
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The category Dmod'(X) of left D-modules on X is defined as the canonical DG
model of the derived category of the abelian category (Diff x -mod(QCoh(X)))".

As in [GaRo2| Proposition 4.7.3] one shows that the canonical functor
(4.2) Dmod'(X) - Diff x -mod(QCoh(X))
is an equivalence.
4.1.3. Let X be any scheme almost of finite type. Recall the category

Crys'(X) := QCoh(X4R),
see [GaRo2l Sect. 2.1]. Tt is equipped with a forgetful functor
oblvéR’X : Crys' (X)) - QCoh(X).
Assume now that X is eventually coconnective. According to [GaRo2, Propo-

sition 3.4.11], in this case the functor oblvfiR’ x admits a left adjoint, denoted
indfiR, x, and the resulting adjoint pair of functors

indgg, x : QCoh(X) 2 Crys'(X) : oblvy x,
is monadic.
The corresponding monad is given by an object
DY € AssocAlg(QCoh(X x X)a, ).
Le., we have an equivalence
Crys'(X) = D -mod(QCoh(X)).
4.1.4. Again, assume that X is smooth. In this case one easily shows (see, e.g.,
[GaRo2l, Proposition 5.3.6]) that
D € (QCOh(X x X))ot fat-

Moreover, it is a classical fact (reproved for completeness in [GaRo02l Lemma
5.4.3]) that there is a canonical isomorphism in AssocAlg ((QCoh(X x X)a )v fat):

(4.3) DY ~ Diff x .
In particular, we obtain a canonical equivalence of categories
Dmod(X) = Diff x -mod(QCoh(X)) = Dy-mod(QCoh(X)) = Crys'(X),
compatible with the forgetful functors to QCoh(X).

We denote the resulting equivalence Dmod'(X) — Crys'(X) by F&.
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4.1.5. Let f: X — Y be a morphism between smooth classical schemes. In the
classical theory of D-modules, one defines a functor

%t Dmod' (V) - Dmod'(X)
that makes the diagram

Al
Dmod'(Y) —1—— Dmod'(X)

(4.4) 1 loblvim,x

QCoh(Y) —— QCoh(X)
commute.

Also recall (see [GaRo2| Sect. 2.1.2]) that for a map f : X — Y between
arbitrary schemes almost of finite type, we have a functor

P Crysl (V) = Crys! (X,

that makes the diagram

N

! f! !
Crys'(Y) —— Crys (X)

(4.5) l l

QCoh(Y) —— QCoh(X)

comimute.

The following can be established by a direct calculation:

LEMMA 4.1.6. The following diagram of functors naturally commutes

Al
Dmod'(Y) —2—— Dmod'(X)

F;j jF;

! i l
Crys'(X) —— Crys'(X),

in a way compatible with the forgeftul functors to QCoh(-).

4.2. Right D-modules and right crystals. In this subsection we will discuss
the equivalence between the category of right D-modules on a smooth scheme X,
and the category Crys(X), considered in the earlier sections of this Chapter.

4.2.1. Note that for any scheme X, the monoidal category QCoh(X x X) carries a
canonical anti-involution, denoted o, corresponding to the transposition acting on
X xX.

In terms of the identification
QCoh(X x X) ~ Functeont (QCoh(X), QCoh(X)),

we have
o(F)~FY, F €Functeon(QCoh(X),QCoh(X)),
where we use the canonical identification
D3V : QCoh(X)Y = QCoh(X),
of Volume I, Chapter 6, Equation (4.2).
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In particular for an algebra object A in QCoh(X x X), we can regard o(A°P)
again as an algebra object in QCoh(X x X), and we have

(4.6) (M) = My (aovy,

where Mp denotes the monad on QCoh(X), corresponding to an algebra object
B e QCoh(X).

4.2.2. Let X be smooth. Consider the object
o(Diff) € AssocAlg ((QCoh(X x X) Ay el fiat)) »
and the corresponding category
o(Diff ¥ )-mod(QCoh(X)).

The category Dmod” (X)) of right D-modules on X is defined as the canonical
DG model of the derived category of the abelian category (U(Diﬁ"gf)—mod(QCoh(X)))v.

As in [GaRo2| Proposition 4.7.3] one shows that the canonical functor
(4.7) Dmod" (X) - o(Diff{)-mod(QCoh(X))
is an equivalence.

4.2.3. Let X be a scheme almost of finite type. For the duration of this section,
we will denote by

Crys"(X) := Crys(X) := IndCoh(X4r),
where the latter is defined as in Sect. and by
ind{ y : ITndCoh(X) 2 Crys"(X) : oblvyy x

the corresponding pair of adjoint functors from (3.2)). I.e., we are adding the super-
script ‘t’ (for ‘right’) to the notation from Sect. |1.2.2|to emphasize the comparison
with right D-modules.

Let D% be the object of AssocAlg(IndCoh(X x X)a, ), corresponding to the
monad

T . T
0blVdR’X ] lnddR,X

via the equivalence of monoidal categories

IndCoh(X x X) - Functeont (IndCoh( X ), IndCoh(X)).

By Lemma we have:
D'-mod(IndCoh(X)) ~ Crys" (X).
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4.2.4. Suppose that X is smooth. Recall that in this case the adjoint pairs
Ex : QCoh(X) 2 IndCoh(X) : ¥ x
and
=% : QCoh(X) 2 IndCoh(X) : ¥% = Tx
are both equivalences.

In this case one shows as in [GaRo2, Sect. 5.5] that there is a canonical
equivalence of categories

(4.8) F% :Dmod"(X) ~ Crys"(X),

that makes the diagram

r

Dmod" (X) I Crys"(X)

J' lOblng'X

QCoh(X) —— IndCoh(X)
commute.

REMARK 4.2.5. One can obtain the equivalence of (4.8) formally from the
corresponding computation for left D-modules.

Namely, taking into account the equivalences
(oblvhy v oindlg x)¥-mod(QCoh(X)) ~ o(Diff¥)-mod(QCoh(X)) ~ Dmod” (X)
(where the first equivalence comes from and (4.6)), and
(oblvgg x oindgg x)-mod(IndCoh(X)) = Crys"(X),
it suffices to construct an isomorphism of the monads
(4.9) U o (oblvgg x oindgg x) o Ex and (OblvfiR,X ° indﬁlR,X)vv
acting on QCoh(X).

The latter isomorphism holds for any eventually coconnective X, and follows
from the isomorphism of monads

ObIVéR,X ° indfiR,X ~Ey o (Oblng,X o indSR,X) oY,
see [GaRo2], Lemma 3.4.9].
REMARK 4.2.6. The monads in correspond to the pair of adjoint functors
'indQR’X : QCoh(X) 2 Crys(X): 'oblng,X
of [GaRo2] Sect. 4.6]. Furthermore, in terms of the
D3V : QCoh(X)Y ~ QCoh(X) and DY : Crys(X)Y ~ Crys(X),
we have the isomorphisms

('indjjg y)" = oblvig x and (‘oblvig )Y ~ind}y y.
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4.3. Passage between left and right D-modules/crystals. In this subsection
we will compare the abstractly defined functor

Tx,, : Crys'(X) - Crys"(X)

from Volume I, Chapter 6 and the ‘hands-on’ functor
Dmod'(X) —» Dmod" (X),
given by tensoring a given left D-module with the right D-module
det(T7(X))[dim(X)].

4.3.1. According to [GaRo2| Proposition 2.2.4], for any scheme X almost of finite
type we have a canonically defined equivalence

Y x5 ¢ Crys'(X) - Crys"(X),
that makes the diagram

TxXqr

Crys' (X) —&  Crys"(X)
OblvéR,Xl lObIVSR,X
Tx
QCoh(X) ——— IndCoh(X)
commute.

Concretely, the functor Y, is the functor from Volume I, Chapter 6, Sect.
3.3.4 applied to Xyr, and it is given by

M Mo WX 4R s
where ® is the action of QCoh(Xqr) (= Crys'(X)) on IndCoh(X4g) (= Crys”(X)).

4.3.2. Now, suppose that X is a smooth classical scheme. Recall that in this case
there is a canonical equivalence

(4.10) Dmod'(X) — Dmod" (X),
given by tensoring a given left D-module with the right D-module
Wpmod, x = det(T™(X))[dim(X)].
We denote the above functor by Tpmod, x-

4.3.3. We will prove:

THEOREM 4.3.4. The following diagram of functors canonically commutes:

1

Dmod' (X) X Crys'(X)
(411) TDmod,Xl lTXdR

P
Dmod" (X) —>— Crys"(X)

By applying Theorem to Ox € Dmod'(X), we obtain:

COROLLARY 4.3.5. There exists a canonical isomorphism in Crys’ (X):

(412) F)T( (WDmod,X) XWX yR -
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4.3.6. Applying the forgetful functor
oblvy x : Crys"(X) - IndCoh(X),
to the isomorphism of , we obtain:
COROLLARY 4.3.7. There exists a canonical isomorphism in IndCoh(X):
(4.13) Ex(det(T*(X))[dim(X)] 2 wx.

Note that latter corollary is the well-known identification of the abstractly
defined dualizing sheaf with the shifted line bundle of top forms.

REMARK 4.3.8. The isomorphism can be proved without involving D-
modules or crystals, by an argument along the same lines as that proving the
isomorphism in Sect. below. This argument is given in a more general
context in Chapter 8, Proposition 7.3.4.

4.4. Proof of Theorem [4.3.4]
4.4.1. First, we make the following observation, which follows from the construc-
tions:

LEMMA 4.4.2. For M e Dmod'(X) and N € Dmod"(X) we have a canonical
isomorphism

This lemma reduces the assertion of Theorem to establishing the isomor-

phism (LT2).

4.4.3. Recall that for a map f: X — Y between smooth schemes, one defines the
functor

4" :Dmod”(Y) - Dmod" (X)
by requiring that the diagram

Al
Dmod'(Y) !

(4.14) TDmod,Y l J{TDmod,X

Dmod' (X)

Dmod" (Y) N Dmod" (X)
commute.
Assume for the moment that f is a closed embedding of smooth schemes. Let
Dmod" (Y) x ¢ Dmod"(Y)
be the full subcategory consisting of objects with set-theoretic support on X.

Recall that in this case we have Kashiwara’s lemma which says that the functor
%" induces an equivalence Dmod" (Y)x — Dmod" (X).
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4.4.4. For a morphism f: X — Y between schemes almost of finite type, let
fI7: Crys” (V) - Crys™(X)
be the corresponding pullback functor, see [GaRo2] Sect. 2.3.4], i.e., fI7 = f(llR.

Assume for the moment that f is a closed embedding. Let Crys"(Y)x c
Crys"(Y) be the full subcategory consisting of objects with set-theoretic support
on X.

Recall (see [GaRo2, Proposition 2.5.6]) that in this case the functor f" in-
duces an equivalence Crys" (Y)x — Crys"(X).

4.45. Let f: X - Y be a closed embedding of smooth classical schemes. The
next assertion also follows from the constructions:

LEMMA 4.4.6. Under the equivalences
47 :Dmod"(Y)x — Dmod" (X) and f"": Crys"(Y)x — Crys(X),
the diagram

Dmod"(Y) x I, Crys"(Y)x

P
Dmod”(X) —>— Crys"(X)
commutes.

As a corollary, we obtain:

COROLLARY 4.4.7. For a closed embedding of smooth schemes f: X =Y, the
diagram

Dmod" (Y) L N Crys"(Y)

| E

FT .
Dmod"(X) —>— Crys"(X)
commutes.

ProoF. Follows from the fact that the functor f4 (resp., f'") factors through
the co-localization Dmod”(Y) - Dmod" (Y ) x (resp., Crys"(Y) — Crys"(Y)x). O
4.4.8. We are finally ready to construct the isomorphism (4.12)) and thereby prove
Theorem 3.4
Consider the object
WDmod,X ® WDmod, X = Whmod, xxx € Dmod” (X x X).

Consider the isomorphism

(4.15) F%o A)‘(’T (WDmod, xxx ) = AP o F%«x (Wbmod,x ® WDmod, X )
of Corollary

On the one hand,

T A ~ T A r ~
Fyx o AV (Wbmod,xxx) = F'x 0 A" 0 Tomod, xxx (Oxxx) =

~ F% 0 TDmod, X © A)A(’Z(OXXX) = F% 0 Tomod,x (Ox) = Fx (Wbmod, x )-
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On the other hand,
AT 0 F% ¢ (Wbmod.X B Whmod. x ) = AT (F% (Wpmod, x ) ® Fi¥ (Whmod x ) =
 F (Wimod,x) ® F% (@bmod.x):
where é denotes the symmetric monoidal operation on Crys"(X), i.e., the é tensor

product on IndCoh(Xgr).
Thus, from (4.15)) we obtain an isomorphism

F% (Wbmod,x) = Fx (Wbmod, x ) Q!@ F% (Wbmod, x )
in Crys"(X).
Now, it is easy to see that F'y (wWpmod,x ) is invertible as an object of the sym-
metric monoidal category Crys™ (X).
This implies that F%(wpmoa,x ) is canonically isomorphic to the unit object,

ie., wx,g, as required.

4.5. Identification of functors. In this subsection we will show that the pullback
and push-forward functors on crystals correspond to the pullback and push-forward
functors defined classically for D-modules.

4.5.1. We now show:

PRrROPOSITION 4.5.2. Let f : X — Y be a morphism between smooth schemes.
Then the diagram of functors

N
Dmod" (V) —— Dmod" (X)

| |

tor
Crys"(Y) AN Crys"(X)

canonically commutes.

REMARK 4.5.3. It follows from the construction given below that when f is
a closed embedding, the isomorphism of functors of Proposition identifies
canonically with one in Corollary {.4.7]

PRrROOF. Follows by combining the following five commutative diagrams:

Al
Dmod'(Y) —1—— Dmod'(X)

"L j jn@

Crys' (V) —— Crys'(X)
(of Lemma [4.1.6));

Al
Dmod'(Y) ——— Dmod!(X)
TDmod‘Yl lTDmod,X
fA r

Dmod" (Y) SN Dmod" (X)
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(of diagram ([4.14)));
T,
Crysl(Y) AN CYYSZ(X)

Tyyr l l Txar

tor
Crys"(Y) AN Crys"(X),

(of Volume I, Chapter 6, Sect. 3.3) and finally the diagrams (4.11)) for X and Y,
respectively.
O

4.5.4. Recall that for a map f : X - Y between smooth schemes, we have a
canonically defined functor

JDmod,+ : Dmod” (X)) - Dmod" (Y').
For a smooth scheme X we let I'pmoq (X, —) denote the functor
Dmod" (X) — Vect

equal to (Px)Dmod, -
Note that Verdier duality defines an equivalence
D4 : Dmod” (X)" - Dmod” (X),
characterized by the fact that its unit and counit maps are

Whmod, X (AX)Dmod,*

UDmod, x : Vect — Dmod"(X) "—  Dmod"(XxX) ~Dmod"(X)®Dmod" (X),

and

Ax)br mod (X,—
ebmod.x : Dmod” (X)@Dmod” (X) = Dmod” (XxX) 24" Dmod” (x) "*"255 ) Veet,

respectively.
4.5.5. We claim:

PRrROPOSITION 4.5.6. The diagram of functors

Verdier

Dmod”(X)" —*— Dmod"(X)

(FI()VT JFQ

Verdier

D
Crys"(X)" ——— Crys"(X)
canonically commutes.

PrROOF. It is enough to establish the commutation of the following diagram:

HDmod, X
_

Vect Dmod" (X) ® Dmod" (X)

Idl lF§(®F§

d

Vect ——dn, Crys"(X) ® Crys"(X).
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Recall the description of the functor ex,, is Sect. [2.2.4] Thus, taking into
account the isomorphism (4.12)), it suffices to show that the diagram

(Ax)Dmod,*
_

Dmod" (X) Dmod" (X x X)

A *
Crys"(X) (Ban- Crys" (X x X)
commutes.

However, this follows by adjunction from the commutation of the diagram

r (AX)A’T r
Dmod"(X) «———— Dmod" (X x X)

Ax)br
Crys (X)) <2270 Crys™ (X x X)),
while the latter commutes by Proposition [£.5.2]

As a consequence of Proposition [4.5.6] we obtain:
COROLLARY 4.5.7. For a smooth scheme X, the following diagram of functors
canonically commutes

Dmod" (X) I Crys"(X)

FDmod(Xﬁ)l leR(X»*)

1d
Vect ———  Vect.

PRrROOF. Obtained by passing to the dual functors in the commutative diagram

Dmod" (X) Ix Crys"(X)

WDmod, X T TWXdR

1d
Vect — >  Vect.

4.5.8. Finally, we claim:

PROPOSITION 4.5.9. For a map f: X = Y between smooth schemes, the fol-
lowing diagram of functors canonically commutes:

fDxnod,ae

Dmod" (X) Dmod"(Y)

7| |

far,«

Crys"(X) —— Crys"(Y)
PRrROOF. We factor the map f as
xhxxvLhy,
where f; is the graph of f, and fs is the projection to the second factor.
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Hence, it is enough to establish the commutativity of the diagrams

(f1)Dmod,
—

Dmod" (X) Dmod" (X xY)
(4.16) F;l lF;XY
r (f1)ar, r
Crys"(X) ——— Crys"(XxY)
and
r (f2)Dmod, r
Dmod" (X xY) —— Dmod" (Y)
(4.17) P | |7
r (f2)ar,» r
Crys"(X xY) —— Crys"(Y),
respectively.
Now, the commutation of (4.16) follows by adjunction from the commutation
of
r (C R r
Dmod"(X) «<—— Dmod" (X xY)

F;(l lF;(xY

r (f)br r
Crys"(X) «<—— Crys"(XxY),

given by Proposition
To establish the commutatition of (4.17) we rewrite it as

mod (X,-)®ld .

Dmod"(X) ® Dmod"(Y') LomedEOM b od (Y)
FY ®F§}l lF;

Crys"(X) ® Dmod" (Y) Lan(X D)ol Crys"(Y),

and the result follows from Corollary [£.5.7}
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Formal geometry






Introduction

1. What is formal geometry?

By ‘formal geometry’ we mean the study of the category, whose objects are
PreStkiafi-def, and whose morphisms are nil-isomorphisms of prestacks.

In the course of this part, we will see that this category provides a convenient
and flexible framework for many geometric operations:

e Taking quotients with respect to a groupoid;

e Correspondence between group-objects (over a given base X) and Lie
algebras in the symmetric monoidal category IndCoh(X);

e Considering differential-geometric constructions such as Lie algebroids,
their universal enveloping algebras, Hodge filtration, etc.

One of the features of the theory presented in this part is that it is really very
general. E.g., when establishing the correspondence between formal groups over X
and Lie algebras in IndCoh(X’), there are no additional conditions: we really take
all group-objects and all Lie algebras (no finiteness conditions).

1.1. We begin this part with the short Chapter IV.1 that discusses formal moduli
problems. The main theorem of this chapter says the following:

For an object X € PreStkjasi-qef, consider the following two categories: one is
the category
FOI‘IHMde/ = (PreStklaft-def)nil-isom from X -

ILe., it consists of prestacks locally almost of finite type that admit deformation
theory and receive a nil-isomorphism from X.

Another is the category FormGrpoid(X) of groupoid objects in (PreStkjaft_def ) nil-isom
acting on X (i.e., the groupoids whose 0-th space is X itself).

The Cech nerve construction defines a functor
(1.1) FormMod x; - FormGrpoid(&').

Now, the main result of this chapter, Chapter 5, Theorem 2.3.2, says that the
functor (1.1)) is an equivalence.
1.2. We denote by Bx the functor inverse to (1.1)). This is the functor of taking
the quotient with respect to a groupoid.

A feature of our proof of the equivalence (1.1]) is that it is constructive. Le.,
given a groupoid R® over X (i.e., R® = &), we explicitly describe the prestack
Bx(R®).

We note, however, that the natural map
IR*| > Bx(R*),

189
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is not an isomorphism, where |R°®| is understood as a geometric realization in the
category PreStkj,g. The problem is that [R®| understood in the above way will not
in general admit deformation theory.

1.3. By a formal moduli problem over a given object X € PreStkj,sx we mean an
object

y € (PreStklaft)/X,
such that the morphism ) — X is an inf-schematic nil-isomorphism. l.e., for any
S > X with S e <"°Sch§ff7 the prestack S % Y should admit deformation theory and

the map
rcd(S % y) N rcdS
x
should be an isomorphism.
Let FormMod,» denote the category of formal moduli problems over X'.

By a formal group over X we mean an object of the category Grp(FormMod,x ).
It follows formally from the equivalence (|L.1)) that the loop functor defines an equiv-
alence

Qx : Ptd(FormMod, ) - Grp(FormMod, x ).

We denote by By the inverse equivalence. Thus, we obtain that any H e
Grp(FormMod, ») admits a classifying space
Bx(H) € Ptd(FormMod, x ).

1.4. Let us add a comment here that explains the link between our theory and
that developed in [Lu6].

Suppose that X' = X € <°°Sch?tﬂ. We have the forgetful functors
FormMod x; — (PreStkias ) x; and FormMod, x — (PreStkias: )/ x

Le., objects of the category FormMod x, (resp., FormMod, x) are prestacks (locally
almost of finite type) under X (resp., over X) satisfying a certain condition. I.e.,
at the end of the day, they are functors

(<*°Schi™)°P - Spe.
We show, however, that the information of an object of FormMody, (resp.,

FormMod, x ) is completely determined by the restriction of the corresponding func-
tor to a much smaller category. Namely, the category in question is

(12) ((<MSChaﬂ)nil—isom from X )Op
in the case of FormMody, and
(13) ((<ooSCh?tH)nil—isom to X)Op

in the case of FormMod, x.

ILe., in order to ‘know’ a formal moduli problem under X, it suffices to know
how it behaves on schemes infinitesimally close to X.

For example, if X = pt, the categories (1.2)) and (1.3) both identify with the
category of connective k-algebras A with finite-dimensional total cohomologies, and
H°(A) being local. So, functors out of this category (satisfying the appropriate



2. LIE ALGEBRAS 191

deformation theory condition) are indeed what is traditionally called a ‘formal
moduli problem’.
2. Lie algebras

In Chapter IV.2 we make a digression to discuss the general theory of Lie
algebras (in a symmetric monoidal DG category O).

The material from this chapter will be extensively used in Chapter IV.3, where
we study the relation between formal groups and Lie algebras.

2.1. The main actors in this chapter are the mutually adjoint functors
(2.1) Chev™™ : LieAlg(0) 2 CocomCoalg™#(0) : coChev™

that relate the category LieAlg(O) of Lie algebras in O to the category CocomCoalg™"¢(O)
of augmented co-commutative co-algebras in O.

The main point is that the functors in (2.1)) are not mutually inverse equiva-
lences. But they are close to be such.

2.2.  We remind that the composition of Chev®™ with the forgetful functor
oblvoocomans : CocomCoalg™®(0) - O
is the the functor, denoted Chev, which is by definition the left adjoint to
trivyie o [-1]: O — LieAlg(O),
where trivy;e is the functor of the ‘trivial Lie algebra’.
The composition of coChev®™ with the forgetful functor
oblvy : LieAlg(O) - O
is the functor, denoted coChev, which is by definition the right adjoint to the functor
trivoocom © [1] 1 O = CocomCoalg™®(0),
where trivcocom is the functor of the ‘trivial co-commutative co-algebra’.
In other words, the functor
[1] o coChev : CocomCoalg™€(0) -~ O

is the functor Prim of primitive elements.

2.3. Let us now describe the two main results of this chapter, Theorems 4.4.6 and
6.1.2.

Consider the composition
(2.2) Grp(Chev™) o Qp 4 : LieAlg(0) - CocomHopf(O).

Theorem 4.4.6 says that the functor (2.2) is fully faithful. I.e., although the

functor Chev®™ fails to be fully faithful, if we compose it with loop functor and
retain the group structure, it becomes fully faithful.

Theorem 6.1.2 says that the functor (2.2)) identifies canonically with the functor
UHoPf of universal enveloping algebra (viewed as a Hopf algebra).
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2.4. Note also that the right adjoint of the functor (2.2) is a functor
(2.3) CocomHopf(0O) — LieAlg(O)

that makes the following diagram commutative:

CocomHopf(O) SblVasece, CocomCoalg™é(0)
l lPrim
LieAlg(O) e O,

where oblv agsoc is the natural forgetful functor, and Prim is the functor of primitive
elements.

The above commutative diagram may be viewed as an ultimate answer to the
question of why the tangent space to a Lie group has a structure of Lie algebra:
because the tangent fiber of a co-commutative Hopf algebra, viewed as a mere
augmented co-commutative co-algebra, has a structure of Lie algebra.

The latter observation will be extensively used in the next chapter, i.e., Chap-
ter 7.

3. Formal groups vs. Lie algebras

In Chapter 7 we establish an equivalence between the category of formal groups
(over a given X € PreStkj,g) and the category LieAlg(IndCoh(X)).

3.1. Assume first that X = X € <""Sch?tff. Our first step in defining the functors
that connect formal groups and Lie algebras in IndCoh(X) is to set up a kind of
‘covariant formal algebraic geometry’.

What we mean by this is that we define a pair of mutually adjoint functors

(3.1) Distr©ocom™ . Ptd(FormMod, y) 2 CocomCoalg™#(IndCoh(X)) : Spec™ .

The functor Distr®™" sends an object (Y Lx ) € Ptd(FormMod, x ) to

fimdCeh ()1} € IndCoh(X),

with the co-commutative co-algebra structure coming from the diagonal morphism
Y-y )>§ Y, and the augmentation from the section X — ).

The functor Spec™ is defined as the right adjoint of Distr©oc™™

We should warn the reader that the situation here, although formally analogous,
is not totally parallel to the usual algebraic geometry. In particular, the functor
Distr™™ is not fully faithful.
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3.2. A basic example of an object in Ptd(FormMod,x) is a vector group, denoted
Vectx (F), associated to F € IndCoh(X).

For (X' % X) e Ptd(**Scha)), we have
(3.2) Maps (X', Vectx (F)) = Mapsy,acon(x) (Distr™ (X"), F),
where

Distr* (X') := Fib(¢™4 M (wx/) - wx).

One shows that
Vectx (F) = Spec™ (Sym(F)).

Note that formula (3.2]) is parallel to the definition of the affine scheme V.
associated to a finite-dimensional vector space V in algebraic geometry, i.e., V =
Spec(Sym(V*)); namely, we have

Hom(X,V)~T(X,0x) o V.

3.3. We are now ready to describe the mutually inverse functors
(3.3) Lie : Grp(FormMod, x ) 2 LieAlg(IndCoh(X)) : exp.
The functor Lie is the composition of the functor
Grp(DistrCocom™y ; Grp(FormMod, x ) - Grp(CocomCoalg™®(IndCoh(X))) =
= CocomHopf(IndCoh (X))
and the functor

CocomHopf(IndCoh (X)) — LieAlg(IndCoh(X))
of (Z3).

3.4. One shows that the composition

OblVLiC

Grp(FormMod, x ) Lig LieAlg(IndCoh(X)) —" IndCoh(X)

is the functor

oblvg,p —
Grp(FormMod, x ) — Ptd(FormMod/X)y T IndCoh(X).

Le., the object of IndCoh(X) underlying the Lie algebra of # € Grp(FormMod, x )
is the tangent space of H at the origin, as it should be.

3.5. The functor exp is defined as the composition of
Grp(Chev®™) o Q4 : LieAlg(IndCoh (X)) — CocomHopf (IndCoh(X)) =
= Grp(CocomCoalg™®(IndCoh(X)))
and the functor

Grp(Spec™) : Grp(CocomCoalg™ & (IndCoh(X))) — Grp(FormMod,x ).

Knowing the equivalence (3.3), one can interpret in its terms the adjunction
(3.1). Namely, it becomes the adjunction (2.1) for the category O = IndCoh(X).
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3.6. We note that it follows from Chapter 6, Theorem 4.2.2 that the composed
functor

oblvg,p o exp : LieAlg(IndCoh (X)) — Ptd(FormMod, x)
is isomorphic to

oblvyc Vect x (=)

LieAlg(IndCoh(X)) "—" IndCoh(X) — " Ptd(FormMod,x).

Le., the object of Ptd(FormMod, x ) underlying a formal group H is canonically
isomorphic to the vector group Vectx (T(H/X)|x).

Using this fact, one shows that the functors exp, and hence Lie, are compatible
with base change with respect to X, and thus give rise to an equivalence

Lie : Grp(FormMod, x ) 2 LieAlg(IndCoh(X)) : exp
for any X € PreStky,g.

4. Lie algebroids
In Chapter IV.4 we initiate the study of Lie algebroids.

4.1. Lie algebroids are defined classically as quasi-coherent sheaves with some
extra structure, while this structure involves a differential operator of order one.
Because the definition of Lie algebroids involves explicit formulas, it is difficult to
render it directly to the the world of derived algebraic geometry.

For this reason, we take a different approach and define Lie algebroids via
geometry. Namely, we let the category of Lie algebroids LieAlgbroid(X’) on X «
PreStkiasi-qef be, by definition, equivalent to that of formal groupoids over X.

The reason why this definition has a chance to be reasonable is the equivalence
(3.3) between formal groups and Lie algebras.

Much of this chapter is devoted to the explanation of why Lie algebroids defined

in the above way really behave as Lie algebroids should.

4.2. We define the forgetful functor
OblVLicAlgbroid /T * LieAlgbI‘Oid(X) - IndCOh(X)/T(X),

that sends a Lie algebroid £ to the underlying quasi-coherent sheaf oblvi,calgbroid (£),
equipped with the anchor map

oblviicaigbroid (£) = T(X).

We show that this functor is monadic; in particular, it admits a left adjoint,
denoted

freeLieAlgbmid : IndCOh(X)/T(X) id LieAlgbI‘Oid(X).
‘We show that the endo-functor

oblvyicalghroid /7 © freeLiealgbroid

of IndCoh(X');r(x) has the ‘right size’, i.e., what one expect from a reasonable
definition of Lie algebroids (it has a canonical filtration with the expected form of
the associated graded).
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4.3. Thus, we have the equivalences
(4.1) LieAlgbroid(&') ~ FormGrpoid(X') ~ FormMody, .

We show that the functor freepcaighroid translates into the functor of the
square-zero exrtension

RealSqZ : IndCoh(&X) /r(xy - FormModyy, .

4.4. The category of Lie algebroids on X is related to the category LieAlg(IndCoh(X))
by a pair of adjoint functors

(4.2) diag : LieAlg(IndCoh(X)) = LieAlgbroid(X) : ker-anch .

The meaning of the functor diag should be clear: a Lie algebra on X can be
viewed as a Lie algebroid with the trivial anchor map. The functor ker-anch sends
a Lie algebroid to the kernel of the anchor map.

We show that the adjoint pair (4.2)) is also monadic. The corresponding monad
LieAlgbroid(X) o diag

on the category LieAlg(IndCoh(X)) is given by semi-direct product with the inertia
Lie algebra inerty (the Lie algebra of the inertia group Inerty := X 2 X).

We learned about this way of realizing Lie algebroids from J. Francis.

5. Infinitesimal differential geometry
In Chapter Chapter 9 we develop the ideas from Chapter 8 to set up construc-

tions of differential nature on objects X € PreStkjas-dof-

5.1. The key construction in Chapter 9 is that of deformation to the normal
bundle.

We start with (X — Y) ¢ FormMody, and we define an A'-family

(X x Al yscaled)

of formal moduli problems under X. In doing so, we follow an idea that was
suggested to us by J. Lurie.

A crucial piece of structure that Vscaleq has is that of left-lax equivariance with
respect to A! that acts on itself by multiplication.

The structure of equivariance with respect to G,, c A' implies that the fibers
YV, of Vscalea at 0 # a € A! are all canonically isomorphic to X.

The fiber at 0 € A® identifies with Vectx (T(X/Y)[1]), i.e., the formal version
of the total space of the normal to X inside ).

The latter observation allows to reduce many isomorphism questions regarding
formal moduli problems to the simplest situation, when our moduli problem is a
vector group Vecty (F) for F € IndCoh(X).
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5.2. If X = X is a classical scheme, and ) is the formal completion of X in Y,
where X — Y is a regular embedding, then Yscaleq is the completion of X x Al in
the usual deformation of Y to the normal cone.

For the final object in the category FormMody/, i.e.,
X - Xde
the deformation (X4 )scaled 18 the Dolbeault deformation of Xag to Vectx (T(X)[1]).
5.3. The relevance of the Al left-lax equivariant family Vscaled is the following:

functors from FormMod y, with values in a DG category C will automatically up-
grade to functors with values in the category

CFil’ZO.

This is due to the equivalence
CF120 » (C @ QCoh(Al)) etetax

see Chapter 6, Lemma 2.5.5(a).

5.4. As afirst application of the deformation ) ~» Vscaled We construct a canonical
filtration on the universal enveloping algebra

U(L) € AssocAlg(Functeons (IndCoh(X'), IndCoh (X))
of a Lie algebroid £.

This approach to the filtration on the universal enveloping algebra is natural
from the point of view of classical algebraic geometry and smooth schemes: the
canonical filtration on the algebra of differential operators is closely related to the
Dolbeault deformation.

5.5. Another central construction in chapter Chapter 9 is that of the n-th infini-
tesimal neighborhood

X-xMmsy
for Y e FormMod x,.

Again, this construction is not at all straightforward in the generality in which
we consider it: nil-isomorphisms between objects of PreStkya_qet-

We construct the n-th infinitesimal neighborhood inductively, with X(™ being
a square-zero extension of X (") by means of Sym™(T(X/Y)[1]).

In the process of construction of this extension we crucially rely on the defor-
mation

y ~ yscalcd .
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5.6. We show that the natural map
colimxX(™ 7y

is an isomorphism.

In particular, we obtain that the dualizing sheaf w € IndCoh()’) has a canonical
filtration whose n-th term is the direct image of wy ) under X () 5 .

Translating to the language of Lie algebroids via (4.1]), the above filtration can
be interpreted as the de Rham resolution of the unit module over a Lie algebroid
£, with the n-th associated graded being the induced module from

Sym" (oblviicalgebroid (£))-
For (X — X4r) € FormMody,; we recover the Hodge filtration on the unit
crystal (D-module) wa,,, -
6. A simplifying remark
The theory of formal geometry developed in Part IT uses in an essential way
the theory of ind-coherent sheaves on laft prestacks, in the form of the functor
(6.1) IndCohIPreStklaft : (PreStkias )P = DGCateont -

Le., for the purposes of the present Part, we do not need IndCoh as a functor
out of the category of correspondences.

In order to construct (6.1) we only need the functor
IndCohgg, ,  (Schat)® - DGCateont,

and the latter can be constructed using the shortcut explained in Volume I, Chap-
ter 5, Sect. 4.3.

This is to say that the contents of Part IT do not depend on the (heavy) material
from Volume I, Parts IIT and Appendix.






CHAPTER 5

Formal moduli

Introduction

In this Chapter we prove one of the main results of this book: the existence of
a well-defined procedure of taking a quotient with respect to a formal groupoid.

0.1. Groupoids and quotients.

0.1.1. First off, a groupoid in Spc is an object R® € SpcAop that is a Segal space
such that all of its 1-morphisms are invertible. We shall say that R°® acts on the
space X = R°. Sometimes we abuse the notation and instead of R® write just the
space R := R".

In other words, a groupoid acting on X is a space R, equipped with a pair of

projections
N

X X,
and a multiplication map
R x RZR
P, X,Ps

over X x X, satisfying a homotopy-coherent system of associativity conditions, and
such that the map
R x R™R x R

Pe,X,Ps pe,X,Pt

is an isomorphism.

0.1.2. Given a map X — Y in PreStky,g, the Cech nerve construction gives rise to
a canonically defined groupoid R* acting on X with

R=XxX.
Y

The above construction is a functor from the category of spaces under X to
that of groupoids acting on X.

This functor admits a fully faithful left adjoint that sends R*® to its geometric
realization Y = |R®|. The image of this left adjoint is the full subcategory consisting
of those X - Y that induce a surjection on 7.

199
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0.1.3. The notion of groupoid makes sense in arbitrary oco-category C with finite
limits, see [Lull Sect. 6.1.2].

Namely, given an object X € C, a groupoid acting on X is a simplicial object
R*® of C with R” = X such that for any X’ € C, the object

Mapsq (X', R®) € SpcA™”
is a groupoid in spaces.

As in the case of C = Spc, given a map X — Y, we canonically attach to it its
Cech nerve, which is a groupoid acting on X.

However, the existence of the left adjoint can only be guaranteed if C has col-
imits. This left adjoint will be fully faithful if geometric realizations in C commute
with fiber products.

0.1.4. Thus, we obtain a well-defined notion of groupoid object R*® in PreStki.g
acting on a given X € PreStkjag .

Let X - Y be a map in PreStky,s. Taking its Cech nerve, we obtain a groupoid
R*. The assignment

R. N |R.|
provides a fully faithful left adjoint.

0.2. Formal groupoids.
0.2.1. We now modify our problem: instead of the category PreStkj,s, we now
consider the category PreStKjag.qer- I.€., we impose the condition that our prestacks
admit deformation theory. In addition, we will restrict to maps between prestacks
that are nil-isomorphisms.

Groupoid objects in this context will be called formal groupoids; for a given X
we denote the category of formal groupoids over X by FormGrpoid(X).

Starting from X € PreStkjaf-qof and an object R*® € FormGrpoid(X), it is not
true that the prestack |R°®| admits deformation theory. So, the existence of a fully
faithful left adjoint to the Cech nerve construction is not so obvious in this case.

However, the main result of this chapter, Theorem [2:3.2] says:

THEOREM 0.2.2. For X € PreStkiafi-ger, the Cech nerve construction is an
equivalence between the category of YV € PreStKyas_det equipped with a nil-isomorphism
X — Y and the category FormGrpoid(X).

In other words, this theorem says that, given a formal groupoid R acting on
X, there is a well-defined quotient

BX (R) € (PreStklaft )X/,

such that Bx(R) admits deformation theory and the map X — Bx(R) is a nil-
isomorphism (it is then automatically inf-schematic).
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0.2.3.  As a particular case of Theorem [0.2.2] we obtain that the loop functor

Vg =XxX
y

defines an equivalence between the category of ) € PreStki.s, equipped with a pair
of inf-schematic nil-isomorphisms

X5Y35x, soi=id

and that of group-objects in the category prestacks G equipped with an inf-schematic
nil-isomorphism G — &X. We denote the latter category by Grp(Form,y ), and refer
to its objects as formal groups over X.

Thus, to any G as above, we can attach its classifying prestack Bx(G)
X5 By(G) S X

where i and s are inf-schematic nil-isomorphisms.

0.3. What else is done in this chapter? Let X be an object of Schzg. We
introduce several notions of formal moduli problems associated with X, and we
relate them to notions developed in [Lu6].

0.3.1. A formal moduli problem over X is an inf-scheme ) equipped with a nil-
isomorphism Y - X.

Recall that, by definition, an inf-scheme is a prestack locally almost of finite
type. Le., ) is encoded by a functor

((<°°Sch?tﬁ)/x )°? - Spc.

In Proposition [[.2:2] we show that the data of ) is completely determined by
its values on a much smaller category: namely,

oo ff oo ff
(< SChfa}t )nil—isom to X C (< SCh?t )/X
that consists of those S — X that are nil-isomorphisms.

Moreover, the condition that ) admit deformation theory can also be expressed
via the resulting functor

((<OOSCh?tH)ni1—isom to X )Op - SpC.

0.3.2. Note that when X = pt = Spec(k), the category (“"Sch?tﬁ)nﬂ_isom to x 1is the
one opposite to that of connective commutative DG algebras A over k that have
finitely many cohomologies, and all of whose cohomologies are finite dimensional,
with H(A) local.

So, a formal moduli problem over pt is the same as a functor on the category
of such algebras, subject to some conditions that guarantee deformation theory.
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0.3.3. Suppose now that X € <""Sch?tﬁ. In this case, we study the notion of formal
moduli problem under X. By definition, this is an inf-scheme ), equipped with a
nil-isomorphism

X =)

We show that the data of such Y, viewed as a functor (<*Schi®)°P - Spe, is
recovered from its values on a smaller category, namely the category

) T o ff
(< SCh?t )nil—isom from X © (< SCh?t )X/v
consisting of those X — S that are nil-isomorphisms.

0.3.4. Note that when X = pt, for an object ) € PreStkj.s to be a formal moduli
problem under X simply means that ) is an inf-scheme with ™4} = pt.

Le., formal moduli problems under pt are the same as formal moduli problems
over pt.

1. Formal moduli problems

In this section we introduce the notions of formal moduli problem over and
under a given prestack X.

Let us note the following substantial difference between our set-up and that of
[Lu6] (in which the case X = pt):

In the context of loc.cit. a formal moduli problem is a functor on the cate-
gory of connective finite-dimensional commutative DG algebras over k, whose 0-th
cohomology is local.

By contrast, our formal moduli problems (for X' = pt) are objects )V € PreStkiag_det
with ") = pt, so they can be evaluated on connective commutative finite-dimensional
DG algebras over k. The two notions are related by the procedures of restriction and
left Kan extension; the fact that these two procedures are inverses of one another
is the consequence of Chapter 2, Corollary 4.4.6.

1.1. Formal moduli problems over a prestack. Unlike [Lu6], we define the
category of formal moduli problems over a given X to be a full subcategory in
(PreStkyag ) /x- The equivalence of this definition and the one in loc. cit. will be
established in Sect. [[.2

1.1.1. Let us fix X € PreStkj,s. We define
FormMod, x ¢ (PreStkiag),x
to be the full subcategory of spanned by those ) - X, for which the above map is:

e inf-schematic (see Chapter 2, Definition 3.1.5 for what this means);
e a nil-isomorphism (i.e., **4) - "4X is an isomorphism).
We shall refer to FormMod,x as the category of formal moduli problems over
X.
1.1.2.  Let &’ be an object of FormMod,x. We will use the notation
FormMod -/ /x

to denote the category
(FormMod,x ) xv/-
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1.1.3. The following results easily from the definitions:

LEMMA 1.1.4. Let Y - X be a map in PreStky.g. Then Y € FormMod/X
if and only if for every S e <°°Sch?tﬁ, the prestack S % Y is an infscheme and

rEd(S; V) - 48 is an isomorphism.

1.1.5. The following will be useful:

LEMMA 1.1.6. The functor

FormMod,» — lim FormMod, 7

(Z,x)e((<=Schgf)/x)oP

is an equivalence.

1.2. Situation over an affine scheme. In this subsection we will assume that
that X = X € Sch™l . We will show that a formal moduli problem over X, viewed
as a functor

((<°°Sch'§1tff)/x)°p - Spc,
is completely determined by its value on those Z € (<°Schi) /x for which *1Z —

redX is an isomorphism.

Note that when X = pt, the category ((“’"Sch?tff)/x)olD is the same as that
of connective finite-dimensional commutative DG algebras over k, whose 0-th co-
homology is local. This brings us in contact with the defintion of formal moduli
problems in [Lu6].

1.2.1. We have:
PRroOPOSITION 1.2.2.
(a) Every Y € FormMod, x, viewed as a functor
((*=Schiy")/x)°" = Spe,
is the left Kan extension of its restriction to the full subcategory

(11) ((<°°SCh?tﬁ)nil—isom to X)Op c ((<mSCh?tH)/X)0p'

(b) Let Yhilisom be a presheaf on the category (<°°Schiﬂ)nﬂ_isom to X, satisfying:
L4 ynil—isom(redX) =%y
e For a push-out diagram S 'ﬁ S’ in (“"Sch?ff)nﬂ_isom to X, where S —» S’

has a structure of square-zero extension, the resulting map

nil-isom S L’S, —> Vnil-isom S X nil-isom S,
Vni ( 1S ) i ( l)ynilfisom(s)y : ( )

s an tsomorphism.
Then if
Ve (PreStklaft)/X
denotes the left Kan extension of Vnil-isom under , then Y € FormMod, x .

(c) The assignments
and Ynilisom = Y

are mutually inverse equivalences of categories.

Ve y|(<°°Sch?tff

)nil-isom to X
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PROOF. Point (a) follows from Chapter 2, Corollary 4.3.4.
Point (b) follows from Chapter 2, Proposition 4.4.5.
Point (c¢) follows from Chapter 2, Corollary 4.4.6. O

1.2.3. The following assertion will be used extensively in Chapter 7:
COROLLARY 1.2.4. For ) € FormMod,x, the map

colim fldeeb () - w
Slim f (wz) > wy

is an isomorphism, where the colimit is taken over the category
((<MSChaﬂ)nil-isom to X)/y
Proor. By Proposition the functor

((<WSChaH)nil—isom to X)/y - (<°°SChaff)/y
is cofinal. Hence, the restriction functor

IndCoh(Y) — lim IndCoh(Z)
(2.)

is an isomorphism, where the limit is taken over the category ((<°°Schaﬂ)ni1_isom to X) /Y-

By Chapter 3, Corollary 4.3.4 and Volume I, Chapter 1, Proposition 2.5.7, we
obtain that the functors f4€°" : IndCoh(Z) — IndCoh())) define an equivalence

colimIndCoh(Z) — IndCoh(}),
(Z.1)

where the colimit is taken with respect to the (IndCoh, *)-direct image functors.
In particular, we obtain that

wy = colim fIdCet o f1(4y,) ~ colim fIdC°N (),
y = ol O o f'(wy) = colim 11 w7)

) )

as required.
O

1.3. Formal moduli problems under a prestack. In this subsection we con-
sider a prestack

X e PreStkyast-der -

We will consider another paradigm for formal moduli problems, by looking at
prestacks under X.

1.3.1. We define the category FormMod x, to be the full subcategory of (PreStkyas; ) x/
spanned by those X - ), for which:

o YV € PreStkiaft-def;

e The map X — ) is a nil-isomorphism.

Note that since in the above definition, the map X — ) is automatically inf-
schematic, and so realizes X as an object of FormMod,y .
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1.3.2. Let X' be an object of FormMody,. Note that the category
(FormMod x /), x/

identifies with
FormMod y /x+

from Sect. [LT.2l

1.3.3. Note that when X = pt, there is no difference between FormMody, and
FormMod, x .

1.4. Formal moduli problems under an affine scheme. In this subsection
we specialize to the case when

X = X e<=°Schiff
We will show that a formal moduli problem ) under X, viewed as a functor
(*°Schy" )P - Spc,

is completely determined by its value on the category of affine schemes Z, equipped
with a nil-isomorphism X — Z.

1.4.1. Let
(<°°SCh?tff)nil-isom from X © (<°°SCh?tH)X/
be the full subcategory formed by those f : X — Z, for which f is a nil-isomorphism.

For a prestack } under X, consider the functor

ff
y|(<°°Sch?f * (<ooSCh?t )nil—isom from X —> OPC

) il . X
¢ Jnil-isom from X Maps(X,))
that sends X — S to

*.

Maps(S,Y) Mape X9

We claim:

PRrROPOSITION 1.4.2.
(a) For Y e FormModx, viewed as a functor
(“=Sehif") P Spe.
the map
*) > Y

LKE - ot - aff - off X
(< Sch#™) il icom from x )°P—(< schfgf)ov(y |(< Schfff)nn_isomfmmxMaps(x’y)

is an isomorphism.

(b) Let Yhilisom be a presheaf on (<°°Sch?tﬂ)nﬂ_isom from X, Satisfying:

L4 ynil—isom (X) )
e For a push-out diagram Sy g S’ in (<°°SCh?{f)ni]_iSOIn from X, where S — S’

has a structure of square-zero extension, the resulting map

yni -isom S L’S, _)yni -isom S X yni -isom SI
! ( 1S ) ! ( 1)yni17isom(s) : ( )

s an isomorphism.
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Then if Y € PreStky.s denotes the left Kan extension of Vnilisom under
((“°Schi™) itisom from x )°P = (*°SchiT)op,
then the canonical map X — Y makes Y into an object of FormMod /.
(¢) The assignments

X * and ynil—isom g y

y = y|(<wSCh?§f)nil—isom from X Maps(X,))

are mutually inverse equivalences of categories.

Proor. Applying Chapter 2, Corollary 4.3.4, Proposition 4.4.5 and Corollary
4.4.6, it is enough to evaluate the functor ) as in the proposition on the subcategory

(<°°Sch?tﬂ) % {redX}.

red Sch?tff

The assertion of the proposition follows now from the fact that the forgetful
functor

(<OOSCh?tH)nil—isom from X —> (<ooSCh?:cH) X {redX}
red Sch;’;ff

admits a left adjoint, given by

S—S u X.
red X
O
1.4.3.  As a corollary, we obtain:
COROLLARY 1.4.4. For ) € FormMody/,, the map
colim frdCeh () > w
Gl wa) >
is an isomorphism, where the colimit is taken over the category
((<mSChaﬁ)nil—isom from X)/y-
PROOF. Same as that of Corollary O

1.5. The pointed case. For X € PreStk.¢ we consider the category
Ptd(FormMod, x ) = FormMod x;x
of pointed objects in FormMod, .
1.5.1. By definition, Ptd(FormMod, ) is the category of diagrams
(r:Y=2X:s), mos=id
with the map 7 being an inf-schematic nil-isomorphism.
Note also that if X' € PreStkjagi-qef, then
Ptd(FormMod, x ) ~ (Ptd(FormMod x/), x-

Combining Propositions and we obtain:
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COROLLARY 1.5.2. For X € <*Schi we have:

(a) Any Y e Ptd(FormMod,x ), viewed as a functor
((“Schi")/x )P Spe,
receives an isomorphism from the left Kan extension along
(Ptd((**°Sch™™) 4it icom to x )P = ((<°°SCh?tﬁ)/X)°p
of
*.

Y cooQupaffy . X
Ptd((<>Sch*" )it isom to x) Maps(X,)

(b) Let Vhnilisom be a presheaf on Ptd((<°°SchaH)nil_isom to X ), satisfying:

L4 ynil-isom(X) =%
e For a push-out diagram Sﬁng' mn Ptd((“"SchaH)nil_isom to x ), Where S - S’

has a structure of square-zero extension, the resulting map

nil-isom S US, = Vnil-isom S X nil-isom S,
y ! ( 1 S ) y ! ( 1)yni1-isom(s)y : ( )

s an isomorphism.
Then if Y € (PreStkiag)/x denotes the left Kan extension of Vivisom along

(Ptd((*Sch™ )nivisom to x))° = ((**Schih) x )P,
then the canonical map X — Y makes Y into an object of Ptd(FormMod, x ).
(¢) The assignments

N y|Ptd((<°°SChaff)nil—isoru to X) Maps>(<X ) * and Vnil-isom = YV

are mutually inverse equivalences of categories.

REMARK 1.5.3. The informal meaning of this corollary is that in order to
‘know’ an object V' € Ptd(FormMod,x) as a prestack, it is is enough to test it
on affine schemes S, equipped with a nil-isomorphism to X and a section of this
nil-isomorphisms.

1.5.4. As in the case of Corollary from Corollary we obtain:
COROLLARY 1.5.5. For ) € Ptd(FormMod,x ), the map

colim fIndCeb(y, ) &
(Z.f) (wz) > wy

is an tsomorphism, where the colimit is taken over the category
(Ptd((**°Sch™ ) nit-isom to X)) /y-

1.6. Formal groups. In this subsection we let X be an object of PreStkj,¢, and
we introduce formal groups over & as group-objects in the category of formal moduli
problems.

In Chapter 7 we will show that the category of formal groups identifes with
that of Lie algebras in IndCoh(X'), thereby generalizing the main result in [Lu6].
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1.6.1.  Let Monoid(FormMod, x ) be the category of monoid-objects in Ptd(FormMod, x ),
and let

Grp(FormMod, x ) ¢ Monoid(FormMod, )
be the full subcategory spanned by group-like objects.

LEMMA 1.6.2. The inclusion Grp(FormMod, ) ¢ Monoid(FormMod,x) is an
equivalence.

PrOOF. We need to show that for H € Monoid(FormMod, ) the map
H;H—)H;E’H, (hl,hg)'—)(hl,h1~h2)
is an isomorphism.

This follows from Chapter 1, Corollary 8.3.6, applied to the Cartesian square

h—(1,h)
H —— HxH
X
idl l(h1;h2)'—’(h1’h1'hz)
h—(1,h)

H ——— HxH.
X

1.6.3. We have a naturally defined functor
(1.2) Qx : Ptd(FormMod, x ) = Grp(FormMod, ), Y+~ & % X.

In Sect. [2:3:4) we will prove:

THEOREM 1.6.4. The functor Qx of is an equivalence.

In what follows we shall denote by By the functor
Grp(FormMod,x) — Ptd(FormMod, x ),

inverse to Qx.

1.6.5. Combining Theorem with Chapter 7, Corollary 3.6.3 (which will be
proved independently), we obtain:

COROLLARY 1.6.6. The category Ptd(FormMod,y) contains sifted colimits,
and the functor

(X »Y - X)~T(X/Y): Ptd(FormMod, x) - IndCoh(X)
preserves sifted colimits.
REMARK 1.6.7. Note, however, that the forgetful functor
Ptd(FormMod, x ) - Ptd((PreStkias; ), x )

does not preserve sifted colimits.
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1.6.8.  Assume for a moment that X' € PreStkjafi-qer. Consider the category FormMod x;.
We note that even before we knew that the category FormMody, contains sifted
colimits, we could conclude that forgetful functor

(X >Y—>X)~ (X~ Y):Ptd(FormMod, x ) - FormMod x,
preserves colimits. This follows from the fact that the above functor admits a right

adjoint, given by
(X =YY (XX x V).
Xar

2. Groupoids

In this section we introduce the notion of formal groupoid over a given object
X € PreStky.s. We show that if X' admits deformation theory, then there is a well-
defined procedure of taking a quotient by a formal groupoid, that produces another
object of PreStKkiafi_det-

2.1. Digression: groupoids and groups over spaces. In this subsection we
review the definition of the notion of groupoid acting on a space in the category
Spc.

2.1.1. Given a space X, recall the category Grpoid(X) of groupoids acting on
X (see [Lul], Sect. 6.1.2). By definition, Grpoid(X) is a full subcategory in the
category of simplicial spaces, equipped with an identification of the space of 0-
simplices with X. A simplicial object R® belongs to Grpoid(X) if the following two
conditions are satisfied:

e For every n > 2, the map
R" > R' x..xR!,
X X
given by the product of the maps
[1]=[n], 0P 4lwi+1, i=0,..,n-1,

is an isomorphism. E|
e The map R?> - R! b R, given by the product of the maps [1] — [2]

0~0,1~1land 0~ 0,1+ 2
is an isomorphism.

We shall symbolically depict a groupoid via a diagram

(2.1) X/ \X,

while properly we should be thinking about the entire simplicial object R* of Spc
with R” = X and R' = R.

The category Grpoid(X) contains an initial object, the identity groupoid, where
all R* = X. We shall denote it by diagy.

The category Grpoid(X) also contains a final object, namely X x X.

Lt we impose just this condition, the corresponding category is that of Segal objects (a.k.a.
category-objects) acting on X, denoted Seg(X).
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2.1.2. The following assertion will be used repeatedly:

LEMMA 2.1.3. The forgetful functor Grpoid(X) — Spc that sends a groupoid
to R™ for any n preserves sifted colimits.

PRrROOF. Follows from the fact that if I is a sifted index category and
i~ R}
is an I family of objects of Grpoid(X), the map
coliim(R% X % R}) - (coliimRZ-l) X% (coliimR})

is an isomorphism.

2.1.4. Given a groupoid R acting on X we can consider the quotient space
X/R:=|R",
which receives a natural map from X:
X =R~ |R*| > X/R.

Vice versa, given a space Y under X, we construct the groupoid over X by
R=X bt X, i.e., R* is the Cech nerve of the above map X - Y.

It is clear that the two functors
Grpoid(X) 2 Spey;
are adjoint to one another.

We have:

LEMMA 2.1.5. The above two functors define equivalences between the category
Grpoid(X) and the full subcategory Spcx; gy of Spex spanned by objects i: X —
Y, for which the map i is surjective on my.

2.1.6. Given a space X, consider the category
Grp(Spex ).
of group-objects in the category of spaces over X. We have:
Grp(Spex) = Grpoid(X), diag  »
where diagy € Grpoid(X) is the identity groupoid.

Consider also the category Ptd(Spc/X), which is the same as the category of
of retraction diagrams

(2.2) i:X=2Y:s soi~idx.
We will also use the notation
Spex;/x
for the above category.

We have a natural functor

(2.3) Grp(Spe,x) = Ptd(Spe,x ),



2. GROUPOIDS 211
given by
G = Bx(G),
where Bx (G) is the relative classifying space over X.
We also have the adjoint loop functor
Qx : Ptd(Spc/x ) = Grp(Spex ).

LEMMA 2.1.7. The functors Bx and Qx define an equivalence between Grp(Spc/X)
and the full subcategory Ptd(Spcx )isom of Ptd(Spc,x ), spanned by those objects

i:X2Y:s
for which the map i is an isomorphism on m.
Note that the condition on an object (i: X 2 Y :s) € Ptd(Spc,x) to belong to
Ptd(Spc x isom < Ptd(Spe )

is equivalent to the map ¢ being a surjection on 7.

2.2. Groupoids in formal geometry. In this subsection we render the set-up
of Sect. 23] into the context of algebraic geometry.

2.2.1. The definitions of Sect.[2:I]carry over automatically to the algebro-geometric
setting. For X' € PreStk.¢, we consider the categories

(PreStkias: ) /x, Ptd((PreStkag) x), Grp((PreStkiag:) x), Grpoidpg(X), and Seg,g (X)
and their full subcategories
FormMod, x, Ptd(FormMod,x ), Grp(FormMod, ), FormGrpoid(X), and FormSeg(X)
formed by objects that are formal as prestacks over X.
Note, however, that as in Lemma [1.6.2] one shows that the inclusion
FormGrpoid(X) — FormSeg(X)
is an equivalence.

2.2.2. FExamples. Let X — ) be a map between objects of PreStky.;;. To it we
attach the object of Grpoid,,¢ (X), namely, the Cech nerve of this map. Thus, the
corresponding

R=3 X
is given by

X x X.
Y

If the above map X — ) is an inf-schematic nil-isomorphism, then R € FormGrpoid(X).
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2.2.3. As in Lemma [2.1.3] we obtain:

COROLLARY 2.2.4. The category FormGrpoid(X) contains sifted colimits, and
the functors

FormGrpoid(&X) - FormMody,, FormGrpoid(&') = Ptd(FormMod, )

and

FormGrpoid(X) — IndCoh(X)
that send a groupoid to

unit unit

X"'R), (X2 R), (X2 R),
Ps Pt

and T(X[R), respectively, commute with sifted colimits.
PROOF. Let I be a filtered index category and
i~ R;

be an I-family of objects of FormGrpoid(&X). It follows from Corollary
Sect. and Chapter 1, Proposition 8.3.2 that for any n, the colimit

colim (R} x ... x R})
i X X
exists and the map
coll_im (R} % ;{Rzl) - (coliimRzl) %o X (coliimR%)

is an isomorphism.
O

2.2.5. Ind-coherent sheaves equivariant with respect to a groupoid. Let X € PreStkjas;
let R be an object of FormGrpoid(X), and let R* be the corresponding simplicial
object of PreStki.s;. We define the category

IndCoh(X)®
of ind-coherent sheaves equivariant with respect to a R to be
Tot(IndCoh(R®)).
By Chapter 3, Proposition 3.3.3(b), we have:

PROPOSITION 2.2.6. Let R be the formal groupoid corresponding to a map
X — Y in PreStkyag, which is an inf-schematic nil-isomorphism X — Y. Then the
pullback functor defines an equivalence

IndCoh()) - IndCoh(&X)*.

2.3. Taking the quotient by a formal groupoid. In this subsection we state
one of the main results of this book: namely that in the world of prestacks admitting
deformation theory there is a well-defined procedure of taking the quotient by a
formal groupoid.
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2.3.1.  Assume that X' € PreStkjag_qef. Recall the category FormMod y/, see Sect. @
We have a naturally defined functor

(2.4) FormMod x; - FormGrpoid(&X'),
ly, X x X, Sect. [2.2.2
namely, ) — 3; see Sec -

The main result of this section is the following:

THEOREM 2.3.2. The functor (2.4) is an equivalence.

2.3.3. An example. Let X — Y be a map in PreStkj.s-ger. Consider the formal
completion Y4 of Y along X, i.e.,

y‘/»/;- = XdR X y
Yar
Then the map X — Y4 defines an object of FormModX/.
Consider the groupoid
X x X,
y
(see Sect. [2.2.2) and its formal completion along the diagonal map,
X x X)),
(X 5 %)
It is easy to see that
(XxX)' X x X,
y Vi
where the latter is an object of FormGrpoid(X') by Sect.
Thus, the formal completion Y4 can be recovered from (X X X)" by taking the
functor inverse to that in Theorem 2.3.21
2.3.4. Note that Theorem [2.3.2] implies Theorem [1.6.4}

ProoF. To prove Theorem we can assume that X' € Schag. In particular,

al
we can assume that X € PreStkjag-der. Then the required assertion follows from

Theorem [2.3:2 by noting that
Grp(FormMody) = FormGrpoid(X), giag ,, »

and
Ptd(FormMod, x) = (FormMod x,) -
O

2.3.5.  As another formal consequence of Theorem [2.3.2] combined with Corol-
lary 2:2:4] we obtain:

COROLLARY 2.3.6. The category FormMody, contains sifted colimits, and the

functor
FormMody; - IndCoh(&), (X —»¥)+~ T(X/Y)

commutes with sifted colimits.
We emphasize again that the forgetful functor
FormMod x; = (PreStkias: ) x/
does not commute with sifted colimits.

However, from Chapter 1, Corollary 7.2.8, we obtain:



214 5. FORMAL MODULI

COROLLARY 2.3.7. The forgetful functor
FormMod x; — (PreStkias ) x/

commutes with filtered colimits.

2.4. Constructing the classifying space of a groupoid. In this subsection
we will begin the proof of Theorem In fact, we will explicitly construct the
inverse functor.

2.4.1. For R € FormGrpoid(X') we define an object By (R) € PreStkyag as follows:

For Z € <*Sch2 we let Maps(Z, Bx(R)) be the groupoid consisting of the
following data:

{(Z-2)¢ FormMod, 7, Z — X, a map of groupoids 222% R},
where we require that the diagram

ZxZ — > R

X
z
zZ X
be Cartesian, where the vertical arrows are either of the projections.

2.4.2.  We have a tautological map X - Bx(R) that sends Z - X to
Z:=7ZxR,
X

where the fiber product Z o R is formed using the map p; : R - &, and the map
Z;R — X corresponds to ps : R - X.

2.4.3.  Let us show that the map X - Bx(R) makes & into an object of FormMod, g, (r)-
Indeed, for a given map Z — Bx(R), the fiber product

Z x X
Bx(R)
identifies with Z.
The latter observation also implies that
(2.5) X x X=R.

Bx(R)
2.4.4. We claim that it suffices to show that the object By (R) belongs to PreStkiag;_det-
Indeed, let us assume this for the moment and conclude the proof of the theorem.
First, implies that the construction
(2.6) R~ Bx(R)

is a right inverse to the functor (2.4]). In particular, the functor (2.4)) is essentially
surjective.

For )V € FormMody, we have a tautological map
(2.7) y»BAX;XL

given by (X — ) € FormMod,y, which becomes an isomorphism after applying
the functor (2.4). Hence, by Chapter 1, Proposition 8.3.2, the map (2.7) is an
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isomorphism. Hence, the construction (2.6) is also the left inverse of the functor
249).

We will now show that the functor (2.4)) is fully faithful, thereby finishing the
proof of Theorem (The caveat here is that it is not clear a priori that the

construction (2.6) is a functOIEl)

2.4.5. Given Y1,), € FormMody,, we will explicitly construct an inverse to the
map

(28) MapSFormModX/ (ylv yQ) - MapSFormGrpoid(X) (Rlﬂ RQ))

where R; = X x X. Note that we already know that }; ~ Bx(R;).

i

First, it follows from the construction (2.6) that for Z € PreStkjas.der, the
groupoid of maps Z — Bx(R) admits the same description as in Sect. with
Z replaced by Z.

Thus, given a point in MapSgymGrpoia(x) (R1,R2), we need to produce an
object EX(Rl) € FormGrpoid 5, (r,), @ map By (R1) —» X and a map of groupoids
Bx(R1) %  Bx(Ri) - Ra,

Bx(R1)
making the corresponding diagrams Cartesian.

Note, however, that R % R4 can be viewed as a groupoid acting on Rs. We
set

B;\g(Rl) = BRz(Rl ;Rg)

It is easy to check that By (R;) has all the required pieces of structure. More-
over, it follows from the construction that the resulting map
MapSFormGrpoid(X) (R1,R2) — MapSFormModX/ (V1,)2)
is indeed the inverse of .
2.5. Verification of deformation theory. In this subsection we will prove that

the object Bx(R) € PreStkjag constructed in Sect. admits deformation the-
ory.

2.5.1. Let Z be an object of Z ¢ <°°Sch?f, equipped with a map to By (R). We will
now construct a certain object of Pro(QCoh(Z)™ )iag, which we will later identify
with the pro-cotangent space to Bx(R) at our given point Z - Bx(R).

Consider the Cech nerve Z* of the corresponding map Z — Z, and consider
the resulting map of simplicial prestacks

Z* >R
Let
T*(Z°|R*) € Tot (Pro(QCoh(Z*) 7))
be the corresponding relative pro-cotangent complex (see Chapter 1, Sect. 4.3.1),

which receives a canonically defined map from the pullback of T*(Z).

2We are grateful to Y. Zhao for pointing this out to us.
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By nil-descent for Pro(QCoh(-)7)fke with respect to Z — Z (see Chapter 3,
Corollary 3.3.5), we obtain that T*(Z°*/R°®) gives rise to a canonically defined
object, denoted,

"T*(Z|Bx(R)) € Pro(QCoh(Z) )ias,
which receives a map from 77 (Z). Set

"T*(Bx(R))|z :=Fib(T*(Z) - '"T*(Z/Bx(R))).

We will show that the above object
'T*(Bx(R))|z € Pro(QCoh(Z) 1ats,
identifies with the pro-cotangent space of Byx(R) at the above point Z — Bx(R).

2.5.2.  We need to show that, given a square-zero extension Z — Z’, corresponding
to

v:T*(Z) - I[1], TeCoh(Z)<,
the groupoid of extensions of the initial map Z - Bx(R) to a map Z' - Bx(R),
identifies canonically with groupoid of factorizations of ~y as

T°(Z) »'T"(Z|Bx(R))|z - Z[1].

This will show that Bx(R) admits pro-cotangent spaces that are indeed identi-
fied with ones constructed in Sect. and that By (R) is infinitesimally cohesive.
The fact that Bx(R) admits a pro-cotangent complex (i.e., that the formation of
pro-cotangent spaces is compatible with pullback) will follow from the construction

in Sect. 2.5.11

2.5.3. For Z - Z' as above, by Chapter 1, Proposition 10.3.5, the datum of a
prestack Z’ - Z', equipped with a Cartesian diagram

Z— Z
z z'

is equivalent to that of a map T*(Z) — Z|z[1] (in the category Pro(QCoh(Z)~)fake),
and a homotopy between the composition

T(2)|z - T*(2) > Z|5[1]
and v|z. Moreover, by Chapter 1, Proposition 10.4.2, such Z’ is automatically an
inf-scheme.

The same discussion applies to each term of the Cech nerve Ze.

Furthermore, by Chapter 1, Proposition 10.2.6 the datum of a compatible sys-
tem of maps from the Cech nerve Z’® to R®, extending the initial system Z°* — R°®,
is equivalent to a compatible system of factorizations of the resulting maps

T(2*) - I|z[1]

T*(2*) - T*(Z°|R") > T|z.[1].
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2.5.4. Hence, we obtain that the datum of extension of the initial map Z - Bx(R)
to a map Z' - Bx(R) is equivalent to that of a compatible family of maps

T*(Z*|R%) - I|z[1],
and homotopies between
T*(Z)|z > T*(Z2°|R*) > I|z.[1]
and | z..

By nil-descent for Pro(QCoh(-)~)fke with respect to Z - Z, the latter datum
is equivalent to that of factorizations of ~ as

T*(2) - 'T"(Z|Bx(R))|z ~ I[1],

as desired.






CHAPTER 6

Lie algebras and co-commutative co-algebras

Introduction

0.1. Why does this chapter exist? Only a small portion of this chapter consists
of original mathematics: if anything, it would be Theorem (that expresses the
functor of universal enveloping Lie algebra in terms of the Chevalley functor), and
perhaps also Theorem (that computes primitives in ‘fake’ co-free co-algebras).

Our main intention in writing this chapter was to provide a reference point
for Chapter 7, where we will study the relation between moduli problems and Lie
algebras.

0.1.1. The main actors in our study of Lie algebras will be the pair of mutually
adjoint functors

(0.1) Chev®™ : LieAlg(0) 2 CocomCoalg™(0) : coChev®™"

that connect Lie algebras and augmented co-commutative co-algebras in a given
symmetric monoidal category O. (In our applications in the subsequent chapters

!
we will take O = IndCoh(X'), where X € PreStkjag, equipped with the ® symmetric
monoidal structure.)

The difficulty here (and what makes the game interesting) is that the above
functors are not fully faithful, but they are close to being such.

For example, we conjecture that the unit and the co-unit of the adjunction
Id > coChev®™ o Chev™ and Chev®™ o coChev®™ — Id

become isomorphisms when evaluated on the essential image of coChev®"
Chev®™", respectively.

b and
We will now describe the two main results of this chapter.

0.1.2. One is Theorem which is a particular case of the more general Theo-
rem It says that the unit of the adjunction

Id - coChev®™ o Chev®™"
is an isomorphism, when evaluated on any trivial Lie algebra.

As a consequence we deduce (see Theorem [4.4.6)) that if we precompose the
Chevalley functor with the loop functor

Qe : LieAlg(O) - Grp(LieAlg(0)),
and view the result as a functor
Grp(Chev®™) o Qe : LieAlg(0) - CocomBialg(O),
the latter will be fully faithful.
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A key observation here is that for a Lie algebra b, if we view Qpio(h) again
as a mere Lie algebra (i.e., disregard the Lie algebra structure), then it will be
canonically trivialized (see Proposition [1.7.2)). The latter result is true for any
opera

0.1.3.  The second main result of this chapter is Theorem [6.1.2}
It says that the functor
Grp(Chev®™) o Q4 : LieAlg(0) — CocomBialg(0),

considered above identifies canonically with the functor that assigns to a Lie algebra
its universal enveloping algebra, considered as a co-commutative Hopf algebra.

0.2. What else is done in this chapter?
0.2.1. In Sect.[I]we give an overview of the general theory of algebras over operads.

We show that for a given operad P, a P-algebra B can be canonically lifted
to non-negatively filtered P-algebra B!, such that its associated graded is trivial.
This construction implies that many functors from the category of P-algebras admit
filtered versions, whose associated graded is easy to control.

In addition, we prove the above-mentioned fact that the loop functor followed by
the forgetful functor on the category of P-algebras canonically produces trivial P-
algebras. As an application we give a simple proof of the fact that the stabilization
of the category of P-algebras (in a symmetric monoidal DG category O) identifies
with O itself.

0.2.2. In Sect. [2| we review the theory of Koszul duality between algebras over an
operad and co-algebras over the Koszul dual operad.

One of the key points is that there are two inequivalent notions of co-algebra
over a co-operad. One is the usual notion of co-algebra (which in the example of the
co-commutative co-operad corresponds to augmented co-commutative co-algebras).
And another is that of ind-nilpotent co-algebra. There is a naturally defined functor
(denoted res*~*) from the category of the latter (denoted Q-Coalg™™P(0)) to
the category of the former (denoted Q-Coalg(O)), and we conjecture that this
functor is fully faithful.

The forgetful functor oblvisd'nilp : Q-Coalg™™P(0) - O admits a right

adjoint, denoted cofreegd‘nﬂp. Composing with the functor

res* " : Q-Coalg™ ™' (0) - Q-Coalg(0),
we obtain the functor that we denote by
cofreefQake : 0 - Q-Coalg(0).

For example, for Q@ = Cocom™"8, the functor cofreefskc is the functor of sym-

metric co-algebra V ~ Sym(V').

1n this generality we learned this fact, along with its proof, from M. Kontsevich.
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*

If we knew that the functor res*™
V,W € O the composite map

was fully faithful, we would know that for

(0.2) Mapsg(W,V) =~ Mapso(oblvgd‘nilp o trivisd'nﬂp(W), V) ~
~ Mapsg_coalgindnite (0) (trivisd_nﬂp(VV)7 cofreegd_“ilp(V)) .
- Mapsg_coalg(0)(res™ " o triviéld'nﬂp(W), res” "o cofreegd‘nﬂp(V)) ~
~ Mapsg_coalg(0) (triva (W), cofreefskC(V))
is an isomorphism.

Unfortunately, we do not know whether res*™* is fully faithful. However,
we prove, and this is one of the key technical assertions, that for a certain class
of co-operads (that includes Cocom™® and Coassoc®®) that map in is an
isomorphism. This is Theorem [2:9.4]

0.2.3. In Sect. [3] we specialize the context of Koszul duality to the case of associa-
tive algebras.

0.2.4. In Sect. [4) we prove Theorem [4.4.6] mentioned above, which says that the
functor

Grp(coChev™) o Q. : LieAlg(0) - CocomBialg(0),
is fully faithful.
We study the functor

onoid(coChev®™! i
CocomBialg(O) Monod(coC ) Monoid(LieAlg(O)) ~ Grp(LieAlg(O)) B LieAlg(O),

cnh)

right adjoint to Grp(coChev o e

We show that it fits into a commutative diagram

CocomBialg(O) oblvaseo: CocomCoalg™¢(0)
BLieoMonoid(coChevenh)l lpl’imcocomaug
LieAlg(0) 22V 0.

L.e., we obtain that when we apply the functor
Primcocomsus : CocomCoalg™®(0) — O
to an object of CocomBialg(O), the result has a natural structure of Lie algebra.

This can be regarded as an ‘ultimate explanation’ of why the tangent space
to a Lie group at the origin has a structure of Lie algebra (one that does not use
explicit formulas).

0.2.5. In Sect.[d we recall the basic constructions associated with the functor of
universal enveloping algebra of a Lie algebra.

In Sect.[6] we prove the second main result of this chapter, described in Sect. [0.1.3]
above.

In Sect. [7] we give an interpretation of an equivalence

h-mod ~ U (h)-mod
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(here b is a Lie algebra) in terms of the incarnation of UH°Pt(h) as

Grp(Chev®™) o Q(b).

0.2.6. In Sect.[A] we prove Theorem described in Sect.
In Sect. [B] we prove the PBW theorem in the setting of higher algebra.

0.2.7. In Sect. [C] we address the following issue: co-commutative bialgebras can
be defined in two ways: as associative algebras in the category of co-commutative
co-algebras or as co-commutative co-algebras in the category of associative algebras.

In the setting of higher algebra it is not obvious that these two definitions lead
to the same object. However, in Proposition we prove that they in fact do.

1. Algebras over operads
In this section, we review the general theory of algebras over operads.

For the purposes of this chapter, we will regard operads as algebras in the
category of symmetric sequences. We review this notion in Sect.

In this section, we also review the notions of filtered and graded objects in a DG
category. We show that algebras over operads have a canonical filtration and, as a
result, various functors on the category of algebras over an operad obtain canonical
filtrations.

Finally, for an operad P, we consider group objects in the category of P-
algebras. We show that the underlying P-algebra of a group object in the category
of P-algebras is canonically a trivial P-algebra.

1.1. Operads and algebras. In this subsection we introduce operads and alge-
bras over them (in a given DG category).

1.1.1. Let Vect™ denote the category of symmetric sequences. As a DG category,
we have:
Vect” := II Rep(Z,),
n>1
i.e., consists of objects

P :={P(n) cRep(Z,), n>1}.

The category Vect™ has a canonical symmetric monoidal structure such that
it is the free symmetric monoidal DG category on a single object. It follows by
the (o0, 2)-categorical Yoneda lemma Volume I, Chapter 11, Proposition 6.3.7 that
Vect™ is the category of endomorphisms of the functor

DGCat2—Cat,SymMon - 1-Cat

cont

Hence, the category Vect™ is endowed with another natural (non-symmetric)
monoidal structure, called the composition monoidal structure, corresponding to
composition of functors. The unit object

1y € Vect™
is the one given by

lyee=(1) =k, 1ye=(n) =0 for n> 1.
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Let O be a symmetric monoidal DG category. The category O is then a module
category for Vect™ (with the composition monoidal structure). Explicitly, given an
object P € Vect™ and V € O, the action of P on V is given by the formula

P+Vi= @ (P(n)o V), .

1.1.2. A (unital) operad is by definition a unital associative algebra in Vect™ with
respect to the composition monoidal structure.

Convention: Unless explicitly stated otherwise, we will only consider operads P,
for which the unit map defines an isomorphism k& — P(1). In particular, such
operads, viewed as associative algebras in Vectz, are automatically augmented.

1.1.3. For an operad P e AssocAlg(Vect™), the category of P-Alg(O) of P-
algebras in O is by definition the category P-mod(O).

We shall denote by
freep : O 2 P-Alg(O) : oblvp
the resulting pair of adjoint functors.
The functor oblvp is conservative, and being a right adjoint, it preserves limits.
The composite functor oblvp o freep is given by
VePxV= o (P(n)® v®”)2” )
In particular, it preserves sifted colimits. Thus, the monad on O, defined by P,

preserves sifted colimits. Hence, the forgetful functor oblvy also preserves sifted
colimits.

1.1.4. The augmentation on P gives rise to a functor
trivp : O - P-Alg(0),
which is a right inverse on oblvp.
1.1.5. We will consider the following operads: Assoc®®, Com®"® and Lie. By
definition
Assoc™(n) = k¥,  Com™#(n) = k.
By definition
Assoc™®-Alg(O) =: AssocAlg™#(0) and Com™"&-Alg(O) =: ComAlg™€(0)

are the categories of unital augmented (equivalently, non-unital) associative and
commutative algebras in O, respectivel

We will also consider the operad Lie; this is the classical Lie operad, where we
set by definition Lie(1) = k. We have

Lie-Alg(O) =: LieAlg(O);
this the category of Lie algebras in O.

2Note that in the interpretation as augmented algebras, the forgetful functor oblvp corre-
sponds to taking the augmentation ideal.
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1.2. Tensoring a P-algebra by a commutative algebra. Let h be a Lie alge-
bra and A is a commutative algebra. Then the vector space h ® A has a canonical
structure of a Lie algebra given by [hy ® a1, hs ® az] = [h1,ha] ® (a1 - a2).

In this subsection, we describe the following generalization of this construction.
Let O be a symmetric monoidal category, and let A be a commutative algebra in
O. For an operad P, let B be a P-algebra in O. We will show that the object
A ® B has a canonical structure of a P-algebra.

REMARK 1.2.1. This construction has the following generalization (which we
will not need in the sequel). The category of operads has a symmetric monoidal
structure characterized by the property that if A is a PP-algebra and B is a Q-algebra
then A® B is a (P ® Q)-algebra. The commutative operad is the unit object for
this symmetric monoidal structure.

1.2.2. Let ®: O - O’ be a homomorphism of symmetric monoidal DG categories.
Then @ induces a (strict) functor between module categories for the monoidal
category Vect™.

In particular, for any operad P, the functor ® induces a functor
(1.1) & : P-Alg(O) - P-Alg(0O")
that makes the diagrams
®

P-Alg(0O) P-Alg(O")
(12) oblvp l lobIVp
o) _® . o’
and
P-Alg(0) —2— P-Alg(0')
(13) freep T Tfreep
0 _® . o’
comimute.

1.2.3. Consider the right adjointﬂ ®F of & (where we view the latter as a functor
between mere DG categories).

The functor ® has a natural structure of right-lax functor of module categories
over Vect™. In particular, it induces a functor

d%:P-Alg(0’) - P-Alg(0),
right adjoint to (1.1J).
By passing to right adjoints in (|1.3)), we obtain a commutative diagram
R
P-Alg(0) «—— P-Alg(0’)
(14) oblvp l loblvP

(0} — o'

3Here we do not even need to require that this right adjoint be continuous.
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1.2.4. Let now A be a commutative algebra in O. Set O’ := A-mod(O). The
composition

fed:0-0
is the functor of tensor product by A.

By the above, this functor admits a natural structure of right-laxz functor of
module categories over Vect™. In particular, we obtain a well-defined functor

A®-:P-Alg(0) > P-Alg(0),
that makes the diagram

P-Alg(0) 227, P_Alg(0)

oblvp l loblvP
o) _A8- o’
commute.
1.2.5. Note that the construction
(1.5) A~ A®-:P-Alg(O) > P-Alg(O)

is functorial in A, so we obtain a functor
ComAlg(0) x P-Alg(O) - P-Alg(0O).
For the sequel, we note the following:
LEMMA 1.2.6. The functor (L.5) commutes with finite limits in each variable.

PROOF. It is enough to prove the assertion after applying the functor oblvp,
and then it becomes obvious, because the functor

--:0x0->0
commutes with finite limits in each variable.
O

1.3. Digression: filtered and graded objects. In this subsection we will make
a digression and fix some notation pertaining to filtered and graded objects in a
DG category.

1.3.1. For a DG category C, we let CF!! (resp., CFI:20, CFil<0) denote the cate-
gory of filtered (resp., non-negatively filtered, non-positively filtered) objects. By
definition,

C'l:= Funct(z,C), C"20 = Funct(22°,C), C"=Y:= Funct(2<°, C),
where Z is viewed as an ordered set and hence a category.

We have the natural restriction functors

CFil>0 _ Fil _ oFil<0

The above functors both admit left adjoints, given by left Kan extension. The

essential image of CF20 in CF! consists of functors sending the negative integers

to 0. Then essential image of CF<0 in CF! consists of functors that take the
constant value on Z2°. Thus, we obtain the usual embeddings

CFil>0 _ oFil _, oFil<0
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The functor of ‘forgetting the filtration’
oblvg; : C™' > C
is by definition the functor
colZim : Funct(Z,C) - C.

1.3.2. Consider also the category
Cgr . (jZ7
and its subcategories
Cgr,ZO c Q8 5 Cgr,SO.
We have the functor of forgetting the grading oblv,, : C8" — C, given by
®:C" - C.
z

For n € Z we let
(deg=n):C - C*"

the functor that creates an object concentrated in degree n. Sometimes, we will
also use the notation

ydes=n . (deg =n)(V).
1.3.3.  We have a canonically defined functor
(1.6) (gr - Fil) : C& - C™,
given by left Kan extension along
(1.7) /i

(L.e., the target Z is considered as a category with respect to its natural order,
while the source copy is considered as a groupoid.)

_Explicitly, if an object of C#" is given by n ~ V), the corresponding object of
CFil is given by
n~ & Vnr.

n’<n

The functor (gr — Fil) admits a right adjoint, denoted Rees, given by restriction
along (L.7).
1.3.4. 'We now consider the functor of associated graded

ass-gr : CFl - Cer,
given by
n > coFib(V,—1 = V).

It is a basic (and obvious) fact that the functor ass-gr is conservative when
restricted to CF120,

We have the following (evident) isomorphism of endo-functors of C*':

ass-gro(gr - Fil) ~Id.
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1.3.5. The above constructions are functorial with respect to C. In particular, if
O is a (symmetric) monoidal category, then so are Ol and 0%, and each of the
functors

ass-gr: O - 0% (gr - Fil) : 0% - O™ and (deg=0): 0 - O*"
has a natural (symmetric) monoidal structure.
1.4. Adding a filtration. Suppose that A is an augmented associative algebra.
In this case, A has a canonical filtration given by A, = 0 for n < 0, Ag = k and
A, = A for n > 1. The corresponding associated graded algebra is given by the

square zero extension (i.e. trivial augmented associative algebra) k@ A*, where A*
is the augmentation ideas of A.

In this subsection, we describe a generalization of this construction. Namely,
we show that anyﬂ P-algebra has a canonical lift to a filtered P-algebra such that
the associated graded is the trivial P-algebra. Roughly speaking, at the level of the
corresponding Rees algebras, this construction amounts to scaling all the operations
to zero.

This is a technically important tool as it allows to reduce many statements
about P-algebras to trivial P-algebras.

1.4.1. Consider the commutative algebra A := k @ k; we endow it with an aug-
mentation, given by projection on the first copy of k. We also endow it with a
non-negative filtration by setting

A, = Aforn>1
k for n = 0.

By Sect. we can regard the assignment
B~ AQ®B

as a functor
P-Alg(0) — P-Alg(0F120),
Using the augmentation on A, we obtain a natural transformation

A® B — B.

Here we abuse the notation slightly, and denote simply by B the object of P -Alg(OF11:>0)
that should properly be denoted by (gr — Fil)(B4&=0).

1.4.2. We define the functor
AddFil: P-Alg(0O) — P—Alg(OFH’ZO)

by:
B~ TFib(A® B - B):=(A®B) ]xg{o}.

Sometimes, we will also use the notation

BFl .= AddFil(B).

4Recall our conventions for operads!
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1.4.3. Since oblvgy(A) = k x k, by Lemma we obtain an isomorphism of
functors:
ObIVFil(A ® B) ~ Bx B.

From here, we obtain that the isomorphism of functors
oblvg; o AddFil ~1d .

So, the assignment
B~ B!
can be viewed as a canonical lift of B € P-Alg(O) to an object of P-Alg(OF1120).

1.4.4. The following diagram commutes by construction:

P-Alg(0) AP P-Alg(OF1:20)
trivp T trivp T
o) deg=1 Ogr,ZO (gr—Fil) OFil,ZO.
The following diagram also commutes:
P-Alg(0) 24 P-Alg(OF1120)
oblvp l oblvp l
o) deg=1 er:20 (gr—Fil) OFil,20

1.4.5. We now claim:

PROPOSITION 1.4.6. The functor
ass-gro AddFil : P-Alg(0) — P-Alg(0827)

is canonically isomorphic to trivp o (deg = 1) c oblvyp, i.e.,
oblv deg= riv
P-Alg(0) 2 0 (3 @er20 VP p_pje 020y,

Let us repeat the statement of Proposition [1.4.6[ in words. It says that for
B e P-Alg(0), the associated graded of BF! is canonically trivial.

PROOF. We need to show that the functor P-Alg(O) — P-Alg(08"2?), given
by
B+ Fib(ass-gr(A) ® B~ B)
is canonically isomorphic to
B+ trivp(oblvyp(B)4es=!),
We will deduce this from a particular property of the canonical action of Vect™
on O from Sect. [LT.1t
Note that ass-gr(A) = k[e]/€?, where deg(e) = 1. Consider the functor
(1.8) V = Fib(k[e]/e® ® VIE=" » ydee=0) - O —» 0#"20,
as a right-lax functor of modules categories over Vect™.

For a symmetric monoidal category O’ let us denote by Of . the same DG

triv

category (i.e., O'), but equipped with the trivial action of Vectz, i.e., the action
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that factors through the projection on the degree 1 component Vect® - Vect. Note
that the identity functor on O’ can be made into a right-lax functor of modules
categories over Vect® for both

(19) O/ - O;riv
and
(1.10) e

With these notations, the observation is that the functor (1.8) canonically fac-
tors as a composition

(1.9) deg=1 (1.10)
10 Otriv ( ) (Ogr)zo)triv Ogr,ZO.

Indeed, this follows for reasons of degree since the functor (1.8]) sends V' to
Vdeg:l.

O

1.5. Filtered objects arising from P-algebras. The construction in this sub-
section expresses the following idea: many functors from the category of P-algebras
in O to O itself automatically lift to functors with values in the category of filtered
objects in O.

The typical examples of this phenomenon that we will consider are the functors
of universal envelope or Chevalley complex of a Lie algebra (see Sect. for the
latter example).

1.5.1. Let C be a functor
DGCat®y™mMen _, 1_(at,

and let ® be a natural transformation
o
0 ~ P-Alg0)c(0).

We observe that the natural transformation ® automatically upgrades to a

natural transformation, denoted ®¥!!,
O ~ P-Alg(0)—c(0""20),
Indeed, we let ®il|g : P-Alg(O) - C(OF2) be the composition
i B P il,> .
P-Alg(0) "5 p_alg(0F120) T o(Fila0),

1.5.2. Note that we have the following commutative diagram:

@Fil‘o

P-Alg(0) —2> C(OF120)

Idl loblan

P-Alg(0) —°  ¢(0).
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The next diagram commutes due to Proposition

(I)Fillo

P-Alg(0) ——  C(OF1=0)

oblvPl lass—gr

(1.11) o C(0820)
<dcg=1>l ]@\ogr,zo

trivp

Ogr,20 P_Alg(ogr,z())

In addition, we have the following commutative diagram

0 =P, P-Alg(0)
(degznl l«b“\o
Ogr,zo C(oFil,ZO)

trivPl Igr—ﬂ?il

P gr,20
P-Alg(08r20) o2, o (Qura0)

1.6. Group objects in the category of P-algebras. In this subsection we show
that the category of P-algebras has the feature that the functors of taking the loop
space and the classifying space of a group-object are mutually inverse equivalences
of categories.

1.6.1. Consider the categories

Grp(P-Alg(0)) c Monoid(P-Alg(0)).

We claim:

LEMMA 1.6.2. The inclusion Grp(P-Alg(0)) c Monoid(P-Alg(0)) is an equiv-
alence.

PRrROOF. The inclusion Grp(C) c Monoid(C) is an equivalence for any pointed
category C, for which a map ¢; — c¢3 is an isomorphism whenever ¢; x * — * is:
co

Namely, recall that a monoid object ¢ € C is a group object if and only if the
map

(p1,m):cii=cxc—>cxc=icy

is an isomorphism. However, if C is pointed, the canonical map * — c is the unit;
therefore, the natural map c; x * — * is an isomorphism.
[

(]
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1.6.3. Consider now the pair of adjoint functors:
(1.12) Bp : Grp(P-Alg(0)) = P-Alg(O) : Qp.
We claim:
PROPOSITION 1.6.4. The functors are mutually inverse equivalences.
PROOF. We have to show that the natural transformations
Id - Qp o Bp and BpoQp — Id
are isomorphisms.
It is enough to show that the resulting natural transformations
oblvp — oblvp o Qp o Bp and oblvp o Bp o Q0p — oblvp
are isomorphisms.

The following diagram commutes tautologically
Grp(P-Alg(0)) «——2— P-Alg(O)
oblvpooblvg,p l loblvP

o AU o

because the functor oblvp commutes with limits.

The next diagram, obtained from one above by passing to left adjoints along
the horizontal arrows,

Grp(P-Alg(0)) —22— P-Alg(O)
oblvp OObIVGrpjv loblvP
o SN o

also commutes, because oblvp commutes with sifted colimits.

This implies the required assertion.

O

1.7. Forgetting the group structure. In this subsection we show the following:
if we consider a group-object of the category of P-algebras, and forget the group
structure, then the resulting P-algebra is canonically trivial.

1.7.1.  We will prove:
PrOPOSITION 1.7.2. The composite functor
oblvg,p, 0 Qp : P-Alg(O) » P-Alg(O)
is canonically isomorphic to

trivp o[-1] o oblvp.

Combining with Proposition [1.6.4] we obtain:
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COROLLARY 1.7.3. The functor
oblvg,p : Grp(P-Alg(0)) - P-Alg(O)
is canonically isomorphic to
trivp o oblvp o oblvgyy.

The rest of this subsection is devoted to the proof of Proposition The idea
of the proof, explained to us by M. Kontsevich, is to interpret the composite functor
oblvg,p, © Qp as tensor product by a certain (non-unital) commutative algebra.

1.7.4. Step 1. Consider the commutative augmented algebra A in Vect equal to
trivoomeus (k[-1]).

Le., A =k[-1] &k, with the multiplication on k[-1] is trivial. We claim that that
there exists a canonical isomorphism of endo-functors of P-Alg(O)

oblvg,, 0 Qp(B) ~Fib(A® B - B).

I _ o—
Indeed, take A’ = k x k, so that A = k x k. By Lemma the pullback
diagram of commutative algebras

A—— &k

(1.13) l l

k —— A
gives rise to a pullback diagram in P-Alg(O),
A®B —— B

l ldiag

B 9, BB

functorially in B € P-Alg(O).

)

The projection on the second factor defines an augmentation A’ — k, thereby
allowing to view as a diagram over k. From here we obtain a pullback
diagram

Fib(A® B > B) Fib(B > B)

| |

Fib(B—-B) —— Fib(Bx B - B),
i.e., we obtain a pullback diagram

Fib(A® B> B) —— 0

l l

0 —— B

)

as desired.
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1.7.5. Step 2. Thus, to prove Proposition [I.7.2] we need to establish a canonical
isomorphism of functors

(1.14) Fib(A® B - B) ~trivp(oblvp(B)[-1]), BeP-Alg(O).
This repeats the argument of Proposition [1.4.6

1.8. Stabilization. In this subsection we use Proposition [I.7.2] to give a simple
proof of the fact that the stabilization of the category of P-algebras (in a symmetric
monoidal DG category O) identifies with O itself.

1.8.1. For an oco-category C, let ComMonoid(C) denote the category of commu-
tative monoids in C, see Volume I, Chapter 1, Sect. 3.3.3.

Recall also that if C is stable, the forgetful functor
ComMonoid(C) —» C
is an equivalence.

1.8.2. Let O be a symmetric monoidal DG category. We regard it a mere oo-
category, and consider the corresponding category ComMonoid(O). Since O is
stable, by the above we have ComMonoid(O) ~ O.

Since the functor trivp commutes with limits (and, in particular, products), it
induces a functor

ComMonoid(trive)
—

(1.15) O ~ ComMonoid(O) ComMonoid(P-Alg(0)).

We will prove:

PROPOSITION 1.8.3. The functor (1.15)) is an equivalence.

The above proposition can be reformulated as a commutative diagram
0) P-Alg(O)

y [

ComMonoid(P-Alg(0)) bV ComMonotd, P-Alg(0O).

Hence, we obtain:

tI‘iV'p

COROLLARY 1.8.4. The functor
coPrimp : P-Alg(O) - O,
left adjoint to trivp (see Sect. below), identifies O with the stabilization of
P-Alg(O).
PRrROOF OF PROPOSITION [[L83] Since the functor oblvyp preserves limits (and,
in particular, products), it induces a functor

ComMonoid(oblvp)
—

ComMonoid(P-Alg(0)) ComMonoid(O).

We claim that the functors ComMonoid(oblvp) and ComMonoid(trivp) are
inverses of each other.

The fact that the composition ComMonoid(oblvp) o ComMonoid(trive) is
isomorphic to the identity functor follows from the fact that oblvp o trivp ~ Id.
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To prove that the other composition is isomorphic to the identity functor, we
proceed as follows. Recall that for any oo-category C, the forgetful functor

ComMonoid(oblvyonoid)
—

ComMonoid(Monoid(C))

is an equivalence, see [Lu2l, Theorem 5.1.2.2].

ComMonoid(C)

Hence, it suffices to construct an isomorphism between the composition

ComMonoid(oblvyionoeia)
—

ComMonoid(Monoid(P -Alg(0)))

ComMonoid(oblvp)
—

ComMonoid(P-Alg(0O)) —

ComMonoid(trive)
—>

ComMonoid(O) ComMonoid(P-Alg(0O))

and

ComMonoid(oblvyionoid)
—

ComMonoid(Monoid(P-Alg(0))) ComMonoid(P-Alg(0)).

However, this follows by applying ComMonoid to the isomorphism between

oblvonoiad oblvp trivpe

Monoid(P-Alg(0)))  —"“ P-Alg(O) — O — P-Alg(0O)

and
oblvyonoid

Monoid(P-Alg(0)) — —" P-Alg(0),

the latter given by Corollary
]

1.8.5.  We can use Proposition also to describe the co-stabilization of P-Alg(O),
i.e., the stabilization of P-Alg(Q)°P.

PROPOSITION 1.8.6. The suspension functor Xp on P-Alg(O) identifies with
freep o [1] o coPrimp,
where coPrimp is as in Sect. [2.1]

PRrROOF. Follows by adjunction from Proposition [1.7.2

COROLLARY 1.8.7. The functor
(freep)°? : O°P — (P-Alg(0O))P
identifies O°P with the stabilization of (P-Alg(O))°P.

PROOF. We have to show that the functor (freep)°P identifies O°P with the
category of spectrum objects in (P-Alg(0))°P, i.e., with the category of sequences

Ao~ (A1), A1 ~Q(A2)..., A; e (P-Alg(0))°P,
where (Q is the loop functor on (freep)°P, i.e., when we regard A; as P-algebras in
O, we have
Ao~ Xp(41), A1 ~3p(As)...
We claim that any such sequence is canonically of the form
(1.16) A; = freep o [-i] o coPrimp (Ap).

Indeed, it follows from Proposition that for every i > 0 we have
(1.17) A; ~ freep o [1] o coPrimp (A;41),
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hence

coPrimp (A;11) ~ coPrimp (A;)[-1],
and hence
(1.18) coPrimp(A;11) ~ coPrimp (Ap)[-(i + 1)].

Combining (1.18) and (1.17) we obtain (1.16)).

2. Koszul duality

In this section we review the general theory of Koszul duality that relates
algebras over an operad with co-algebras over the Koszul dual co-operads.

The main point of this section is that there are two inequivalent notions of co-
algebra over a co-operad: the usual one, and what we call a ind-nilpotent co-algebra.
There is a forgetful functor from the latter to the former, which we conjecture to
be fully faithful.

The Koszul duality functors naturally connect P-algebras and ind-nilpotent co-
algebras for PV. We propose some conjectures to the effect of what fully-faithfulness
properties we can expect from the Koszul duality functors.

2.1. Co-operads. In this subsection we introduce the notion of co-operad. There
are no surprises here, but there will be some when we will consider the corresponding
notion of co-algebra over a co-operad.

2.1.1. By a co-operad we shall mean a co-associative co-algebra object in Vect™.

As in the case of operads (see Sect. , we will only consider co-operads
Q for which the co-unit defines an isomorphism Q(1) — k. (In particular, all our
co-operads are augmented.)

2.1.2. Let Vect?d. c Vect™ be the full subcategory spanned by those objects P,
for which P(n) € Vect is finite-dimensional in each cohomological degree for every
n.

Term-wise dualization P — P* defines a monoidal equivalence
(Vect?d.)‘)p - Vect?d. )

In particular, it defines an anti-equivalence between the subcategories of oper-
ads and co-operads that belong to Vect? q.-
2.1.3. We set

Coassoc™® := (Assoc™®)".
This is the co-operad responsible for unital and augmented (or, equivalently, non-
unital) co-associative co-algebras.
We set
Cocom™"® := (Com™"®)*.
This is the co-operad responsible for unital and augmented (or, equivalently, non-
unital) co-commutative co-algebras.
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2.2. Ind-nilpotent co-algebras over a co-operad. It turns out that there are
two (and, outside of characteristic 0, four) inequivalent notions of co-algebra over
a given co-operad. In this subsection we will study one of them: the notion of
ind-nilpotent co-algebra.

2.2.1. Recall the action of Vect” on O, considered in Sect. m
Let Q be a co-operad. By definition, the category
Q-Coalgmd-milp (0)
is that of @-comodules in O with respect to the x-action.

REMARK 2.2.2. Modules for the above monad should be more properly called
‘ind-nilpotent co-algebras with divided powers’, see [FraGl Sect. 3.5]. However,
we shall omit the reference to divided powers from the notation because we are
working over a field of characteristic zero.

2.2.3. We have the pair of adjoint functors
oblvgd'nilp : Q—Coalgind'nﬂp(O) 20: cofreegd'nilp7
ind-nilp

with oblvgd'nilp being co-monadic. In particular, oblv, is conservative, pre-

serves all colimits and totalizations of oblvgd'nilp—split co-simplicial objects.

2.2.4. The augmentation on Q gives rise to a functor
trivgd']rlilp :0 > Q—Coalgind'nﬂl[’(O)7

right inverse to oblvgd'nﬂp.

2.3. The Koszul dual (co)-operad. In this subsection we introduce the Koszul
duality functor that relates operads and co-operads.

2.3.1. Let O’ be a (not necessarily symmetric) monoidal category with limits and
colimits. We will assume that the monoidal operation on O’ commutes with sifted
colimits in each variable (but not not necessarily all colimits).

In this case we have a pair of mutually adjoint functors
(2.1) Bar®™ : AssocAlg™#(0') 2 CoassocCoalg™(Q’) : coBar™",
referred to as Koszul duality, see Sect. below.

(Note, however, that since the monoidal operation on O’ is not assumed to com-
mute with coproducts, augmented associatove/co-associative algebras/co-algebras
in O are not the same as algebras/co-algebras over the AssocAlg™®-operad.)

We apply this to O’ := Vect™. In this case, the resulting functors

Bar®™" : Operads 2 coOperads : coBar®™"

are mutually inverse equivalences. One can prove this by adapting the argument of
[FraGl, Proposition 4.1.2].
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2.3.2. Let P be an operad. We denote
73\/ . Barenh(P)’
and for a co-operad Q we denote

QY = coBarenh(Q).

If P € Vect?, , then PV has the same property, and vice versa.
2.3.3. It is known that
(Coassoc™®)Y ~ Assoc™8[-1],
and hence
(Assoc™®)" ~ Coassoc™®[1].
It is also known that
(Cocom™®)" ~ Lie[-1],
and hence

Lie" ~ Cocom™®[1].

2.4. Koszul duality functors. In this subsection we will define the operation
central for this section (and the entire chapter): the functors of Koszul duality that
relate algebras over an operad to co-algebras over the Koszul dual co-operad.

The exposition here follows closely [FraGl Sect. 3].
2.4.1. Let P be an operad. Recall the functor
trivp : O - P-Alg(0O).

It preserves limits (since its composition with the conservative limit-preserving
functor oblvp does). Hence, by the Adjoint Functor Theorem, it admits a left
adjoint:

coPrimp : P-Alg(O) - O.

By adjunction,
coPrimp ofreep ~ Id.

2.4.2. We calculate the functor coPrimp as the Bar-construction of the augmented
associative algebra P in AssocAlg(VectE) acting on a P-module in O:

coPrimp ~ Bar(P, -).

It follows from the definition of the Koszul duality functor that for an operad
‘P we have a canonical isomorphism of co-monads acting on O:

coPrimp otrivp =~ PV x —,

see [FraGl Lemma 3.3.4] (or Sect. later in this chapter).
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2.4.3. Hence, we obtain that the functor coPrimp canonically lifts to a functor
COPrim(;)nh,ind—nilp . P—Alg(O) N Q-COalgind_nﬂp(O),
where Q = PV, so that

coPrimp = Oblvgd'nilp ° COPrim;)nh,ind—nilp,
and
(2.2) COPrim%nh,ind-nilp otrivp = cofre eiéld—nilp7
see [FraGl Corollary 3.3.5 and Sect. 3.3.6].
We also have:
(2.3) COI:’rim‘;;,nh’ind’nilp ofreep ~ trivgd’“ﬂp

2.5. A digression: the filtered version. In this subsection we observe that the
enh,ind-nilp . .
naturally admit filtered versions.

functors coPrimp and ® = coPrim,
2.5.1. In the context of Sect.[[.Hllet us take
(i) C(0) = 0, ® = coPrimp.
(i) C(O) = P¥-Coalg™ ™ (0), ® = coPrim{y "™,
2.5.2.  Thus, we obtain that the functor
coPrimp : P-Alg(O) - O
canonically lifts to a functor
coPrimi! : P-Alg(0) - OF 120,
and the functor
coPrim‘;;‘h’ind'nilp : P-Alg(0) - P -Coalg™ ™ (Q)

canonically lifts to a functor

Coprim%nh»ind-nilp,Fil : P-Alg(0) - PV _Coalgind—nilp(oFil,ZO)

so that

. Fi ind-nil .__enh,ind-nilp,Fil
coPrnnf;11 ~ oblvy, ™" o coPrimy MR

We have a canonical isomorphism
. _enh,ind-nilp,Fil
(2.4) ass-gr o coPrim%)' /ind-nilp,Fi

as functors P-Alg(0) — P -Coalg™ P (Q#":20),

e~ cofree%‘?’nﬂp o(deg=1)ooblvp,

REMARK 2.5.3. One can show that the composite functor
CoPrimglh,ind-nilp,Fil OtI‘iV’p :0 > Pv _Coalgind—nilp(oFil,ZO)

identifies canonically with

(gr - Fil) o cofreei;‘g'nﬂp o (deg=1).
2.6. The adjoint Koszul duality functors. In this subsection we describe the
construction of the adjoint Koszul duality functor: it goes from the category of
(ind-nilpotent) co-algebras over a given co-operad Q to the category of algebras
over the Koszul dual of Q.
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2.6.1. Let Q be a co-operad. The functor trivgd'nillo preserves colimits, since its
composition with Oblvgd'nllp does. Hence, by the Adjoint Functor Theorem, it

admits a right adjoint
Primisd_nﬂp . Q_Coalgind-nilp(o) > 0.

ind-nilp

By adjunction, Primg ind-nilp , 14,

ocofree o

2.6.2. We calculate the functor Primi;d'nilp as the coBar-construction of the aug-
mented co-associative co-algebra Q in CoassocCoalg(Vectz) acting on a @-comodule
in O: o
Primgd'mlp ~ coBar(Q, -).

In addition, for a co-operad Q, we have a canonical morphism (but not an
isomorphism) of monads
(2.5) (Q"x-)— Primgd‘nilp otrivg‘d‘nﬂp,
see [FraGl Lemma 3.3.9].

2.6.3. Hence, we obtain that the functor Primgd'n“p

Primglh,ind—nilp . Q_Coalgind-nilp(o) N P—Alg(0)7
where P = QY, so that
. ind-nil
Primg P
see [FraGl Corollary 3.3.11], and

Primegnh,ind—nilp

canonically lifts to a functor

. _enh,ind-nil
~ oblvp o Primg™ " ™P,

ind-nilp

ocofree, ~trivp.

The map ([2.5)) gives rise to a natural transformation of functors O — P-Alg(0O),
namely,

enh,ind-nilp

freep — Prim{ ind-nilp,

otrivy
2.6.4. Furthermore, according to [FraGl Corollary 3.3.13] the functors

(2.6) coPrim%nh’ind'nﬂp 1 P-Alg(0) =2 Q—Coalgind'nﬂp(O) : li‘rirrfgh’ind_nillD
are mutually adjoint.

2.6.5. The following is part of [FraGl, Conjecture 3.4.5]:

CONJECTURE 2.6.6. The functor

Primegnh,ind—nilp . Q_Coalgind—nilp(o) N P—Alg(O)

1s fully faithful.

In the sequel, we will relate Conjecture to several other plausible conjec-
tures, see Sect.

REMARK 2.6.7. Added in November 2021: It turns out that Conjecture [2.6.0]
is false. Namely, the co-unit map

enh,ind-nilp

. h,ind-nil
coPrimy, D I

o Prim 0

fails to be an isomorphism for P = Com™® (and so Q is the shifted Lie operad),
when evaluated on o
A= trivig®™MP(V),
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where V' is an infinite-dimensional vector space. We are grateful to J. Lurie for
pointing this out to us.

Indeed, in this case Primglh’ind'nﬂp(A) is the completed polynomial algebra on

the vector space V' as generators, and its classical cotangent space has a non-trivial
kernel when mapping to V.

2.7. (Usual) co-algebras over a co-operad. In this subsection we will define
another notion of co-algebra over a given co-operad. It is this notion that in the
case of CoAssoc™™® (resp., Cocom™#) recovers co-associative co-algebras (resp., co-
commutative co-algebras).

2.7.1. 'We have another right-lax action of Vect™ on O, given by
P«V=1(P(n)e yen)En,

2.7.2. For a co-operad Q, the category Q-Coalg(O) of augmented Q-co-algebras
is that of Q-co-modules in O with respect to the %-action.

REMARK 2.7.3. Note, however, that since the *-action of Vect™ on O is only
right-lax, the functor O — O, defined by Q, is not a co-monad.

2.7.4. For example, for Q@ = Coassoc™®, we obtain the usual category CoassocCoalg™®(O)

of co-unital augmented (or, equivalently, non co-unital) co-associative co-algebras.

Similarly, for @ = Cocom®"#, we obtain the usual category CocomCoalg®'®(Q)
of co-unital augmented (or, equivalently, non co-unital) co-commutative co-algebras.

2.7.5. We let
oblvg : @-Coalg(0O) - O
denote the corresponding forgetful functor.

The functor oblvg is conservative and preserves all colimits (in fact, one can
show that oblvg admits a right adjoint, but it is not easy to describe this right
adjoint explicitly).

In addition, it is known that the functor oblvg commutes with totalizations
of oblvg-split co-simplicial objects.
REMARK 2.7.6. From the above it follows that the functor
oblvg : @-Coalg(0O) - O
is co-monadic. Yet, as was noted in Remark [2.7.3] the corresponding endo-functor
of O is not the one, given by the *-action of Q.
2.7.7. The augmentation on Q defines the functor
trivg : O - Q-Coalg(0O),
right inverse to oblvg.

The functor trivg preserves colimits, since its composition with oblvg does.
Hence, the functor trivg admits a right adjoint

Primg : Q-Coalg(O) - O.
In Sect. we will describe the functor Primg a little more explicitly.
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2.8. Relation between two types of co-algebras. In this subsection we will
study the relationship between the notions of co-algebra over a co-operad and that
of ind-nilpotent co-algebra.

2.8.1. Note that we have the following natural transformation between the two
right-lax actions of Vect™ on O:

(2.7) PxV>PxV.

REMARK 2.8.2. Note that the natural transformation (2.7 involves the oper-
ation of averaging with respect to symmetric groups, see [FraGl Sect. 3.5.5].

2.8.3. The natural transformation (2.7)) gives rise to the forgetful functor

(2.8) res* " : Q-Coalg™ ™ (0) - Q-Coalg(0).

We proposeﬂ
CONJECTURE 2.8.4. The functor
res*~* : Q-Coalg™ ™' (0) - Q-Coalg(0)
of is fully faithful.

2.8.5. We have:

(2.9) oblvgores ™" ~ oblvisd'nilp7 Q-Coalg™™P(0) - O
and

(2.10) trivg ~res* " o trivgd'nﬂp7 O - Q-Coalg(0O).

We shall denote

cofreefs™ := res*”" o cofreegd'rlilp : 0 - Q-Coalg(0).

2.8.6. Let P := QY be the Koszul dual operad. We denote

coPrim3™ := res*”* o coPrim%™ ™ P_Alg(0) - Q-Coalg(O).

By (2.2)), we have

(2.11) coPrim3™ otrivp = cofreefske
and by (2.3), we have
(2.12) coPrim3™ ofreep = trivg.

5In [FraGl Remark 3.5.3] it was erroneously stated that the authors knew how to prove this
statement. Unfortunately, this turned out not be the case.
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2.8.7. Tt follows from ([2.9)) that the functor res*™* commutes with colimits. Hence,
it admits a right adjoint, denoted (res*~*)%.

We define

(2.13) Primegnh = Primegnh’i"d'"ilp o(res*”*)®: Q-Coalg(0) - P-Alg(0).

By adjunction, the functors
coPrim3™" : P-Alg(0) 2 Q-Coalg(0): Prim3™"
form an adjoint pair.
By passing to right adjoints in , we obtain an isomorphism:
(2.14) Primg ~ Primgd'nﬂp o(res*™ ),

enh

and applying the definition of Primg

oblvgo PrimeQ]“h ~ Primg .

2.8.8.  'We propose the following variant of Conjecture [2.6.6

CONJECTURE 2.8.9.
(a) The unit of the adjunction

Id — Primgh o coPlrim%jlh

is an isomorphism, when evaluated on objects lying in the essential image of the

. enh
functor Primg™.

(b) The co-unit of the adjunction
coPrim3" o Prim3™ — Id

is an isomorphism, when evaluated on objects lying in the essential image of the

functor coPrim$a™

REMARK 2.8.10. Added in November 2021: just like Conjecture the same
counterexample disproves point (b) of Conjecture

As of now, point (a) of Conjecture still stands, but we are highly dubious
of its validity.

2.9. Calculation of primitives. In this subsection we will be concerned with the
functor

Primg ocofreefélke :0 -0,
where we recall that cofree®® is the functor

res” ¥ o cofreegd_mlp :0 > Q—Coalgmd'mlp(O).
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2.9.1. Consider the unit of the adjunction

Id - (res* ") ores*™*.

Composing with 1:’rimegnh’md‘nllp and pre-composing with cofreefske, we obtain

a natural transformation

trivp o Primcgnh’md'nllp ocofreegd'nllp -

. _enh,ind-nil
- Primg™" ™" P o(res

-

ind-nilp enh fake

R * o cofree ~ Primg™ ocofree 5,

*
ores

where P := QV. Le., we have a natural transformation:

(2.15) trivp — Primcgnh ocofreefske, O - P-Alg(0).

Composing further with the forgetful functor oblvp

(2.16) Id - Primg ocofreefgke7

as endo-functors of O.

2.9.2. The following conjecture follows tautologically from Conjecture
CONJECTURE 2.9.3. Then the natural transformation is an isomorphism.

Since the functor oblvp is conservative, Conjecture [2.9.3| is equivalent to the
natural transformation (2.15)) being an isomorphism.

In Sect. [A] we will prove:

THEOREM 2.9.4. Conjecture [2.9.3 holds if the co-operad Q is such that Q and
QVY[1] are both classical and finite-dimensional.

2.10. Some implications. In this subsection we will assume that Conjecture2.9.3]
holds for a given co-operad Q (in particular, it applies to Q := Cocom™® and
Q := Coassoc™®), and derive some corollaries.

2.10.1. Note that the fact that the natural transformation (2.16)) is an isomorphism
can be reformulated as saying that the functor res*~* induces an isomorphism

(2.17) Mapsg_coatgind-nite (0) (trivgd'nﬂp(V),cofreegd'nﬂp(W)) -
— Mapsg_coalg(0) (trin(V), cofreefske(W))

is an isomorphism for any V,W € O.
2.10.2. We claim:

ProPOSITION 2.10.3. The functor res* ™" defines an isomorphism
Mapsg _coatgind-nite (0) (trivgd‘n“p(V), A) - Mapsg _coaig(0) (trivg(V),res” " (4))
for any V € O and A € Q-Coalg™ ™' (0).

PROOF. For the proof we will need the following lemma:

LEMMA 2.10.4. The functor res*™* preserves totalizations of co-simplicial 0b-

jects that are oblvgd'nﬂp—splz't.
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PRrROOF. Follows from the combination of the following three facts:

(1) the functor oblvgd'Ililp commutes with totalizations of ObIVSd_nﬂp—Spht co-
implicial objects;

(2) the functor res*™* sends oblvgd'nﬂp—split co-simplicial objects to co-simplicial
objects that are oblvg-split;

(3) the functor oblvg commutes with totalizations of oblvg-split co-implicial ob-
jects. [

Now, the assertion of the proposition follows from the fact that every object
A e Q-Coalg™™P(0)
can be written as such a totalization as in Lemma whose terms are objects
of the form cofreegd‘mlp(W) for W e O. O

COROLLARY 2.10.5.

(a) The natural transformation Primgd'nilp

*

— Primg ores*™* is an isomorphism.

. enh,ind-nil . enh S ‘ :
(b) Primg™ ™™ — Primg™ ores™™* is an isomorphism.

2.10.6. As another corollary of Proposition [2.10.3] we obtain:
COROLLARY 2.10.7. The functor res*™* defines an isomorphism
Mapsg _coalgina-nie (o) (A'; A) = Mapsg_coaig(o) (res™ " (A"), res” " (A))

. . . . .__enh,ind-nilp
for any A" lying in the essential image of the functor coPrim7,

QY.

ProoF. Follows from the fact that any object of P-Alg(O) can be written as
a colimit of ones of the form freep(V'), while

, where P :=

coPrim 3™ P ofreep (V) = trivgd_nllp(v)'
(I

2.11. Some implications between the conjectures. In this subsection we con-
tinue to assume that Q is such that Conjecture holds. We will prove that

Conjecture [2.6.6] implies Conjectures [2.8.4] and [2.8.9

2.11.1. First, we claim:

THEOREM 2.11.2. Conjecture[2.6.6| (for the co-operad Q) implies Conjecture[2.8.4

ProoF. Taking into account Corollary[2.10.7] it suffices to know that the func-
tor

COPrim%ﬂh’ind_nﬂp . ’P—Alg(O) N Q_Coalgind—nilp(o)

is essentially surjective. However, the latter follows from Conjecture [2.6.6 (]
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2.11.3. Next, we claim:

THEOREM 2.11.4. Conjecture (for the co-operad Q) implies Conjecture .

PROOF. For point (b) of Conjecture [2.8.9] we claim that a stronger statement
follows from Conjecture 2.6.6] Namely, we claim that the natural transformation

coPrim%nh o PrimeQ“h - 1d
is an isomorphism on the essential image of res*~*. Indeed, the composition

* enh,ind-nilp

res*_’ ° COPl"im,P enh,ind-nilp

° Primg enh,ind-nilp N

:enh :
~ coPrimp " o Primg

- coPrim%rlh o Primegnh ores”

— —%

* > res”

equals the natural transformation obtained from the co-unit of the adjunction

COPI‘imglh7lnd_nllp o Primegnh,lnd—mlp S 1d

by composing with res*™*. Hence, it is an isomorphism, by assumption.

Now, the second arrow in the above composition is an isomorphism by Corol-
lary [2.10.5|b). Hence, so is the third arrow.

The unit of the adjunction
Id - PrimeQnh o coPrim%rlh

identifies with the composition

Id — Primegnh,ind—nilp ° COPrim%nh,ind—nilp N

enh,ind-nilp

N PrimQ ° (res*ﬁ* ) R enh,ind-nilp enh

ores™ ¥ o coPrimy ~ Prim§ enh

o coPrimp

Now, since we already know that Conjecture [2.6.6] implies Conjecture it
suffices to show that the map

.___enh,ind-nilp .___enh,ind-nilp
Id - Primg o coPrimy,

is an isomorphism on the essential image of Primegnh’ind'nilp . However, this is a
formal consequence of the fact that Plrirnegnh’ind'nilp is fully faithful.

O

3. Associative algebras

In this section we specialize the notions from Sects. [1] and [2] to the case of the
associative operads, and point out some specifics.

In particular, we will see that the (augmented) associative operad is self Koszul-
dual and we will give more explicit descriptions of the Koszul duality functors
between augmented associative algebras and co-algebras.

3.1. Associative algebras and co-algebras. In this subsection we recall some
basic concepts related to the notion of associative algebra in a given monoidal
category.
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3.1.1. Let O be a monoidal category. We let AssocAlg(O) denote the category
of unital associative algebras in O. We let oblv g denote the forgetful functor
AssocAlg(O) - O. The functor oblvagec is conservative and commutes with
limits.

Since 1o € O is the initial object in AssocAlg(O), the functor oblv g canon-
ically factors as

AssocAlg(O) - 04, ~ O.
We will denote the resulting functor AssocAlg(O) - Oy, by oblv g 1;-

3.1.2.  Assume that O admits colimits, and that the monoidal operation preserves
sifted colimits in each variable. Then the category AssocAlg(O) also admits col-
imits, and the functor oblv g, commutes sifted colimits, see [Lu2l Proposition
3.2.3.1].

Moreover, in this case oblv g admits a left adjoint, denoted
freeassoc : O — AssocAlg(O).

When the monoidal operation on O commutes with coproducts, the composi-
tion oblv g © freeagsoc i canonically isomorphic to the functor

Vi u Ve,

n=0

see [Lu2, Proposition 4.1.1.14].

REMARK 3.1.3. Note that the adjoint pair
freeAssoc 02 ASSOCAlg(O) : OblvAssoc

does not fit into the paradigm of algebras over operads as defined in Sect. [[.1.2]
This is because in our definition of operads we did not allow 0-ary operations.

3.1.4. Assume that O is symmetric monoidal. In this case, the category AssocAlg(O)
has a natural symmetric monoidal structure (given by tensor product) and the
functor oblv zgs0c is naturally symmetric monoidal, see Volume I, Chapter 1, Sect.
3.3.5.

Since the initial object of AssocAlg(0), i.e., 1o, is the unit of AssocAlg(O)
with respect to its symmetric monoidal structure, the identity functor on AssocAlg(O)
has a natural right-lax symmetric monoidal structure, when considered as a func-
tor from AssocAlg(O) equipped with the tensor product structure to AssocAlg(O)
equipped with the co-Cartesian symmetric monoidal structure.

I.e., we have a compatible system of natural transformations:

(31) Aiu..uA, > A1 ®...0 A,,
given as the coproduct of the maps
Ai~10®..8A4,;®..0810 > A1 ®...0 A,.
3.1.5. Let O = C be a category with finite limits, viewed as a symmetric monoidal
category with respect to the Cartesian symmetric monoidal structure. In this case

we have, by definition,
AssocAlg(C) = Monoid(C).
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3.1.6. Let AssocAlg™#(0) denote the category (AssocAlg(0))1,- This is the
category of augmented associative algebras on O. The category AssocAlg®'®(Q)
has several forgetful functors, denoted

OblvAssom OblvAssogl/a 0b1vAssoc,/17 OblVAssocJ//la

with values in
Oa 010/7 O/loa 010//1(3’

respectively.

3.1.7. In this sub-subsection, we shall assume that O is a symmetric monoidal DG
category. (In particular, the monoidal operation on O commutes with all colimits.)

We have a canonical equivalence
(3.2) AssocAlg™8(0) ~ Assoc™®-Alg(0),

where the latter is the category of algebras over the Assoc™® operad. Thus, we
obtain yet another forgetful functor

0blV gsocalg, + : AssocAlg™8(0) — O,

equal in the notion of Sect. to 0blvaggocane. It equals the composition of
oblv zg0c,1//1 With the functor Oy, /1, > O, inverse to the equivalence

(3.3) VeloaV, 09010//107
i.e. it is given by the fiber of the augmentation map V — 1¢.

The functor freeagsoc is naturally isomorphic to the composition

freeAssocAlga“g
—

AssocAlg™8(0) — AssocAlg(0),
where the second arrow is the forgetful functor.

3.1.8. By reversing the arrows, we obtain the corresponding definitions and pieces
of notation of co-associative co-algebras.

3.1.9. The following observation will be used repeatedly. Let O = C be as in
Sect. Then the forgetful functor

0blvassoc : Coassoc(C) — C
is an equivalence, see [Lu2l, Proposition 2.4.3.9].

Informally, every object ¢ of C canonically lifts to one in Coassoc(C) via the
diagonal map

C—>CXC.

3.2. The Bar construction. In this section we let O be a monoidal category
with limits and colimits.

We will review the general Bar-construction that relates augmented associative
algebras and co-algebras in O.
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3.2.1. We have a canonically defined functor
Bar® : AssocAlg?'8(0) - 02,
see [Lu2l Sect. 5.2.2].
The functor Bar® lifts to a functor
Barj, /; : AssocAlg™*(O) - (OAOp)lo//lo,
where 1o € O2™ is the constant simplicial object with value 1g.

If the monoidal structure on O is symmetric, then the above functors have a
natural symmetric monoidal structure.

3.2.2.  We define the functors
Bary; 1 : AssocAlg™®(0) - 04,1, and Bar: AssocAlg®#(0) - O

to be the compositions of Barj, ; (resp., Bar®) with the functor of colimit over AP
(a.k.a, geometric realization)

02" - 0.
If the monoidal structure on O is symmetric, then the symmetric monoidal
structure on Barj,; (resp., Bar®) induces one on Bary;/; (resp., Bar).
3.2.3. The functor Bary;;; can be also thought of as follows:
We have a naturally defined functor

trivagsocsus 1 O14//1, = AssocAlg™(0).

The functor Bary,; is the left adjoint of the composition

trivaggocaus © Qolomo .

3.2.4. Suppose for a moment that the monoidal structure on O is Cartesian. Then
AssocAlg™#(0) = Monoid(O),
and the corresponding functor
Bar® : Monoid(0) - 0A™
is fully faithful, see [Lu2l Proposition 4.1.2.6].

Its essential image consists of those simplicial objects n — V™, for which the
maps for every n the maps

[1]=[n], ({0}~ {i-1},{1} ~{i}), i=1,..n
define an isomorphism

Vn N (Vl)xn.
The functor Bar identifies with the classifying space functor

B : Monoid(O) — O.
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3.2.5. A key feature of the functor
Barq)q : AssocAlg™#(0) - O14/ /16
is that it canonically lifts to a functor
Bar®" : AssocAlg*8(0) — CoassocCoalg™&(0),

ie.,
Bal"l/ /1 o~ ObIVCOaSSOC,l//]_ o Barenh’
see [Lu2, Theorem 5.2.2.17].

If O is symmetric, then the functor Bar®™" also acquires a left-lax symmet-
ric monoidal structure, extending that on Bary; ;. This structure is strict if the
monoidal operation on O preserves colimits.

3.2.6. Reversing the arrows, we obtain the corresponding functors
coBarj ; : CoassocCoalg™*(O) — (OA)lo//lo,
coBar® : CoassocCoalg™8(0Q) - O2,
coBary /1 : CoassocCoalg™#(0) = O14/ /14,
coBar : CoassocCoalg™#(0) — O,

and
coBar®™ : CoassocCoalg™8(0) — AssocAlg™8(0).

3.2.7. It is another basic fact that the functors
(3.4) Bar" : AssocAlg™&(0) 2 CoassocCoalg™8(0) : coBar®™
form an adjoint pair.

In general, neither of the functors (3.4)) is fully faithful.

3.3. Koszul duality functors: associative case. In this subsection we let O
be a symmetric monoidal DG category.

We will specialize the paradigm of Koszul duality functors
coPrim®™ : P-Alg(0) 2 PV -Coalg(0) : Prim$
to the case P = Assoc™®.
3.3.1.  According to Sect. we have a canonically defined functor
Bary)/ : AssocAlg™#(0) = O14//14-
Let
Bar/;, Bary,
and Bar, denote the composition of Bary;;; with the functors
O10//10 g 0/10, O10//10 - O10/
and
02014//16> VP 1lo®V,

respectively.

By Sect. the functor Bar, is the left adjoint to the functor

O — AssocAlg™®(0), trivassocalgas o [-1].
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Le.
, Bar, ~ [1] o coPrimpggocae .
3.3.2. Similarly, we have the functors
coBar/;, coBary, coBar and coBar,,
where coBar, is the right adjoint to the functor
O — CoassocCoalg™®(0), trivcoassocCoalgaue © [1].
Hence,
coBar, =~ [-1] o Primgoassoceaus -

3.3.3.  As was mentioned in Sect.[2:3:3] we have canonical isomorphisms of operads
(3.5) (Coassoc™®)Y ~ Assoc™8[-1].

Hence, the functors Bary;/; and coBary,/; lift to functors
Bar®™" : AssocAlg™&(0) — CoassocCoalg™%(0), Bary )1 = 0oblvgassoc,1/ /10Barenh
and
coBar™ : CoassocCoalg™#(0) — AssocAlg™¢(0), coBary /1 = oblvgsoc,1//1 ocoBar®™,
respectively.

3.3.4. Tt is a basic feature of the isomorphism (3.5 that the above functors Bar®™?
and coBar®™® are canonically the same as those in Sect.

In particular, the functors
Bar®™" : AssocAlg™#(0) 2 CoassocCoalg™¢(0) : coBar®™
are mutually adjoint, and the functor
Bar®™ : AssocAlg™&(0) — CoassocCoalg™(0)

is naturally symmetric monoidal.

By adjunction, we obtain that the functor coBar®™ is naturally right-lax sym-
metric monoidal.

4. Lie algebras and co-commutative co-algebras

In this section we study of the relationship between Lie algebras and co-
commutative co-algebras.

The main result of this section is Theorem which says that, although
the Chevalley functor from Lie algebras to co-commutative co-algebras is not fully
faithful, its cousin, obtained by first looping our Lie algebra, and regarding the
output as a co-commutative Hopf algebra, is fully faithful.

4.1. Koszul duality functors: commutative vs. Lie case. In this subsection
we continue to suppose that O is a symmetric monoidal DG category. We will
specialize the paradim of Koszul duality functors

coPrim3™ : P-Alg(0) 2 PV -Coalg(0) : Prim$,
to the case P = Lie.
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4.1.1. First, we remark that the discussion in Sect. [3.I] renders verbatim to the
situation when instead of associative algebras on O we talk about (co-)commutative
(co-)algebras.

We note, however, the following feature of the symmetric monoidal structure
on ComAlg(0): the corresponding natural transformations (3.1]) are isomorphisms.

Le., the symmetric monoidal structure on ComAlg(O), given by tensor product,
equals the co-Cartesian symmetric monoidal structure, see Volume I, Chapter 1,
Sect. 3.3.6. Similarly, the symmetric monoidal structure on CocomCoalg(Q), given
by tensor product, equals the Cartesian symmetric monoidal structure.

Note that the forgetful functors
resCom=Assoc . ComAlg(0) — AssocAlg(O)

and

resCocom=Coassoc . (6comCoalg(0) - CoassocCoalg(O)

both have a natural symmetric monoidal structure.
4.1.2. We let Chev, denote the functor
LieAlg(O) - O, [1] ocoPrimpje.
Le., this is the functor, left adjoint to the functor
O — LieAlg(0O), trivyio[-1].

We let
Chevl//l : LleAlg(O) - 010//10
denote the composition of Chev, with the equivalence (3.3]).

Composing further with the forgetful functors from Oy,//1,, We obtain the
corresponding functors, denoted

Chev/y, Chevy/, Chev,
from LieAlg(O) to
O/16, O14/5 O,
respectively.
4.1.3. We denote by coChev the functor
CocomCoalg™®(0) - O, [-1] o Primcocomaes -
Le., this is the functor, right adjoint to the functor

O - CocomCoalg™®(0), trivcecomsus o [1].
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4.1.4. As was mentioned in Sect.[2.3.3] we have canonical isomorphisms of operads
(4.1) (Cocom™®)" ~ Lie[-1].

Hence, the functors Chevy;/; and coChev lift to functors

Chev®™ : LieAlg(O) - CocomCoalg™é(0), Chevy /1 = 0blVeoeom, 1/ /1 o Chev®™®
and
coChev®™ : CocomCoalg™&(0) — LieAlg(O), coChev = oblvy. o coChev®™,

respectively.

Furthermore, the functors

Chev®™ : LieAlg(0) 2 CocomCoalg™8(0) : coChev®™"

are mutually adjoint.

In particular, we obtain a canonical natural transformation

Id - coChev®™ o Cheve™,

and by applying the forgetful functor oblvye., also the natural transformation

(4.2) [1] o oblvy;e — Primcocomans © Chev®™!

4.1.5. The functor
Chev™™ : LieAlg(0) - CocomCoalg™&(0)

has a natural left-lax symmetric monoidal structure, when we consider both cate-
gories as endowed with Cartesian symmetric monoidal structure. (Recall, however,
that the Cartesian symmetric monoidal structure on CocomCoalg™"®(Q) equals one
given by the tensor product, see Sect. )

In particular, we obtain that the functor
Chev : LieAlg(O) - O

inherits a left-lax symmetric monoidal structure.

In Sect. [£:2.6] we will prove:

LEMMA 4.1.6. The left-lax symmetric monoidal structure on Chev®™ is strict.

COROLLARY 4.1.7. The left-lax symmetric monoidal structure on Chev is strict.
4.2. The symmetric co-algebra. The symmetric (co)algebra construction

Vo~ nezao Sym" (V)

is ubiquitous in algebra.

In this subsection we initiate its study in its incarnation as a co-commutative
co-algebra.

4.2.1. We denote by
Sym : O - CocomCoalg™"¢(0O)
the functor cofreel’™® ..., see Sect. for the notation.
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4.22. Let us denote by Sym (resp., Sym ) the functor of O - O equal to the
composition oblvcoecom © Sym (resp., 0blvcgcom,+ © Sym).

By definition, the endo-functor Sym+ of O is one given by

V +— Cocom®& «V.

Explicitly,
Sym(V) = o Sym" (V) and Sym (V) = ® Sym" (V).

4.2.3. By we have
(4.3) Chev®™ otrivye o [-1] ~ Sym,
and
Chev otrivyie o [~1] ~ Sym.
By adjunction from , we obtain canonical natural transformations
(4.4) trivie o [-1] - coChev™ o Sym, O — LieAlg(O)
and by applying oblvy,;. the natural transformation
(4.5) Id - Primcocomans © Sym .
By Theorem we have:
THEOREM 4.2.4. The natural transformation s an isomorphism.
COROLLARY 4.2.5. The natural transformation is an isomorphism.

4.2.6. Proof of Lemma . We need to show that for hi,ho € LieAlg(O), the

map
Chev®™™ (b1 x h3) = Chev®™ (h1) U Chev®™ (h3) = Chev™ (h;) ® Chev®™ (h)
is an isomorphism.
By Sect. the above map lifts to a map
Chev® il (h; x by) - Chev™™Fil(h,) ® Cheve™™Fil(h,),
and it suffices to show that this map is an isomorphism in CocomCoalg(O¥:29).

Since the functor ass-gr is conservative on non-negatively graded objects, in
order to show that the latter map is an isomorphism, it suffices to show that the
induced map

ass-gr o Chev®™™ (b x hy) - ass-gr o Chev™™ ¥ () ® ass-gr o Chev™™Fil(p,)
is an isomorphism in CocomCoalg(OQ8"2Y).

By (2.4), the latter map identifies with the canonical map

Symgr (Obleie(hl) ® ObIVLie(hQ)) ~ Symgr(obleie(f)l X hg)) —
— Symgr(obleie(bl)) ® Symgr(obleie(bg)),

where
Sym®" : O - CocomCoalg(0&"2")
is the graded version of the functor Sym of Sect. ie.,

Sym®" = Symo(deg = 1).
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Now, the fact that for Vi, V5 € O the map
Sym®' (Vi @ Va) —» Sym®" (V1) ® Sym®'(V2)

is an isomorphism, is straightforward.
O

4.3. Chevalley complex and the loop functor. The principal actor in this
chapter will be the functo|

Grp(Chev®™) o Qe : LieAlg(0) - CocomBialg(O).

We will see (Theorem [4.4.6)) that, unlike the functor Chevenh, the above functor
is fully faithful (i.e., looping helps to preserve structure).

4.3.1. Recall that by Lemma the functor
Chev®™ : LieAlg(O) - CocomCoalg™¢(0)

has a symmetric monoidal structure, when we consider both LieAlg(O) and CocomCoalg™€(0O)
as symmetric monoidal categories with respect to Cartesian product.

In particular, we obtain that Chev®™® gives rise to a functor
Grp(Chev™) : Grp(LieAlg(0)) ~ Monoid(LieAlg(0)) -
— Monoid(CocomCoalg™'¢(0)) =: CocomBialg(O).
Moreover, its essential image automatically lies in

CocomHopf(O) := Grp(CocomCoalg™#(0)) c
c Monoid(CocomCoalg™'®(0)) = CocomBialg(O).

4.3.2. Consider now the composite functor

oblvionoid © Grp(Chevenh) 0 Qrie : LieAlg(O) - CocomCoalg™"®(O).

We claim:

PROPOSITION 4.3.3. The functor oblvyionoid © Grp(CheVenh) o Qre tdentifies
canonically with Sym ooblvye.

Proor. First, we note that we have a tautological isomorphism

0blVyionoid © Grp(Chev®™) o Qp ;e ~ Chev®™ 00blvyp 0 Qpje.

Now, by Proposition [1.7.2] we have
oblvg,p 0 Qrie ~ trivye o [-1] o oblvy,e,
SO
Cheve™! ooblvi,p 0 Qpie ~ Chev®™ otrivy, o [-1] o oblvyie ~ Symcoblvye.

O

6As we will see in Sect. EI, the functor Grp(Chev®™®) o Q. identifies with another familiar
functor, namely, that of the universal enveloping algebra.
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4.4. Primitives in bialgebras. Let h be a Lie algebra. Then the universal en-
veloping algebra U(h) is naturally a cocommutative Hopf algebra. Moreover, b can
be recovered as the subspace of primitive elements of U(h).

In this subsection, we will give a higher algebra version of this statement. We
show that the space of primitives of a cocommutative bi-algebra has a canonical
structure of a Lie algebra and that it gives a left inverse to the functor Grp(CheVenh)o
QLie, (while the latter identifies with the universal enveloping algebra by Theo-

rem [§.1.3).

The key actor in this subsection we be the functor right adjoint to
Grp(Chev®™) o Q4 : LieAlg(0) — CocomBialg(O).
We will see that this right adjoint provides a lift of the functor
Primcocomaus ©0blvyioneia : CocomBialg(O) - O
to a functor
CocomBialg(O) — LieAlg(O).
4.4.1. Consider again the functor

coChev™ : CocomCoalg™(0) — LieAlg(O).

Being the right adjoint of a symmetric monoidal functor (namely, Cheve“h),
the functor coChev®™" acquires a natural right-lax symmetric monoidal structure.
In particular, it gives rise to a functor, denoted Monoid(coChevcnh):

CocomBialg(O) = Monoid(CocomCoalg™®(0)) - Monoid(LieAlg(O)) ~ Grp(LieAlg(O)).

By construction, the functor Monoid(coChev®™) is the right adjoint of the
functor

Grp(Cheve™h
—

Grp(LieAlg(0)) ) Grp(CocomCoalg™®(0)) = Monoid(CocomCoalg™¢(Q)).

4.4.2. Since Bp. and ;. are mutually inverse equivalences (see Proposition ,
the functor Grp(Chev™) o Q4 is the left adjoint of the functor
Bie o Monoid(coChev®™),  CocomBialg(O) — LieAlg(O).

4.4.3. Note that
obleiCOBLiCOMonoid(coChevenh) ~ Primcocomaus ©0blvyioneid, CocomBialg(O) — O,

where
0blVonoid : CocomBialg(O) - CocomCoalg™®(QO)
is the functor of forgetting the monoid structure.
So, the functor By o Monoid(coChev™) can be viewed as one upgrading the
functor
Primcocomaus 00blvyioneia : CocomBialg(O) - O

to a functor CocomBialg(O) — LieAlg(O).
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REMARK 4.4.4. Let us repeat the last observation in words:

For a co-commutative bi-algebra A, the space of primitives of A considered just
as an augmented co-commutative co-algebra, has a natural structure of Lie algebra.

This is a higher algebra version of the motto ‘the tangent space of a Lie group
has a structure of a Lie algebra’.

Note, however, that we defined this Lie algebra structure not be explicitly writ-
ing down the Lie bracket, but by appealing the Koszul duality of the corresponding
operads:

(Cocom™®)" ~ Lie[-1].

4.4.5. We now claim:
THEOREM 4.4.6. The functor
Grp(Chev®™) o Qi : LieAlg(0) - CocomBialg(O)
is fully faithful.
PROOF. We need to show that the unit of the adjunction
Id — (Bre Monoid(coChevcnh)) o (Grp(Chevcnh) o Oe)
is an isomorphism.

Since Br;e and {213 are mutually inverse equivalences, it suffices to show that
the natural transformation

Qe = Monoid(coCheVe“h) o Grp(Chevenh) 0 e,

obtained by applying the unit of the (Grp(Chev®™"), Monoid (coChev®™"))-adjunction
to Qpe, is an isomorphism.

For the latter, it suffices to show that the natural transformation
0blveyp © Qrie = 0blVateneid © Monoid(coChev™) o Grp(Cheve™) o Qpic

is an isomorphism. Note, however, that the latter natural transformation identifies
with
oblva,p o Qe coChev®™ o Cheve™! ooblva,p o Que,

obtained by applying the unit of the (Chev®™", coChev®™)-adjunction to oblvg,p o
e

However, by Proposition|1.7.2} the essential image of the functor oblvgyy 0 yie
belongs to the essential image of the functor trivy;e, and the assertion follows from

Theorem .24
O

5. The universal enveloping algebra

In this section we recall some basic facts about the functor of universal envelop-
ing algebra in the setting of higher algebra.

5.1. Universal enveloping algebra: definition. In this subsection we recollect
the main constructions related to the functor of universal envelope of a Lie algebra.
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5.1.1. There is a canonical map of operads

(5.1) Lie - Assoc™®.

From this map we obtain the restriction functor

Assoc®"®
S

re ~Lie: AssocAlg®8(0) — LieAlg(0).

The functor
U : LieAlg(O) — AssocAlg™®(0)

U8 L, Lie

is defined to be the left adjoint of res®°°

218 L 1ie

5.1.2. The map has the following additional structure: the functor res*$5°
has a natural right-lax symmetric monoidal structure, where AssocAlg™®(0) is a
symmetric monoidal category via the tensor product, and LieAlg(O) a symmetric
monoidal category via the Cartesian product.

Hence, the functor U acquires a natural left-lax symmetric monoidal struc-
ture (as we shall see shortly, this left-lax symmetric monoidal structure is actually
symmetric monoidal).

Finally, we will need one more piece of structure on (5.1):

The above left-lax symmetric monoidal structure on U makes the following
diagram of left-lax symmetric monoidal functors commute:

evcnh
LieAlg(O) Shev ™, CocomCoalg™¢(0O)
(5.2) Ujv lreSCocoma“gACoassoca"g
Barenh

AssocAlg™€(0) ——— CoassocCoalg™¢(0),

such that the induced isomorphism of functors

(5.3) Bar, ol = 0blV(oagsoc,s © Bar™ ol =

oChev®™® ~ oblv(;()c(,lmOChevenh ~ Chev,

aug aug

Cocom™"®—Coassoc

= 0b1vCoassoc,+°reS

is the tautological isomorphism arising by adjunction from

SCoassoca“gﬂLie

re 0 trivagsocaue ~ trivye.

REMARK 5.1.3. In fact, one can obtain the map (5.1)), along with the above
properties, by defining it as corresponding to the map of co-operads

Cocom®"® — Coassoc?"8
via the isomorphisms

(Cocom™®)" ~ Lie[-1] and (Coassoc*"®)" ~ Assoc™®[-1].
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5.1.4. Being (left-lax) monoidal, the functor U gives rise to a functor
CocomCoalg(LieAlg(0)) - CocomCoalg(AssocAlg™¢(Q)).
Pre-composing with the equivalence LieAlg(O) ~ CocomCoalg(LieAlg(O))
(see Sect. applied to the commutative case), we obtain a functor:
LieAlg(O) — CocomCoalg(AssocAlg™¢(Q)).

Composing with the equivalence
CocomCoalg(AssocAlg™®(0)) ~ CocomBialg(O)
of Proposition [C.1.3] we obtain a functor
UMePt: LieAlg(0O) - CocomBialg(0).

5.1.5. By Sect. we can upgrade the functor UHPf to a functor
(UHPHFIL: LieAlg(O) - CocomBialg(OF120).
We will also consider the functor
U™ LieAlg(O) — AssocAlg(OF129),

5.2. The PBW theorem. In this subsection we will first give a somewhat non-
standard formulation of the PBW theorem, Theorem [5.2.4

Subsequently, we will deduce from it the usual form of the PBW theorem,
Corollary

5.2.1. We claim that there exists a canonically defined natural transformation

Com™"'® - Assoc™"®

(5.4) U o trivy;. — res o freecomave,

as functors O — AssocAlg(O).

The datum of a map (5.4) is equivalent, by adjunction, to that of a natural
transformation
(55) trivie — resAssoca“g—»Lie ° resComa“g—>Assocaug o freecgpaus
as functors O — LieAlg(O).
5.2.2.  We construct the natural transformation (5.5)) as follows.
We note that map of operads

Lie - Assoc®"® - Com®"®

equals

Lie = 1z — Com™&.

aug . aug aug . . .
Hence, the functor res®s°¢" " ~LieopegCom™* ~Assoc™ s canonically isomorphic
to

trivLie [¢] Oblvcomaug .

Now, the datum of the natural transformation in (5.5 is obtained by applying
trivy;. to the natural transformation

Id - Sym

as functors O — O.
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5.2.3. The PBW theorem says:
THEOREM 5.2.4. The natural transformation (5.4) is an isomorhism.

We will prove Theorem in Sect. [B] See Corollary [5.2.6] below for the
relation with the more usual version of the PBW theorem.

5.2.5. Recall the symmetric monoidal functor
ass-gr : OF!l 5 O#"
and the corresponding functor

Assoc™8 (ass-gr) : AssocAlg™$(0OF) > AssocAlg™8(0®).

Consider the functor

U®" := Assoc™®(ass-gr) o U™ LieAlg(0) - AssocAlg™"(0O#").

We claim:
COROLLARY 5.2.6. There exists a canonical isomorphism of functors
LieAlg(O) — AssocAlg™&(0O%")

between U®" and the composition

ObleiC deg:l
—

LieAlg(O) —"“ O 0% — AssocAlg(0®),

Com®"8 - Assoc™"®

where the last arrow is res o freecomaus .

Proor. By (|1.11)), the functor U*" identifies canonically with

ObIVLjC degzl trivL;C

LieAlg(O) — 0 — 0% "— LieAlg(Ogr)LAssocAlgaug(Ogr).

Hence, the assertion of Corollary follows from that of Theorem
O

Corollary [5.2.6] is the usual formulation of the PBW theorem: the associated
graded of the universal enveloping algebra is the symmetric algebra.

5.2.7. From Corollary we shall now deduce:
LEMMA 5.2.8. The left-lax symmetric monoidal structure on the functor
U : LieAlg(O) — AssocAlg(O)
is symmetric monoidal.
PROOF. We have to show that for by, hs € LieAlg(O), the morphism
U(b1xb2) > U(b1) ® U(h2)
is an isomorphism.

It is enough to prove the corresponding fact for the functor UF!, and hence
also for the functor U®". Now the assertion follows via Corollary [5.2.6] from the fact
that the functor freecomans is symmetric monoidal. O
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5.3. The Bar complex of the universal envelope. Recall the isomorphism

Bar, oU ~ Chev,
of (6.3), and the resulting isomorphism
(5.6) BaroU ~ Chev.

In this subsection we will upgrade the latter isomorphism to one between func-
tors taking values in CocomCoalg™"#(0).

5.3.1. Consider the functor
Bar : AssocAlg™®(CocomCoalg™®(0)) - CocomCoalg™€(O)

and note that the following diagram commutes

AssocAlg™#(CocomCoalg(0O)) _Bar, CocomCoalg(O)

AssocAlga“g(oblvcc,com)l lObIVCOCom

AssocAlg™&(0) _Bar, O,

since the functor oblvcgeom : CocomCoalg(O) — O is symmetric monoidal.
5.3.2.  We claim:
PROPOSITION 5.3.3. There exists a canonical isomorphism
Bar oUH°Pf ~ Chevo™®

as functors LieAlg(O) — CocomCoalg™¢(0), such that the induced isomorphism
Bar oU =~ Bar o AssocAlg™"®(oblvgocom ) © UHPf ~ oblvooeom o Bar oUHoP! ~
~ 0blVcoeom © Chev®™ ~ Chev
identifies with .

PrOOF. Recall the commutative diagram ([5.2), from which we produce the
inner square in the next commutative diagram

enh
LieAlg(O) Shev ™, CocomCoalg™¢(0)

CocomCoalg®8 (Chev®™")

CocomCoalg™(LieAlg(0)) CocomCoalg™®(CocomCoalg™¢(0))

CocomCoalga“g(U) CocomCoalga"g (reSCocDma"g—>Coassoca"g )

CocomCoalg®"8 (Bar®®h)

CocomCoalg™"#(CoassocCoalg™¢(0))

CocomCoalg™€(AssocAlg™(0))

~ CocomCoalg®"® (oblvcgassocaus )

AssocAlg™®(CocomCoalg™8(0)) Bar, CocomCoalg™#(0O).

In the above diagram, the composite left vertical arrow is, by definition, the
functor UH°P! and the composite right vertical arrow is the identity functor.
O
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6. The universal envelope via loops

In this section we establish the main result of this chapter, Theorem It
says that the universal enveloping algebra of a Lie algebra can be expressed via the
Chevalley functor, namely, we have a canonical isomorphism of functors

UHoPt » Grp(Cheve™) o Qpe.
6.1. The main result. In this subsection we state the main result of this chapter,
Theorem [6.1.21
6.1.1.  Our main result is the following:
THEOREM 6.1.2. There exists a canonical isomorphism of functors
UHoPf » Grp(Chev™) 0 Qr4e, LieAlg(O) - CocomBialg(O).
Several remarks are in order:

REMARK 6.1.3. The proof of Theorem is such that the isomorphism stated
in the theorem automatically upgrades to an isomorphism at the filtered level:

(UHopf)Fil ~ (GI‘p(Chchnh) o QLie)Fil .

REMARK 6.1.4. One can generalize the proof of Theorem to estabish the
isomorphims of functors

(6.1) Ug, ~E,-Alg*"®(Chev) o QL.
where Ug, is the left adjoint to the forgetful functor

res®™ ¢ E _Alg™8(0) - LieAlg(O),
arising from the corresponding map of operads.

Moreover, the isomorphism (6.1]) automatically upgrades to an isomorphism of
the corresponding functors

LieAlg(O) — CocomCoalg(E:"¢ -Alg(0)) ~ E,, -Alg(CocomCoalg™(0)),

(6.2) Ug P = B, -Alg™®(Chev™™) o Q1L

Furthermore, the isomorphism (6.2)) can be. upgraded to an isomorphism of
functors with values in CocomCoalg(E,, -Alg(OF11:20)).

REMARK 6.1.5. A very natural proof of the isomorphism (6.1) can be given
using the language of factorization algebras. In the context of algebraic geometry,
this is done in [FraGl Proposition 6.1.2].

6.1.6. Note that by combining Theorem with Proposition we obtain:
COROLLARY 6.1.7. There ezists a canonical isomorphism of functors
0blIV A g0c 0 UMPT ~ Symooblvy,, LieAlg(0) - CocomCoalg™'#(0)

REMARK 6.1.8. The assertion of Corollary is of course well-known. The
curious aspect of our proof is that it does not use the symmetrization map from
the symmetric algebra to the tensor algebra, although one can show that the latter
map gives the same isomorphism.
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6.2. Proof of Theorem[6.1.2] The idea of the proof is the following: we consider
the functor

Assoc™E(UTPHY oy i, : LieAlg(O) - AssocAlg™® (AssocAlg™#(CocomCoalg(0))),

and we will compose it with two different versions of the Bar-construction: the
‘inner’ and the ‘outer’:

AssocAlg™® (AssocAlg™®(CocomCoalg(0))) - AssocAlg™®(CocomCoalg(Q)) ~
~ CocomBialg(O).

6.2.1. The left-lax symmetric monoidal structure on the functor
U : LieAlg(O) — AssocAlg™®(0)
gives rise to one on the functor
UHoPt: LieAlg(O) — CocomCoalg(AssocAlg™8(0)) =~ AssocAlg™(CocomCoalg(O)).
However, since the left-lax symmetric monoidal structure on U is strict (see

Lemma [5.2.8)), so is one on UH°Pf, Hence, the functor UH°P! gives rise to a functor
that we denote Assoc®"8(UHeP!):

Monoid(LieAlg(O)) — AssocAlg (AssocAlg™"®(CocomCoalg(0))) =~
~ AssocAlg™® (AssocAlg™®(CocomCoalg(Q0))).
REMARK 6.2.2. We can think of the category AssocAlg™® (AssocAlg™®(CocomCoalg(0)))
as that of augmented Eq-algebras in CocomCoalg(O).

6.2.3. Consider the resulting functor

(6.3)

Assoc™E(UTPHY oy ;. : LieAlg(O) — AssocAlg™® (AssocAlg™®(CocomCoalg(0))).
We consider the two functors,

AssocAlg™® (AssocAlg™®(CocomCoalg(0))) - AssocAlg™&(CocomCoalg(0O)),

denoted Assoc™®(Bar) and Bar, corresponding to taking the Bar-complex with
respect to the ‘inner’ and ‘outer’ associative algebra structure, respectively.

We claim:
(6.4) Bar o Assoc™&(UHP!) 0 Oy 5, ~ UHOP!
and
(6.5) Assoc™8(Bar) o Assoc™&(UHPE) 0 Oy 1. ~ Grp(Chev®™) o Qp e

as functors
LieAlg(O) — AssocAlg™&(CocomCoalg(0O)).
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6.2.4. Indeed, since the functor UHP! is symmetric monoidal, we have
(6.6) Baro Assocaug(UHOPf) 0 e ~ UMP o B o Qe ~ UHOPE,
which gives the isomorphism in (6.4)).

To establish the isomorphism in (6.5]), we note that the isomorphism of Propo-
sition[5.3.3]is compatible with the symmetric monoidal structures, and, hence, gives
rise to an isomorphism

Assoc®8(Bar) o Assoc® & (UHPF) ~ Grp(Chev™)
as functors
Grp(LieAlg(0O)) ~ Monoid(LieAlg(O)) —
— AssocAlg(CocomCoalg™®(0)) ~ AssocAlg™®(CocomCoalg(O)).

This gives rise to the isomorphism in (6.5) by precomposing with Qpe.

6.2.5. Recall that the symmetric monoidal structure on CocomCoalg(O) is Carte-
sian. In particular, we can consider the full subcategories

CocomHopf(0O) := Grp(CocomCoalg(0O)) c Monoid(CocomCoalg(0O)) =
= AssocAlg™®(CocomCoalg(0)),
and

Grp(Grp(CocomCoalg(0))) c Monoid(Monoid(CocomCoalg(0))) =
= AssocAlg™® (AssocAlg™ € (CocomCoalg(0))).

We have the following basic fact proved below:

PROPOSITION 6.2.6. For an oo-category C endowed with the Cartesian sym-
metric monoidal structure, there exists a canonical isomorphism of functors

Grp(B) ~ B, Grp(Grp(C)) — Grp(C).

We compose the isomorphism of Proposition with the functor (6.3]), and
obtain an isomorphism

(6.7)  Assoc™&(Bar) o Assoc™&(UHP) o ;. ~ Bar o Assoc™8(UMPH) 0 Q4.

Combining the isomorphism (6.7) with the isomorphisms (6.4) and (6.5)), we
arrive at the conclusion of the theorem.

O

6.3. Proof of Proposition [6.2.6
6.3.1. By adjunction, the assertion of the proposition amounts to a canonical
isomorphism of functors

(6.8) Q ~ Grp(Q) : Grp(C) - Grp(Grp(C)).

The latter reduces the assertion to the proposition when C = Spc is the category
of spaces, by the Yoneda lemma.
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6.3.2. We start with the tautological isomorphism of functors

(6.9) Grp(2) o Q=~Q0Q, Spcy,y; » Grp(Grp(Spe)).

By adjunction, we obtain a natural transformation
(6.10) BoGrp(2) > QoB=~Id, Grp(Spc)— Grp(Spc).

Applying Q : Grp(Spc) — Grp(Grp(Spc)) to (6.10), we obtain the desired
natural transformation

Grp(Q2) ~ Qo B o Grp(£2) —» .

6.3.3. To show that the resulting map Grp(2) - Q is an isomorphism, it is enough
to do so after precomposing with 2 : Spcy,,, - Grp(Spc). However, the resulting
map

Grp(Q) o N> Qo
equals that of , and hence is an isomorphism.

7. Modules

The goal of this section is to give a new perspective on the equivalence of
categories
h-mod ~ U (h)-mod
for a Lie algebra h. We will do so using the isomorphism
U(h)-mod = AssocAlg(oblvocom ) © Grp(Cheve™) o Q(h),
given by Theorem [6.1.2

In a sense, the upshot of this section is that one does not really need the
definition of the functor

U : LieAlg(O) — AssocAlg™®(0)

as the left adjoint of the restriction functor res®*°¢™“~Li¢ Namely, all the essential
features of this functor are more conveniently expressed through its incarnation as
Grp(Chev®™) o Q.

7.1. Left modules for associative algebras. In this subsection we recall some
basic pieces of structure pertaining to left modules over associative algebras and to
the Koszul duality functor in this case.

7.1.1. Let O be a monoidal category. Let A be an object of AssocAlg(O). We
let A-mod(O) denote the category of left A-modules on O. We have a tautological
pair of adjoint functors

free4 : O 2 A-mod(O) : oblvy4.

The monad oblv 4 o free 4 is given by tensor product with A.

Reversing the arrows, we obtain the corresponding pieces of notations for co-
modules:

oblvp : B-comod(O) 2 O : cofreeg, B € CoassocCoalg(O).
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7.1.2. Let now A be an augmented associative algebra. We have a canonically
defined functor

Bar®(A4,-) : A-mod(0) - 0~
see [Lu2l Sect. 4.4.2.7].

We denote by
Bar(A4,-): A-mod(O) - O

the composition of Bar®(A4,-), followed by the functor of geometric realization
04" 5 0, provided that the latter is defined.

The functor Bar(A, -) is the left adjoint of the functor
trivs : O - A-mod(O),
given by the augmentation on A.

7.1.3. 'We have the following additional crucial piece of structure on the adjoint
pair
Bar(A4,-): A-mod(0O) 2 O : triv4.
Namely, the co-monad Bar(A,-) o trivs on O identifies canonically with one

given by tensor product with the co-associative co-algebra Bar®™"(A), see [LuZ2,
Sect. 5.2.2].

In particular, we have a canonically defined functor
Bar®™" (4, -) : A-mod(0) - Bar®™(A)-comod(O),
making the following diagrams commutative:

Barenh(A’_)

A-mod(0) ————= Bar®"(A)-comod(O)
(7.1) Idl loblvBarenh(A)

A-mod(0) 2D, 0
and

ar®®h (A -

A-mod(0) 22U garenh( 4)-comod(O)

(72) triva I TcofreeBmcnh(A)
o) LN 0.

7.2. Modules over co-commutative Hopf algebras. Let O be a symmetric
monoidal category.

The goal of this subsection is to establish the following basic fact: given a
co-commutative Hopf algebra A, the category of modules over A as an associative
algebra is equivalent to the totalization of the co-simplicial category of co-modules
over Bar®(A), where Bar®(A) is considered as a simplicial co-algebra.
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7.2.1. Let A be a co-commutative bi-algebra in Q. Consider the corresponding
object

Bar®(A) e CocomCoalg(0)A™.

Consider the resulting simplicial category
Bar®(A)-comod(0O),

i.e., the simplicial category formed by co-modules in O over the terms of Bar®(A),
viewed as a simplicial co-algebra.

Passing to right adjoints, we obtain a co-simpicial category

Bar®(A)-comod(0)*.

The goal of this subsection is to establish the following:

PROPOSITION-CONSTRUCTION 7.2.2. Assume that A € CocomHopf(O), and
let

A = AssocAlg(oblvcocom ) (A)

be the underlying associative algebra. Then there is a canonical equivalence of
categories:

(7.3) A-mod =~ Tot (Bar®(A)-comod(0)%).

The construction of the equivalence in Proposition [7.2.2] will have the following
features.

7.2.3. Recall the equivalence
Tot (Bar'(A)—comod(O)R) ~ | Bar®(A)-comod(O)|
of Volume I, Chapter 1, Proposition 2.5.7. Thus, we obtain a functor

Bar(4,-)
—>

(7.4) |Bar®*(A)-comod(O)|~ Tot (Bar'(A)—comod(O)R) ~ A-mod 0.

COROLLARY 7.2.4. The functor (7.4) is given by the simplex-wise forgetful
functors

oblvg,m 4y : Bar™(A)-comod(O) - O.

Proor. Follows by considering the corresponding right adjoints. ([l

7.2.5. Upgrading of A to an object of CocomCoalg(AssocAlg(0)) defines on
the category A-mod a symmetric monoidal structure. Similarly, the category
Tot (Bar®(A)-comod(0)*) is naturally symmetric monoidal.

It will follow from the construction, given below, that the equivalence (7.3)) is
naturally compatible with the above symmetric monoidal structures.
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7.2.6. The rest of this subsection is devoted to the proof of Proposition [7.2.2]
Using Proposition to A we can canonically attach an object
A" € CocomCoalg(AssocAlg*®(0)),
so that
A~ oblvcecom(A”).

Moreover, by construction, under the equivalence
CocomCoalg(0)2™ = CocomCoalg(02"")
the object
Bar®(A) € CocomCoalg(0)2™

identifies with the corresponding object

Cocom(Bar®)(A’) € CocomCoalg(02™).

7.2.7. Consider the category P that consists of pairs (B, M), where B € AssocAlg™'¢(0O)
and M e B-mod. This is a symmetric monoidal category under the operation of
tensor product.

If B upgrades to an object B’ € CocomCoalg(AssocAlg™®(0)), then the object
(B,10) € P has a natural structure of object of CocomCoalg(P), denoted (B’,10).
Moreover, we have a naturally defined functor

(7.5) B-mod(0O) - (B',10)-comod(P), M + (B, M).

We have a naturally defined symmetric monoidal functor

(7.6) Bar® P> 02", (B,M)w~ Bar®(B,M),

with module

so that for B € AssocAlg”™¢(0), we have
Bargith module(B;1o) = Bar*(B),

and for B’ € CocomCoalg(AssocAlg™¢(0))

Cocom(Bary i, module) (B’;10) = Cocom(Bar®)(B’),
as objects of CocomCoalg(Q)A™.
7.2.8. Combining and we obtain a functor
(7.7) A-mod(0) - Sect (A°P, Bar®(A)-comod(0)),
where Sect(A°P,—) denotes the category of (not necessarily co—Carﬁesian) sections
of a given simplicial category. Specifically, this functor maps an A-module M to

the section which assigns to [n], the Bar™(A)-comodule given by Bar™ (A, M) and
maps given by restriction of comodules.

LEMMA 7.2.9. If the bi-algebra A is a Hopf algebra, then for M ¢ A-mod(O),
the section (7.7) defines, by passing to right adjoints, an object of
Tot (Bar® (A)-comod(0)*)

(i.e., the corresponding morphisms are isomorphisms for every arrow in A).
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PROOF. For an A-module M, we have the action map
A M — M.

Applying the coinduction functor (right adjoint to restriction of comodules) to M,
this gives a map

AoM - A M
of A-comodules. Unraveling the definitions, the statement of the lemma reduces to
the statement that the above map is an isomorphism. This follows from the fact
that A is a group object is the category of cocommutative coalgebras. O

7.2.10. Thus, by Lemma [7.2.9] we obtain the desired functor

(7.8) A-mod(O) - Tot (Bar®*(A)-comod(0)").
Let us now show that the functor (7.8]) is an equivalence.
7.2.11. Let

ev? : Tot (Bar®(4)-comod(0)*) - O
denote the functor of evaluation on 0-simplices.
It is easy to see that the co-simplicial category Bar®(A)-comod(O)% satisfies
the monadic Beck-Chevalley condition (see [Ga3l Defn. C.1.2] for what this means).

Hence, the functor ev® is monadic, and the resulting monad on O, regarded as a
plain endo-functor, is given by tensor product with

OblVCocom © OblVAssoc(A) = OblvAssoc(;{)
By construction, the composite functor
~ 0
A-mod(0O) — Tot (Bar'(A)-comod(O)R) 0

is the tautological forgetful functor oblvy : A-mod(0) — O. Hence, it is also
monadic, and the resulting monad on O, regarded as a plain endo-functor, is given
by tensor product with oblv agsoc(A4).

Hence, it remains to see that the homomorphism of monads on O, induced by
, is an isomorphism as plain endo-functors of O. However, it follows from
the construction that the map in question is the identity map on the functor
ObIVASSOC(A) ® —.

7.3. Modules for Lie algebras. Let O be a symmetric monoidal DG category.

In this subsection we recall some basic pieces of structure pertaining to modules
over Lie algebras and the Koszul duality functor.

7.3.1. For a Lie algebra h in O we let h-mod(O) the category of (operadic) b-
modules on O. We let

oblvy : h-mod(O) - O
denote the tautological forgetful functor.
7.3.2.  The map from h to the zero Lie algebra defines a functor

trivy : O — h-mod(O).

This functor admits a left adjoint, denoted
coinv(h,-) : h-mod(O) - O.
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7.3.3. In the sequel we will need the following additional piece of structure on the
adjoint pair
coinv(h,-) : h-mod(O) 2 O : trivy.

Namely, the co-monad coinv(h, -) o trivy on O identifies canonically with one
given by tensor product with Chev®™(h).

NB: Here we are abusing the notation slightly: we view Chevenh(h) as an object of
the category CoassocCoalg(O); properly, we should have written

resCocom—>Coassoc(Chevenh(h) )

7.3.4. In particular, we have a canonically defined functor
coinv®™(h, -) : h-mod(0) — Chev®™ (h)-comod(0),
making the following diagrams commutative:

coinv®™" (p

h-mod(O) ) Chev®™ ()-comod(O)
(79) Idl lObvahcvcr‘h(h)

[’)—mod(O) coinv(h,-) o
and

coinve™(f,—

h-mod(O) oV (6,7, Chev®™ ()-comod(O)

(710) trivy ]A TCOﬁ‘eeCheve"h(b)
o) RN 0.

7.3.5.  From the commutative diagram it follows that for M;, My € h-mod(O),
the map

(7.11)

Mapsh-mod(O) (M17 MQ) - MapSChevS"h(h)—comod(O) (COinVenh (ha My )7 COinVenh(bv MQ))»

induced by the functor coinvenh(h7 -), is an isomorphism whenever My lies in the
essential image of the functor trivy.

7.4. Modules for a Lie algebra and its universal envelope. Let §) € LieAlg(O)
be as above. In this subsection we will construct a canonical equivalence
(7.12) h-mod(O) ~ U(h)-mod(O)
that makes the following diagrams commute:
h-mod(O) —— U(h)-mod(O)

oblvy, l lobl"u(h)
(0] LN (0]
and
h-mod(O) —— U(h)-mod(O)
(7.13) coiHV(h,—)l lBar(U(h)r)

o 4, 0.
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In constructing (|7.12)) we will use the incarnation of U(h) as
AssocAlg(oblvecom ) © Grp(Cheve™) o Q(b),

given by Theorem

Note that using Sect. this will endow the category h-mod(O) with a
symmetric monoidal structure, compatible with the forgetful functor oblvy.

7.4.1. We start with the object
Grp(Chev®™) o Q(h) € CocomHopf(0O) c AssocAlg(CococomCoalg(0)),
and form the object
Bar®(Grp(Chev®™) 0 Q()) € CococomCoalg(0)A™ .
Consider the resulting simplicial category
Bar®(Grp(Chev™™) 0 Q(h))-comod(O),
and the co-simplicial category
Bar® (Grp(Chev™™) o Q(b))-comod (0)*,
obtained by passing to right adjoints.
According to Proposition [7.2.2] the category
AssocAlg(0blvecom ) © Grp(Chev™) o Q(h)-mod(O)
identifies with
Tot (Bar'(Grp(Cheve“h) 0 Q(h))-comod(0)"),

in such a way that the forgetful functor

OblvAssocAlg(oblvcocom)oGrp(Cheve“h)oQ(h) :
AssocAlg(oblviecom ) © Grp(Chev®™) 0 Q(h)-mod(0) - O

identifies with the functor of evaluation on zero-simplices.

7.4.2. Note that the simplicial co-algebra Bar®(Grp(Chev™™) o Q(h)) identifies
with
Chev®™ (Bar® oQ(h)),
where
Bar® oQ(h) € LieAlg(0)A™
is the Cech nerve in LieAlg(O) of the map 0o — b.

Consider the co-simplicial category

(7.14) Bar® oQ(h)-mod(0O).

Since

colim Bar® of(h) = b,

we have
h-mod(O) ~ Tot (Bar® oQ2(h)-mod(0O)) .
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7.4.3. We will construct the sought-for equivalence
h-mod(O) = AssocAlg(oblvcocom ) © Grp(Chev™) o Q(h)-mod(O)

by constructing an equivalence

Tot (Bar® oQ2(h)-mod(O)) ~ Tot (Bar'(Grp(Cheve“h) o Q(h))—comod(O)R) .

To do so, it is sufficient to show that the corresponding semi-totalizations are
equivalent.
7.4.4. Let

Bar® oQ(h)-mod(0)*

be the simplicial category obtained by passing to left adjoints in .

The functor coinve“h(—7 —) gives rise to a functor of simplicial categories
(7.15) Bar® oQ2(h)-mod(0)* - Bar®(Grp(Chev®™™") o Q(h))-comod(0),
and, in particular, a functor between the underlying semi-simplicial categories.

We have:

LEMMA 7.4.5. For an injective map [m1] — [mz], the diagram of obtained by
passing to right adjoints along the vertical arrows in

Bar™ oQ(h)-mod(0) —— Bar™! (Grp(Chev®™) 0 Q(h))-comod(O)

| |

Bar™? oQ(h)-mod(0) —— Bar™?(Grp(Chev®™) o Q(h))-comod(O)

commutes.

From Lemma we obtain that the term-wise application of the functor
coinv®™(—, -), gives rise to a functor from the co-semisimplicial category underly-
ing Bar® o€2(h)-mod(O) to that underlying Bar®(Grp(Chev™")oQ(h))-comod(0)*?.

To prove that the resulting functor between co-semisimplicial categories induces
an equivalence of semi-totalizations, it is sufficient to show that for every m, the
corresponding functor

coinv(Bar™ oQ(h), -) : Bar™ oQ(h)-mod(O) — Bar™ (Grp(Chev™)oQ(h))-comod(O)
is fully faithful on the essential image of all the face maps [0] - [m].

However, this follows from Sect.
7.4.6. It remains to establish the commutativity of the diagram .

According to Corollary under the identification

AssocAlg(0oblvcocom) © Grp(Chev®™) o Q(h)-mod(0) =
~ Tot (Bar'(Grp(Chevcnh) o Q(h))—comod(O)R)
of Proposition the functor
Bar(AssocAlg(oblvcocom ) 0 Grp(Chev™) o Q(p),-) :
AssocAlg(0blvcecom ) © Grp(Chev®™™) o Q(h)-mod(0) - O
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corresponds to the functor

Tot (Bar'(Grp(CheVe“h) 0 Q(h))-comod(0)*) -
- | Bar®(Grp(Chev™) o Q(h))-comod (0)| - O,

given by the forgetful functors

OBV, m (Grp(Chever o2 (h)) © Bar™ (Grp(Chev®™) o Q(h))-comod(O) - O.

We have a commutative diagram

Tot (Bar® oQ2(h)-mod(0)) Tot (Bar® (Grp(Chev™") o Q(h))-comod(0) %)
|Bar® oQ(h)-mod(0)*| —— | Bar®(Grp(Chev®™) 0 Q(h))-comod(O)],
where the lower horizontal arrow comes from the map of simplicial categories .

Hence, we need to show that the functor

| Bar® oQ(h)-mod(0)*| - O,

given by
coinv(Bar™ oQ(h),-) : Bar™ oQ(h)-mod(0)* - O,

corresponds under
(7.16) | Bar® oQ(h)-mod(0)*| ~ Tot (Bar® o2(f)-mod(0)) ~ h-mod(O)
to the functor

coinv(h,-) : h-mod(O) — O.

However, this follows from the fact that the functor (7.16]) is given by the
functors,

Bar™ oQ(h)-mod(O) - h-mod(O)
left adjoint to those given by restriction.

REMARK 7.4.7. An alternate proof of the equivalence h-mod(O) ~ U(h)-mod(O)
can be given as follows. Given an object M € O, one has the relative inner Hom

Endg (M) := Homg (M, M)

which is an associative algebra in O (see Volume I, Chapter 1, Sect. 3.6.6). For
any associative algebra A in O, the structure of an A-module on M is equivalent to
a map of associative algebras A - Endg (M) [Lu2l Corollary 4.7.2.41]. Similarly,
one can prove that for any Lie algebra b, the structure of an h-module on M is
equivalent to a map of Lie algebras h - Endq(M). The equivalence then follows
from the description of U(h) as the algebra induced from b along the map of operads
Lie —» Assoc™"®.
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A. Proof of Theorem [2.9.4]

Recall that Theorem says that (under a certain hypothesis on the co-
operad Q) if we compute primitives in an object of Q¥ -Coalg(O) of the form
cofreefske(V), VeO,

we recover V. The non-triviality here lies in the fact that cofreefé‘ke is not the

co-free @ co-algebra; rather, it comes from the corresponding co-free object under
the functor o
QY -Coalg™*™'P(0) - Q" -Coalg(0).

So, we are dealing with the difference between direct sums and direct products.
At the end of the day the proof will consist of showing that a certain spectral
sequence converges, and that will be achieved by taking into account t-structures
(hence the assumption on Q).

A.1. Calculation of co-primitives. Let P be an operad. In this subsection we
will give an expression for the functor

coPrimp : P-Alg(O) - O
in terms of the Koszul dual co-operad.

A.1.1. Forn>1,let
Ly : Vect —> Vect™

be the tautological functor that produces symmetric sequences with only the n-th
non-zero component.

We have the following basic fact:

LEMMA A.1.2. For an operad P, the object 1= € Vect”, regarded as a right
P-module in the monoidal category Vect™, can be canonically written as a colimit

colim M.,
n>1
with
coFib(M,,-1 > M) ~ 1, (P¥(n)) » P, n>1.
A.1.3. The assertion of Lemma [A 1.2 gives rise to the following more explicit way
to express the functor coPrimp:
COROLLARY A.1.4. The functor
A coPrimp(A4), P-Alg(O) -0
admits a canonical filtration by functors of the form
A M, x A,
P
where M, are right P-modules, such that the associated graded of this filtration is
canonically identified with
n+— PY(n) « oblvp(A).
A.2. Computation of primitives. Our current goal is to formulate and prove an

analog of Corollary [A.1.4]for co-algebras over a co-operad, namely Proposition[A-2.3]
below.
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A.2.1. Let Qbea co-operad, N aright Q-comodule in Vect™, and A € Q-Coalg(O).
We can form a co-simpicial object coBar} (N, Q, A) of O with the n-th term

coBar} (N, Q,A) =[N » Q*...x Q| » A.
—
We define
N £ A:=Tot (coBar; (N, Q,A)).
A.2.2. We are going to prove:
ProroSITION A.2.3. The functor
A Primg(A), @Q-Coalg(O) - O
can be canonically written as an inverse limit of functors of the form
N, ¢ A, n>1,
where N, are right Q-comodules in Vect™ with
Fib(V,, > Npo1) 2 0,(Q¥(n)) » Q, n>1.
The rest of this subsection is devoted to the proof of this proposition.

A.2.4. By definition, the functor Primg is calculated as

A 1yps % A.

Now, we have the following assertion, which is an analog of Lemma for
co-operads:

LEMMA A.2.5. For a co-operad Q, the object 1y,= € Vect™, regarded as a right
Q-comodule in the monoidal category Vectz, can be canonically written as a limit
lim N,

n>1

with
Fib(Nj = No1) = 10(Q¥(n)) * @, n> 1,

A.2.6. Since functor of totalization commutes with the formation of limits of terms,
in order to prove Proposition [A72.3] it suffices to show that for every m > 0, the
natural map

coBar]" (1yeu=, Q,A) = liTILn coBar} (N, Q, A)

is an isomorphism.

For the latter, by the definition of the *-action, it suffices to show that for any
1 >0, the map

Tyeez * Qx o x Q| (1) @ A% = lim [N, » Q% ... x Q| (i) ® A®"
N———— n N————

is an isomorphism.
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However, the required isomorphism follows from the fact that for every given
i, the family

nH(Nn*Q*...*Q (7)
[ —

stabilizes to

(]'VectE * Q KoK Q) (Z)

m

for n > 1.

A.3. Proof of Theorem [2.9.4]
A.3.1. Strategy of the proof. We take A := cofreegkc(V) for Ve O. We need to
show that the natural map

V - Primg ocofreeféke(V)
is an isomorphism.

We calculate the right-hand side via Proposition We will prove that for
every n > 1, the map

coFib (V ~ N, ¥ cofreed™(V )) ~ coFib (v > Nt 7 cofreegkC(v))

is zero. This will prove the required assertion.

A.3.2. Step 0. For a right Q-comodule N in Vect™, and A € Q-Coalg™ ™ (0),
consider the co-simplicial object coBar (N, Q, A) of O with terms

—_—
n

coBar (N, Q, A) := (/\/* Q*...x Q) * A.

Set
N2 A=Tot (coBar} (N, Q,A)).

Note that for A € Q-Coalg™¥™P(0), from (2.7) we obtain a map
(A.1) N$ AN ZFres™*(A).
We observe:

LEMMA A.3.3. Let N be cofree, i.e., of the form N x Q for N' € Vect™. Then
we have a commutative diagram with vertical arrows being isomorphisms:

NFA J\/%res*%*(A)

| |

NI * oblviéld-nilp(A) Nl * Oblvgd_nilp(A),

COROLLARY A.3.4. Let N be of the form 1,(V) x Q for some n and V € O.
Then the map (A.1)) is an isomorphism.
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A.3.5. Step 1. We return to the proof of Theorem [2:9.4 We note that for any
n > 1, the object N, has a finite filtration by objects of the form ¢,,(Q"(m)) » Q,
m<n.

By Corollary [A.3.4] we obtain that for any A € Q-Coalg™*™'?(Q) the map
N, $ AN, Fres™* (A)
of (A.1) is an isomorphism.
Hence, we obtain that it suffices to show that the map
. Q . Q
coFib (V - N, * cofree ginda-nip (V)) — coFib (V — N,—1 * cofree ginanip (V))
is zero.

A.3.6. Step 2. Note that each NV, gcofreegmdmup (V) is naturally graded by integers
d > 1, such that the map

V>N, ? cofree gina-nip (V)
is an isomorphism on the degree 1 part for all n.

Hence, it remains to show that for all d > 1, the map
(A.2) (Nn ? cofree gind-nitp (V)) d_ (Nn—l 2 cofree gind-nitp (V)) d

is zero, where the superscript d indicates the degree d part.

A.3.7. Step 3. Note now that the functor
Q d
Ve (Nn * cofreegand.nnp(V))

(resp., the natutal transformation (A.2))) is given by
Vi (KL Veh)y,
for some K2 € Rep(2,) (resp., a map K& - K4_)).
Hence, it remains to show that for every d > 1 and every n, the map

(A.3) S

n
is zero.

A.3.8. Step 4. Since the category Rep(Xy) is semi-simple, the fact that (A.3) is
equivalent to the map in question inducing the zero map on cohomology.

The latter reduces the assertion of the theorem to the case of O = Vect. Namely,
it suffices to show that for some/any V € Vect{, with dim(V') > d, the map (A.2)
induces the zero map on cohomology.
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A.3.9. Step 5. Consider the operad Q*, and set M,, := N;f. We obtain that the
object

(J\/’n 2 cofreegind-nip (V)) d
is the linear dual of the object
(A.4) (./\/ln 3 freeg- (V*)) 4
Hence, is is enough to show that the map
(A.5) (./\/ln_l 2. freeQ*(V*)) 4 (Mn 3. freeg- (V*)) d

induces a zero map on cohomology for all n > 1 and d > 1.
A.3.10. Step 6. We note that (Q*)Y ~ (Q")*. So, by the assumption that QV[1]
and Q* are classical,
coFib (Mn,l 2. freeg: (V") - M, 2 freeg*(V*))
is concentrated in cohomological degree —n.

Hence,
coFib ((Mn_l B freeg- (V*)) d_, (Mn B freeg~ (V*)) d)
is also concentrated in cohomological degree —n.

Therefore, in order to show that (A.5) induces a zero map on cohomology, it
suffices to show that the colimit

(A.6) colim (Mn ko freeg*(V*)) d
is acyclic.

A.3.11. Step 7. By Corollary the colimit identifies with the degree d
part of
coPrimg- ofreeg« (V*).
However,
coPrimg« ofreeg«(V*) ~ V*
and hence its degree d part for d # 1 vanishes.

B. Proof of the PBW theorem

In this section we will prove the version of the PBW theorem stated in the
main body of the paper as Theorem

B.1. The PBW theorem at the level of operads. In this subsection we for-
mulate a version of Theorem that takes place within the category Vect™.

B.1.1. We have the canonical maps
¢ : Lie — Assoc®® and 1) : Assoc*"® - Com™"8,
such that the composition 1) o ¢ factors through the augmentation/unit

Lie = 1y,= — Com.
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B.1.2. The map ¢ gives rise to the forgetful functor
~Lie: AssocAlg™8(0) — LieAlg(0),

aug
I'eSASSOC

and the map 1 gives rise to the forgetful functor
resCom™ oA L ComaUE(0) — AssocAlg™(0).
The functor
U : LieAlg(O) — AssocAlg™#(0)
is given by
h — Assoc™® > b.
B.1.3. The functor
U o trivyi : O - AssocAlg™®(0)
is given by
V — (Assoc™® x 1yez) * V.
The canonical map
U o trivy;e(V) — freecomaus (V')
comes from the map in Vect™:

(B.1) Assoc™® 2 Weers = Com™"8,
1€

which arises via the description of the map 1 o ¢ in Sect. [B1.1]
B.1.4. The operadic PBW theorem says:
THEOREM B.1.5. The map is an isomorphism in Vect™.
It is clear that Theorem implies Theorem [5.2.4

B.2. Proof of Theorem [B.1.5l
B.2.1. We have the natural map in Vect™

Com™"® — Assoc™®

which realizes the symmetrization map at the level of functors. This gives a map
of right Lie-modules in Vect”

Com®™® x Lie - Assoc™® .
It follows from the classical PBW theorem applied to a free Lie algebra on a vector
space that this map is an isomorphism.

g

Hence, we have an isomorphism between Assoc™® * 1y,.= and Com®"®. In
Lie

particular, for every n, we have:

(Assocaug > 1Vect2) (n) € Vect” .
1e
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B.2.2. It remains to show that for any V € Vect”, the map
H° ((Assocaug x 1Vect):) * V) — freecomaus (V)
1e
is an isomorphism.

Note, however, that the object H° ((Assoc x 1Vcct2) * V) identifies with
1€

HY (U o trivyie(V)),

i.e., the universal enveloping algebra of the trivial Lie algebra, taken in the world
of classical associative algebras.

However, the latter is easily seen to map isomorphically to freecomaus (V).

C. Commutative co-algebras and bialgebras

Let H be a classical co-commutative bialgebra. We can regard H as either an
associative algebra in the category of co-commutative co-algebras or, equivalently,
a co-commutative co-algebra in the category of associative algebras.

In this section, we establish the corresponding fact in the context of higher alge-
bra, i.e., an equivalence of (o0, 1)-categories CocomCoalg(AssocAlg(O)) ~ AssocAlg(CocomCoalg(O)).
The latter is not altogether obvious, as the corresponding classical assertion is
proved by ‘an explicit formula’.

C.1. Two incarnations of co-commutative bialgebras. Co-commutative bial-
gebras can be thought of in two different ways: as co-commutative co-algebras in
the category of associative algebras, or as associative algebras in the category of
co-commutative co-algebras. In this subsection we show that the two are equivalent.

C.1.1. In this subsection we let O be a symmetric monoidal category, which con-
tains colimits, and for which the functor of tensor product preserves colimits in
each variable.

The category CocomBialg(O) is defined as
(C.1) AssocAlg(CocomCoalg(0)) ~ AssocAlg(CocomCoalg™¢(0)),

where the (symmetric) monoidal structure on CocomCoalg(O) is given by tensor
product, which coincides with the Cartesian product in CocomCoalg(O).

Consider now the category AssocAlg(0O), endowed with a symmetric monoidal
structure given by tensor product. Consider the category

(C.2) CocomCoalg(AssocAlg(0)) ~ CocomCoalg(AssocAlg™(0)).
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C.1.2. In this section we will prove:

PRrROPOSITION-CONSTRUCTION C.1.3. There exists a canonical equivalence of
categories

CocomCoalg(AssocAlg(0)) ~ AssocAlg(CocomCoalg(O))

that makes the diagram

CocomCoalg(O) RN CocomCoalg(O)
CocomCoalg(oblvAsﬁoc)I IoblvASSOC
CocomCoalg(AssocAlg(0)) —— AssocAlg(CocomCoalg(0O))
oblvcocom l lAssocAlg(oblvcocom)
AssocAlg(0O) LN AssocAlg(0O)

commute.

C.2. Proof of Proposition
C.2.1. Step 1. We have a canonically defined symmetric monoidal functor

Bar® : AssocAlg™2(0) - 02,

In particular, we obtain a functor

Cocom(Bar®) : CocomCoalg(AssocAlg™¢(0)) — CocomCoalg(OAop) ~
~ CocomCoalg(0)2™.

Combining with , we obtain a functor
(C.3) CocomCoalg(AssocAlg(0)) — CocomCoalg(0)A™.
C.2.2. Step 2. Since the symmetric monoidal structure on CocomCoalg(O) is Carte-
sian, the functor
(C.4) Bar® : AssocAlg(CocomCoalg(0)) - CocomCoalg(0)A™
is fully faithful.

Now, it is easy to see that the essential image of the functor (C.3) lies in that

of (CA).

This defines a functor in one direction:

(C.5) CocomCoalg(AssocAlg(0)) - AssocAlg(CocomCoalg(O)).
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C.2.3. Step 3. Let us now prove that the functor (C.5)) is an equivalence. By
construction, the composite functor

oblvagsoc

CocomCoalg(AssocAlg(0)) — AssocAlg(CocomCoalg(0))  —"" CocomCoalg(O)
is the tautological functor
(C.6) Cocom(0blv ggsoc) : CocomCoalg(AssocAlg(0O)) - CocomCoalg(O).

It suffices to show that the functor and

(C.7) AssocAlg(CocomCoalg(O)) oblVagaoe CocomCoalg(O)

are both monadic, and that the map of monads, induced by (C.5)), is an isomorphism
as plain endo-functors of CocomCoalg(O).

C.2.4. Step 4. The functor

oblvassoc

AssocAlg(OQ') =0’

is monadic for any monoidal category O’ (satisfying the same assumtion as O); its
left adjoint is given by
V > freeassoc(V).

In particular, the functor is monadic: take O’ := CocomCoalg(O).
C.2.5. Step 5. We have a pair of adjoint functors
freeassoc : O 2 AssocAlg(O) : oblv pgsoc,
with the right adjoint being symmetric monoidal.
Hence, the above pair induces an adjoint pair
CocomCoalg(O) 2 CocomCoalg(AssocAlg(0)).
Hence, we obtain that the functor is also monadic.

C.2.6. Step 6. To show that the map of monads on CocomCoalg(O), induced by
(C.5) is an isomorphism as plain endo-functors, it is enough to do so after composing
with the (conservative) forgetful functor oblvagcom : CocomCoalg(O) — O.

By construction, it suffices to prove that the natural transformation
freeassoc © 0blveocom = AssocAlg(oblveecom) © freeassoc,
coming by adjunction from the isomorphism
0blVoeom © ObIV Agsoc  OBIV Agsoc © AssocAlg(oblvcocom ),
is itself an isomorphism.
However, this follows from the fact that the functor
oblvcecom : CocomCoalg(O) -~ O

is symmetric monoidal and preserves coproducts.






CHAPTER 7

Formal groups and Lie algebras

Introduction

In this chapter we will use the notion of inf-scheme to give what may be regarded
as the ultimate formulation of the correspondence between formal groups and Lie
algebras.

0.1. Why does the tangent space of a Lie group have the structure of
a Lie algebra? In classical differential geometry the process of associating a Lie
algebra to a Lie group is the following:

(i) For any manifold Y, one considers the associative algebra of global differential
operators, endowed with its natural filtration;

(ii) One shows that the underlying Lie algebra is compatible with the filtration,
and in particular ass-gr! (Diff(Y)) ~ I'(Y, Ty) has a structure of Lie algebra;

(iii) If Y = G is a Lie group, the operation of taking differential operators/vector
fields, invariant with respect to left translations preserves the pieces of structure in
(i) and (ii); in particular, left-invariant vector fields form a Lie algebra.

(iv) One identifies the tangent space at the identity of G with the vector space of
left-invariant vector fields.

In the context of derived algebraic geometry, the process of associating a Lie
algebra to a formal group is different, and we will describe it in this subsection.

0.1.1. We will work in a relative context over a given X € PreStkj.s (the special
case of X = pt is still interesting and contains all the main ideas). By a formal
group we will mean an object of the category

Grp(FormMod, x ),

where FormMod, x is the full subcategory of (PreStkias )/ consisting of inf-schematic
nil-isomorphisms Y - X (when X = pt, this is the category of inf-schemes } with
red

Y =pt).

We will define a functor
Liex : Grp(FormMod, ) — LieAlg(IndCoh (X)),
and the main goal of this Chapter is to show that it is an equivalence.

When X = pt we obtain an equivalence between the category of group inf-
schemes whose underlying reduced scheme is pt and the category of Lie algebras
in Vect. Note that we impose no conditions on the cohomological degrees in which
our Lie algebras are supposed to live.

283
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0.1.2. To explain the idea of the functor Liey, let us first carry it out for classical
Lie groups; this will be a procedure of associating a Lie algebra to a Lie group
different (but, of course, equivalent) to one described above.

Namely, let G be a Lie group. The space Distr(G) of distributions supported at
the identity of G has a natural structure of a co-commutative Hopf algebra (which
will ultimately be identified with the universal enveloping algebra of the Lie algebra
g associated to G).

Now, the Lie algebra g can then be described as the space of primitive elements
of Distr(G).

0.1.3. We will now describe how the functor Liey is constructed in the context of
derived algebraic geometry. The construction will be compatible with pullbacks, so
we can assume that X = X € <°°Sch}ff.

For any
(¥ - X) e FormMod, x
we consider
Distr(Y) := 724" (41,) € IndCoh(X),
and we observe that it has a structure of co-commutative co-algebra in IndCoh(X),

viewed as a symmetric monoidal category with respect to the !-tensor product. (If
X =pt, the dual of Distr(Y) is the commutative algebra I'(), Oy).)

We denote the resulting functor FormMod,y — CocomCoalg(IndCoh(X')) by

Distr®°®°™: one shows that it sends products to products. In particular, DistrCo®°™

gives rise to a functor

Grp(Distroem) : Grp(FormMod, x ) - Grp(CocomCoalg(IndCoh(X))) =
= CocomHopf (IndCoh(X)).
0.1.4. Recall now (see Chapter 6, Sect. 4.4.2) that the category CocomHopf(IndCoh(X))
is related by a pair of adjoint functors with the category LieAlg(IndCoh(X)):
Grp(Chev™)oQ : LieAlg(IndCoh(X)) 2 CocomHopf (IndCoh(X)) : BricoGrp(coChev™™),
with the left adjoint being fully faithful.
Finally, we set
(0.1) Liey = Bric o Grp(coChev®™) o Grp(Distr ™).
0.1.5. The upshot of the above discussion is the following: the appearance of the
Lie algebra structure is due to the Quillen duality at the level of operads:
(Cocom™®)" ~ Lie[-1].

The shift [-1] is compensated by delooping-this is where the group structure
is used.

0.2. Formal moduli problems and Lie algebras. The equivalence
Liey : Grp(FormMod,x) — LieAlg(IndCoh(&'))

allows us to recover Lurie’s equivalence ([Lu6l, Theorem 2.0.2]) between Lie algebras
and formal moduli problems, as we shall presently explain.
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0.2.1. Let & be an object PreStkj.f. Consider the category Ptd(FormMod,x ) of
pointed objects in FormMod, x. Le., this is the category of diagrams

(r:Y=2X:s), mos=id
with the map 7 being an inf-schematic nil-isomorphism.
Recall also that according to Chapter 5, Theorem 1.6.4, the loop functor
Qx : Ptd(FormMod, x ) — Grp(FormMod, )
is an equivalence, with the inverse functor denoted Bx.
0.2.2. Thus, we obtain that the composition
(0.2) Liex o Qx : Ptd(FormMod,x ) — LieAlg(IndCoh(X))
is an equivalence.

0.2.3. Let us now take X = X € <°Sch?. Let us comment on the behavior of the
functor Liex o Q2x in this case.

By construction, the above functor is
BLie 0 Grp(coChev®™) o Grp(Distr®°®™) o Qy,

i.e., it involves first looping our moduli problem and then delooping at the level of
Lie algebras.

Note, however, that there is another functor
Ptd(FormMod, x ) - LieAlg(IndCoh(X)).
Namely, the functor
Distrocom FormMod,x — CocomCoalg(IndCoh(X))
gives rise to a functor
DistrCocom™ ; Ptd(FormMod, x ) - CocomCoalg™"*(IndCoh(X)).
Composing with the functor
coChev™™ : CocomCoalg™® (IndCoh(X)) — LieAlg(IndCoh(X)),
we obtain a functor

(0.3)  coChev®™ o Distr®™"™ : Ptd(FormMod, x ) — LieAlg(IndCoh(X)).
0.2.4. Now, the point is that the functors Liex oQx and coChev®™ o DistrCocom™™
are not isomorphic.
In terms of the equivalence (0.2)), the functor Distrocom™ corresponds to
Chev®™ : LieAlg(IndCoh(X)) - CocomCoalg™® (IndCoh(X)).
Hence, the discrepancy between Liex oQy and coChev®™ o Distr®™""™ is the
endo-functor of LieAlg(IndCoh(X)) equal to

coChev®™ o Cheve™" .

In particular, the unit of the adjunction defines a natural transformation

(0.4) Liex o Qy — coChev®™ o Distroeom™ |
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0.3. Inf-affineness. Let X = X € <Schi’. In Sect. We will introduce the notion
of inf-affineness for objects of Ptd(FormMod,x ).

0.3.1.  One of the equivalent conditions for an object J € Ptd(FormMod, ) to be
inf-affine is that the map (0.4)) should be an isomorphism.

Another equivalent condition for inf-affineness is that the natural map
T(Y/X)|x — oblvye o coChev®™ o DistrCocom™™ )
should be an isomorphism.

0.3.2.  One of the ingredients in proving that Liex is an equivalence is the assertion
that any H € Grp(FormMod, ), viewed as an object of Ptd(FormMod, ), is inf-
affine.

But, in fact, a stronger assertion is true.

0.3.3. To any F € IndCoh(X) we attach the vector prestack, denoted Vectx (F).
Namely, for

(f:S 2 X :s)e(Sch ) niticom to x
we set
Maps, (S, Vect x (F)) = Mapsy,qcon(x) (Distr™ (S), F),
where
Distr*(S) := Fib( 49" (wg) - wx).
In Corollary we show that Vectx (F) is inf-affine.

0.3.4. It follows from Chapter 6, Corollary 1.7.3 that any H € Grp(FormMod,x ),
regarded as an object of Ptd(FormMod,x), is canonically isomorphic to

Vectx (oblvy;.(Lie(H))).

0.4. The functor of inf-spectrum and the exponential construction. Let
X = X e<=Schif. Above we have introduced the functor

Distr©oeom™ . Ptd(FormMod, x ) = CocomCoalg™(IndCoh(X)).

Another crucial ingredient in the proof of the fact that the functor Liex of
(0.1) is an equivalence is the functor

Spec™ : CocomCoalg™® (IndCoh (X)) — Ptd(FormMod, x ),

Cocom®"®

right adjoint to Distr

0.4.1. In terms of the equivalence (0.2]), the functor Specinf corresponds to the
functor

coChev™" : CocomCoalg™ e (IndCoh(X)) — LieAlg(IndCoh(X)).

For example, we have:

Vect x (F) = Spec™ (Sym(F)).
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0.4.2. The notions of inf-affineness and inf-spectrum are loosely analogous to those
of affineness and spectrum in algebraic geometry. But the analogy is not perfect.
For example, it is not true that the functor Spec™ is fully faithful.

Conjecturally, the functor Spec™ maps CocomCoalg™®(IndCoh(X)) to the
full subcategory of Ptd(FormMod, x ) consisting of inf-affine objects.

0.4.3. We use the functor Specinf to construct an inverse to the functor Liex:
expy : LieAlg(IndCoh(X)) — Grp(FormMod, x ).
Namely,
expy 1= Spec™ o Grp(Chevcnh) o OQje.

0.4.4. The functor expy (extended from the case of schemes to that of prestacks)
can be used to give the following interpretation to the construction of the functor
of split square-zero extension

IndCoh(&X) - Ptd(FormMod,x ),
extending the functor
RealSplitSqZ : (Coh(X)%°)°P » Ptd((Sch’f),x), X € Sch?f}

of Chapter 1, Sect. 2.1. Here we regard (Coh(X)<?)°P as a full subcategory of
IndCoh(X) by means of

DScrrc
(Coh(X)=%)°P < Coh(X)°® == Coh(X) < IndCoh(X).
Namely, we have:
Qx o RealSplitSqZ(F) := expy ofreere o 2,
where 2 on IndCoh(X) is the functor of shift [-1].

0.5. What else is done in this chapter? In this chapter we cover two more
topics: the notion of action of objects in Grp(FormMod,x ) on objects of IndCoh(X)
and on objects of (PreStkjaf: ), x-

0.5.1.  For H € Grp(FormMod,») we consider its Bar complex
B*(H) € (FormMod, )2
We define
H-mod(IndCoh(X)) := Tot(IndCoh' (B*(H))).

In Sect. [f| we prove that the category H-mod(IndCoh(X')) identifies canonically
with
h-mod(IndCoh (X)),
where b = Liex (H).
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0.5.2. In Sect. ﬁwe study the (naturally defined) notion of action of # € Grp(FormMod, )
on (¥ 5> X) € (PreStkiar ) x-

Given an action of H on ), we construct the localization functor

Locy,y/x + h-mod(IndCoh (X)) — 1% Crys(Y).

Moreover, we show that given an action of H on ), we obtain a map in
IndCoh(Y)

7'(h) > T(V/X), b=Liex(H).

We also show that if § is free, i.e., b = freer;i.(F) with F € IndCoh(X), then
the map from the space of actions of  on ) to the space of maps 7' (F) - T(Y/X)
is an isomorphism.

1. Formal moduli problems and co-algebras

As was mentioned in the introduction, our goal in this chapter is to address
the following old question: what is exacty the relationship between formal groups
and Lie algebras. By a Lie group we understand an object of Grp(FormMod,x )
and by a Lie algebra an object of LieAlg(IndCoh(X)).

In this section, we take the first step towards proving this equivalence. Namely,
we establish a relationship between pointed formal moduli problems over X and
co-commutative co-algebras in IndCoh(X). Specifically, we define the functor of
inf-spectrum that assigns to a co-commutative co-algebra a pointed formal moduli
problem over X.

Formal moduli problems arising in this way play a role loosely analogous to
that of affine schemes in the context of usual algebraic geometry.

1.1. Co-algebras associated to formal moduli problems. To any scheme
(affine or not) we can attach the commutative algebra of global sections of its
structure sheaf. This functor is, obviously, contravariant.

It turns out that formal moduli problems are well-adapted for a dual operation:
we send a moduli problem to the co-algebra of sections of its dualizing sheaf, which
can be thought of as the co-algebra of distributions. In this subsection we describe
this construction.

1.1.1. Let X be an object of <°°Schéf’ff. We regard the category IndCoh(X) as
!

endowed with the symmetric monoidal structure, given by ®.

Recall the category FormMod, x. We have a canonically defined functor

(1.1) FormMod, x - (DGCat™™°™) qcon(xy/, ¥+ IndCoh(Y).
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1.1.2. Consider the following general situation. Let O be a fixed symmetric
monoidal category, and consider the category (DGCat™>™Mem) ). Let

/(DGCatSymMon)o/ c (DGCatSymMon)o/

be the full subcategory consisting of those objects, for which the functor O - O’
admits a left adjoint, which is compatible with the O-module structure.

Note that for any ¢ : O - O’ as above, the object ¢£(10/) € O has a canonical
structure of co-commutative co-algebra in O. In particular, we obtain a canonically
defined functor

"(DGCatSymMen) o; = CocomCoalg(O).

Moreover, the functor
¢L . Ol N O
canonically factors as

0b1V¢L(10,)

0’ - ¢*(10/)-comod(0) — " 0,
in a way functorial in O’ € ’(DGCatSymMon)o/

1.1.3.  We apply the above discussion to O = IndCoh(X). Base change (see Chap-
ter 3, Proposition 3.1.2) implies that the functor (1.1]) factors as

FormMod, x ' (DGCat™™™°"); 4con(x)s Y = IndCoh(Y).

In particular, we obtain a functor

FormMod, x — CocomCoalg(IndCoh(X)), (¥ 5 X) o pmdCoh(g)).

We denote this functor by Distr“°®°™. We denote by
Distr : FormMod, x — IndCoh(X)

Cocom

the composition of Distr with the forgetful functor

oblvcocom

CocomCoalg(IndCoh(X)) ~ —"" IndCoh(X).

The functor
7_(_indCoh . IndCOh(y) — IndCOh(X)

canonically factors as

lVDistrC(’com )
—

IndCoh(Y) — Distr®°°™())-comod (IndCoh (X)) °
in a way functorial in ).
1.1.4. The functor Distr®°™ defines a functor
Distrcoeom™ . Ptd(FormMod, x ) = CocomCoalg™(IndCoh (X)),
and the functor Distr defines a functor

Distr®" : Ptd(FormMod, x ) = IndCoh(X),,, -

IndCoh(X)

We shall denote by Distr” the functor Ptd(FormMod,x) - IndCoh(X) that
sends Y to
coFib(wx — Distr(Y)) ~ Fib(Distr()) — wx).
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1.1.5. An example. Note that we have a commutative diagram
(Coh(X)=°)*"  ——  Ptd((“*Schi)uiLisom to x)

(12) D?(e”el lDistrcowmaug

trivCocoma“g
-

Coh(X) CocomCoalg™®(IndCoh( X)),
where the top horizontal arrow is the functor of split square-zero extension.

1.1.6. The following observation will be useful:

LEMMA 1.1.7.

(a) The functors
Distr : FormMod, x — IndCoh(X)

and
Distroeom ; FormMod,x — CocomCoalg(IndCoh(X))

are left Kan extensions of their respective restrictions to
(<°°Sch?tﬁ)nil_isom to x € FormMod,x .
(b) The functors
Distr®"® : Ptd(FormMod, x ) - IndCoh(X),,
and
Distroocom™ . Ptd(FormMod, x ) - CocomCoalg™#(IndCoh (X)),
are left Kan extensions of their respective restrictions to
Ptd((*Schi nit-isom to x) € Ptd(FormMod, x ).
PROOF. We prove point (a), since point (b) is similar.
Since the forgetful functor
oblvocom : CocomCoalg(IndCoh (X)) — IndCoh(X)
commutes with colimits, it suffices to prove the assertion for the functor
Distr : Ptd(FormMod, x ) - IndCoh(X).

The required assertion follows from Chapter 5, Corollary 1.5.5.
O

REMARK 1.1.8. Recall (see Chapter 6, Sect. 2.2) that for a DG category O, in
addition to the category CocomCoalg®*#(0), one can consider the category

CocomCoalg(O)a“g’i“d'nilp := Cocom®"® —Coalgind'nilp (0)

of ind-nilpotent co-commutatve co-algebras. This category is endowed with a for-
getful functor

res*™* : CocomCoalg®'& 4P _, CocomCoalg™e(0).
Using Lemma one can refine the above functor
Distrocom™ ; Ptd(FormMod, x ) - CocomCoalg™"®(IndCoh (X))
to a functor

aug,ind-nilp

Distr<ocom” : Ptd(FormMod, x ) — CocomCoalg™&™™P (IndCoh(X)).
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Namely, for Z € Ptd((“"Sch?f)nﬂ_isom to x ) ), the t-structure allows to naturally
upgrade the object

Distr®°°™"* (Z) e CocomCoalg™'® (IndCoh (X))

to an object

aug,ind-nilp

DistrCocom (Z) € CocomCoalg™ &P (IndCoh(X)).

Cocom®u8:ind-nilp

Now, we let Distr be the left Kan extension under

Ptd((<°oSCh?tﬂ)nil-isom to X) ind Ptd(FOTHlMOd/X)

aug,ind-nilp

of the above functor Z  Distr©°®™ (2).

1.2. The monoidal structure. In this subsection we will establish the compat-
ibility of the functor Distr“°®°™ with symmetric monoidal structures. Namely, we
show that Distr®°“™ is a symmetric monoidal functor and commutes with the
Bar-construction on group objects.

1.2.1. Let us consider FormMod,x and CocomCoalg(IndCoh(X)) as symmetric
monoidal categories with respect to the Cartesian structure. Tautologically, the
functor Distr®®™ is left-lax symmetric monoidal. We claim:

LEMMA 1.2.2. The left-lax symmetric monoidal structure on DistrCo®™ s

strict.

ProoOF. We need to show that for
m Y1 = X and w1 Yo > X,
and
T
N xo=Y—>X,
X
the map
!
IndCoh IndCoh - IndCoh
N (wy) = (1) (wyy ) ® (m2), T (wy,)

is an isomorphism.

However, this follows from base change for the diagram

Y —— Vi xW

wl l'fr1><7r2

X — X xX.

1.2.3.  Recall the notation
CocomBialg(IndCoh (X)) := AssocAlg (CocomCoalg™®(IndCoh(X)));
this is the category of associative algebras in CocomCoalg™®(IndCoh(X)).
Recall also that
CocomHopf (IndCoh (X)) c CocomBialg(IndCoh(X))
denotes the full subcategory spanned by group-like objects.
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1.2.4. By Lemma the functor Distr®®™"™ gives rise to a functor

Grp(FormMod, x ) ~ Monoid(Ptd(FormMod, x )) —
— AssocAlg (CocomCoalg™®(IndCoh(X))) = CocomBialg(IndCoh(X)),
which in fact factors through
CocomHopf (IndCoh (X)) c CocomBialg(IndCoh(X)).
We denote the resulting functor by Grp(Distrcocomaug).

1.2.5. The following will be useful in the sequel:
LEMMA 1.2.6. Let H be an object of Grp(FormMod,x). Then the canonical
map
Bar o Grp(Distr®®® ™) (7() - Distr®“™" o By ()

is an tsomorphism.

PROOF. It is enough to establish the isomorphism in question after applying
the forgetful functor CocomCoalg™"®(IndCoh (X)) - IndCoh(X).

The left-hand side is the geometric realization of the simplicial object of IndCoh(X')
given by
Bar® (Distr(#)) remmg L2 byistr (B%(H)).
We can think of B% (#) as the Cech nerve of the map X — Bx (#). Hence, by
Chapter 3, Proposition 3.3.3(b), the map

| Distr (B% (H)) | = Distr(Bx (H))

is an isomorphism, as required.
O

1.3. The functor of inf-spectrum. Continuing the parallel with usual algebraic
geometry, the functor Spec provides a right adjoint to the functor

Sch — (ComAlg(Vect=*))°P, X » 7<(I'(X, Ox)).

In this subsection we will develop its analog for formal moduli problems. This
will be a functor, denoted Spec™, right adjoint to

Distr©ooom™ ; Ptd(FormMod, x ) - CocomCoalg™®(IndCoh(X)).
1.3.1. Starting from A € CocomCoalg™®(IndCoh(X)), we first define a presheaf
on the category on Ptd((<°°Sch?tﬂ)nﬂ_isom to x ), denoted Specmf(.A)nﬂ_isom, by
in : ocom™"®
MapS(Z7 Spec f(A)Ilil-iSOm) = MapSCocomCoalga“g(IndCoh(X)) (DlStI‘C (Z)7 A)

Let Specinf(.A) € (PreStkiag ) /x be the left Kan extension of Specinf(A)nﬂ_isom
along the forgetful functor

(13) (Ptd((<°oSCh?tff)nil-isom to X))Op - ((<MSCh?tH)/X)Op .

We claim that Spec™ (A) is an object of Ptd(FormMod, x ).

Indeed, this follows from Chapter 5, Corollary 1.5.2(b) and the following asser-
tion:
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LEMMA 1.3.2. Let Z} := Z{\Z_l Z5 be a push-out diagram in Ptd((“"Sch?tﬁ)nﬂ_isom to X ),
1
where the map Zy — Z] is a closed embedding. Then the canonical map

Distrocm™ (z!) U Distr°™™™ (Z,) - Distroe™™™ (Z2)

DistrCocoma“g (Zl)

is an isomorphism.
PrROOF. Since the forgetful functor
CocomCoalg™#(IndCoh(X)) - IndCoh(X),,
commutes with colimits, it is sufficient to show that the map

Distr*'¢(Z7) Distra“_“’g(Zl) Distr®'®(Zy) — Distr®"¢(Z5)

is an isomorphism in IndCoh(X),,, ;. By Serre duality, this is equivalent to showing
that

(15)+(0z) = (1)e(0z) . (12):(Oz)

is an isomorphism in QCoh(X), and the latter follows from the assumptions.
O

1.3.3. We now claim that the assignment
A Spec™(A)

Cocom®"®

provides a right adjoint to the functor Distr Indeed, this follows from

Chapter 5, Corollaries 1.5.2(a) and Lemma [L.1.7(b).
1.3.4. We have:

LEMMA 1.3.5. For A € CocomCoalg™®(IndCoh(X)), there is a canonical iso-
morphism

T(Specinf(A)/X)|X ~ Primgocomave (A).

PROOF. The proof is just a repeated application of definitions. Indeed, for
F € Coh(X)=Y we have by definition

Maps,acon(x) (DX (F), T(Spec™ (A)/X)|x)) =
= MapSPro(QCoh(X)-) (T*(Specinf(A)/XNX)a F)= MapSX//X (X, Specinf(-A))»

where Xz is the split square-zero extension corresponding to F, see Chapter 1,
Sect. 2.1.1.

By definition,
Maps /) x (X7, Spec'™ (A)) = MapscocomCoalg™ s (IndCoh(X)) (DiStrcocomaug (S7), A).
Now, by
DistrC°™™™ (5£) = trivoecomsns (D37 (F)),
while
Maps cocomCoalg®# (IndCoh(x)) (Fr1VCocomaus (Di‘me(}-))v A) = MaPS(Dgfrre (F), Primcocomaus (A)),

again by definition.
O
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inf

1.3.6. Being a right adjoint to a symmetric monoidal functor, the functor Spec
is automatically right-lax symmetric monoidal. Hence, it gives rise to a functor

CocomBialg(IndCoh (X)) := AssocAlg (CocomCoalg™®(IndCoh(X))) —
- Monoid(Ptd(FormMod, x)) ~ Grp(FormMod, x ).
We shall denote the above functor by Monoid(Spec™).

REMARK 1.3.7. If instead of the category CocomCoalg™®(IndCoh(X)) one
works with the category Cocom™& ™4 P(IndCoh(X)), one obtains a functor

Specfnd-nile ;o com e ndnilp (TnqCoh (X)) — Ptd(FormMod, x ).

However, the functors Specinf’ind'n“? and Spec™ carry the same information:
it follows formally that the functor Spec™ factors as the composition

inf,ind-nilp
Spec'™’

CocomCoalg™ 8 (IndCoh(X)) - Cocom™'& 4P (IndCoh(X)) — Ptd(FormMod, x ),
where the first arrow is the right adjoint to the forgetful functor
res*™* : Cocom®"& 4P (IndCoh (X)) — CocomCoalg™ & (IndCoh(X)).
Furthermore, it follows from Chapter 6, Corollary 2.10.5(b), applied in the

case of the co-operad Cocom™®, and Lemma that the natural map from
Spec™HndilP ¢4 the composition

* in
res pec

. . =% f
Cocom™ &P (IndCoh (X)) "2 CocomCoalg™®(IndCoh(X)) Spec, Ptd(FormMod, x )
is an isomorphism.

1.4. An example: vector prestacks. The basic example of a scheme is the
scheme attached to a finite-dimensional vector space:

Maps(S,V) =T'(S,05)® V.

In this subsection we describe the counterpart of this construction for formal
moduli problems.

Namely, for an object F € IndCoh(X), we will construct a formal moduli
problem Vectx (F) over X. In the case when F is a coherent sheaf, Vectx (F) will
be the formal completion of the zero section of the ‘vector bundle’ associated to F.

1.4.1. Let F be an object of IndCoh(X) and consider the object
Sym(F) € CocomCoalg™®(IndCoh(X)),

where, as always, the monoidal structure on IndCoh(X) is given by the !-tensor
product. See Chapter 6, Sect. 4.2 for the notation Sym.

Consider the corresponding object

Vectx (F) := Spec™ (Sym(F)) e Ptd(FormMod, x ).



1. FORMAL MODULI PROBLEMS AND CO-ALGEBRAS 295

1.4.2. Recall the notation Distr® introduced in Sect.[L.1.4 We claim:
PROPOSITION 1.4.3. For Z ¢ Ptd((<°°Sch?tH)nﬂ_isom to x the natural map
Mapspid(rormMod, ) (£, Vectx (F)) - Maps, acon(x) (Distr™ (2), F),
given by the projection Sym(F) — F, is an isomorphism.
PROOF. First, we note that the presheaf on Ptd((“"Sch?tH)nﬂ_isom to X, given

by

Z MapslndCoh(X)(DiStr+(Z)?‘7:.)a
gives rise to an object of Ptd(FormMod,x) for the same reason as Specinf does.
Denote this object by Vect'y (F).

Hence, in order to prove that the map in question is an isomorphism, by Chap-
ter 1, Proposition 8.3.2, its suffices to show that the map

(1.4) T (Vectx (F)/X)|x = T(Vect'y (F)/X)|x-
is an isomorphism.

The commutative diagram implies that T'(Vect'y (F)/X)|x identifies with
F.

By Lemma[I.35]

T(Vectx (F)/X)|x =~ Primcocoma= (Sym(F)),
and the map identifies with the canonical map
Primgocomaus (Sym(F)) - F.
Now, the latter map is an isomorphism by Chapter 6, Corollary 4.2.5.

Note that in the process of proof we have also shown:

COROLLARY 1.4.4. For F € IndCoh(X), there exists a canonical isomorphism
T(VectX(.’F)/X)|X ~ F.

REMARK 1.4.5. The proof of Proposition [1.4.3| used the somewhat non-trivial
isomorphism of Chapter 6, Corollary 4.2.5. However, if instead of the functor
Spec™, one uses the functor Spec™ 4P (see Remark [1.3.7)), then the statement
that

inf,ind-ni ind-nil .
Mapspa(rormMod, x ) (Za Spec®indnile (cofree D (.7-'))) = Mapsy,acon(x) (Distr’ (Z), F)

Cocom?®"8

is an isomorphism, would be tautological. Note that

Sym(F) ~res ™" o cofreeg‘;lc'girlgug (F) = cofreefé‘(l)fomaug (F).

Thus, we can interpret the assertion of Proposition [[.4.3] as saying that the
natural map
inf,ind-nilp (

cofree ™ (F)) - Spec™ (Sym(F)) = Vectx (F)

Spec Cocom?"8
is an isomorphism.

Note that the latter is a particular case of the isomorphism of functors of

Remark [[L3.7
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1.4.6. We now claim:
PROPOSITION 1.4.7. The co-unit of the adjunction
(1.5) Distr°™™™* (Vect x (F)) - Sym(F)
is an tsomorphism.
The rest of this subsection is devoted to the proof of the proposition.

1.4.8. Step 1. Suppose for a moment that F is such that D5 (F) € Coh(X)<C.
In this case, by Proposition [[.4.3]
Ma‘pSPtd(FormMod/X) (Z7 VeCtX(J:)) ~ MapslndCoh(X)(DiStr+(Z)7‘7-) ~
= Mapsqeon(x) (DX™(F), Fib(m.(0z) > Ox)) =
~ Maps, x (Z7 Specy (freecom (]D)ie"e(}'))))

(where freecon, is taken in the symmetric monoidal category QCoh(X)), so Vect x (F)
is a scheme isomorphic to Specy (freecom(]])?f”e(}" ))), and the assertion is mani-
fest.

1.4.9. Step 2. Now, we claim that both sides in (1.5]), viewed as functors
IndCoh(X) — CocomCoalg™®(IndCoh(X)),
commute with filtered colimits in F.

The commutation is obvious for the functor F ~ Sym(F).

) ) aug
Since the functor Distr©oc™

functor

is a left adjoint, it suffices to show that the

F v Spec™ (Sym(F))
commutes with filtered colimits.
By the construction of the functor Specinf7 it suffices to show that the functor
F v Spec™ (Sym(F) )niLisom :
IndCoh(X) - Funct ((Ptd((“"Sch?tﬁ)nil_isom ‘o X))Op , Spc)
commutes with filtered colimits.

By Proposition it suffuces to show that for Z Ptd((“"Sch?tﬁ)nﬂ_isom to X ),
the functor
F - Mapslndcoh(x) (])iStI‘+ (Z), F)

commutes with filtered colimits. The latter follows from the fact that Distr*(Z) e
Coh(X) = IndCoh(X)*.
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1.4.10. Step 3. According to Step 2, we can assume that F € Coh(Z). Combining
with Step 1, it remains to show that if the assertion of the proposition holds for
F[-1], then it also holds for F.

The description of Vectx (F), given by Proposition implies that there is
a canonical isomorphism

Vect x (F[-1]) ~ Qx (Vectx (F)) € Grp(FormMod, x ),
and hence
Bx (Vectx (F[-1])) ~ Vectx (F).
Note also that we have a canonical isomorphism in CocomCoalg™"€ (IndCoh(X)):
Bar(Sym(F[-1])) ~ Sym(F),
where we regard Sym(F[-1]) as an object of
CocomBialg(IndCoh(X)) ~ Assoc(CocomCoalg™"&(IndCoh(X)))
via the structure on F[-1] of a group-object in IndCoh(X).

The following diagram commutes by adjunction

Bar o Distr ™™ (Vect x (F[-1])) “2=25 Distr“™™ o By (Vectx (F[-1]))

l 5

Bar(Sym(F[-1])) Distr©™™™ (Vect x (F))
Sym(F) 4, Sym(F).

By assumption, the upper left vertical arrow in this diagram is an isomorphism.
Hence, so is the lower right vertical arrow.
O

2. Inf-affineness

In this section we study the notion of inf-affineness, which is a counterpart of
the usual notion of affineness in algebraic geometry.

The naive expectation would be that an inf-affine formal moduli problem over
X is one of the form Spec™ of a co-commutative co-algebra in IndCoh(X). How-
ever, this does not quite work as the analogy with the usual notion of affine-
ness is not perfect: it is not true that the functor Spec™ identifies the category
CocomCoalg™® (IndCoh(X)) with that of inf-affine objects in Ptd(FormMod, x ).

2.1. The notion of inf-affineness. In algebraic geometry a prestack ) is an
affine scheme if and only if I'(Y, Oy) is connective and for any S € Sch*®, the map

1\/IapSSchaff (S’ y) - Ma‘psComAlg(Vect) (F(y7 Oy)a F(S7 OS))
is an isomorphism.

In formal geometry we give a similar definition.
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2.1.1. Let as before X € <*Schf.
DEFINITION 2.1.2. An object ) € Ptd(FormMod, x ) is inf-affine, if the functor

., C aug . .
Distr~°°™ ~ induces an isomorphism

MapSPtd(FormMod/X) (2,Y)~

aug

),

} : 4..Cocom™"® : 4+..Cocom
- MaprocomCoalga“g(IndCoh(X)) (letI‘ (Z)7 Distr

where Z € Ptd((<°Schi™) pivisom to x )-

2.1.3. Here are some basic facts related to this notion:
PROPOSITION 2.1.4. Any object

Y e Ptd((Sch™ ) mitisom to x) © Ptd(FormMod, x )

is inf-affine.
PRrROOF. By definition, we need to show that for
Yla Yé € Ptd((SChzg)nil—isom to X)a

with Y7 eventually coconnective, the groupoid Mapspyq(rormmod /X)(Yl,Yg) maps
isomorphically to

IndCoh IndCoh
1\/'[apsCocomCoalga‘“g(IndCoh(X))((’/Tl)x-n ¢ (le)?(ﬂ—Q)*n ° (wYQ))'

The assertion easily reduces to the case when Y5 is eventually coconnective. In
the latter case, Serre duality identifies the above groupoid with

Ma’pSComAlga“g(QCoh(X)) ((7-(2)*(035)7 (71'1)*(0)/1 )) )

and the desired isomorphism is manifest.

2.1.5. We claim:

LEMMA 2.1.6. Let Y € Ptd(FormMod,x) be inf-affine. Then for any Z e
Ptd(FormMod, x ), the map

Mapsptd(FormMod/X) (Z’ y) -

aug

. C aug . C
- MapSCocomCoalg‘“‘g(IndCoh(X)) (DlStI‘ ocom (Z), Distr~ 2™ (y))
is an isomorphism.

Proor. Follows from Chapter 5, Corollary 1.5.2(a) and Lemma b). O

REMARK 2.1.7. It follows from Proposition below, combined with Chap-
ter 6, Corollary 2.10.5(b) for the co-operad Cocom that if instead of CocomCoalg™® (IndCoh(X))
one uses Cocom™'& ™4™ (IndCoh( X)), one obtains the same notion of inf-affineness.
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2.2. Inf-affineness and inf-spectrum. As was mentioned already, it is not true
that the functor Spec™ identifies the category CocomCoalg™®(IndCoh(X)) with
that of inf-affine objects in Ptd(FormMod,x ). The problem is that the analog of
Serre’s theorem fails: for a connective commutative DG algebra A, the map
A F(SpeC(A)7 OSpec(A))

is an isomorphism, whereas for A € CocomCoalg™®(IndCoh(X)), the map

Distrcocomaug(Speci“f(A)) - A
does not have to be such.

In this subsection we establish several positive facts that can be said in this
direction. A more complete picture is presented in Sect. [3.3}

2.2.1. 'We note:
LEMMA 2.2.2. Let A € CocomCoalg™®(IndCoh (X)) be such that the co-unit of

the adjunction _
Distr©®™"" (Spec™(A)) - A
is an isomorphism. Then the object Spec™ (A) is inf-affine.

In particular, combining with Proposition [1.4.7] we obtain:

COROLLARY 2.2.3. For F € IndCoh(X), the object Vectx (F) € Ptd(FormMod, x )
is inf-affine.

REMARK 2.2.4. As we shall see in Sect. [3.3.10} it is not true that the functor
Spec™ is fully faithful. Le., the co-unit of the adjunction

Distr®™™™ (Speci™(4)) - A
is not an isomorphism for all A € CocomCoalg™® (IndCoh(X)).

However, we will see that Chapter 6, Conjecture 2.8.9(b) for the symmetric

monoidal DG category IndCoh(X) implies that the above map is an isomorphism

Cocom™"®

for A lying in the essential image of the functor Distr

We will also see that Chapter 6, Conjecture 2.8.9(a) for IndCoh(.X) implies that
the essential image of the functor Spec™ lands in the subcategory of Ptd(FormMod /X)
spanned by inf-affine objects.

REMARK 2.2.5. The same logic shows that Chapter 6, Conjecture 2.6.6 for the
symmetric monoidal DG category IndCoh(X ) and the Lie operad, implies that the
functor Spec™ 4P ig an equivalence onto the full subcategory of Ptd(FormMod /x)
spanned by objects that are inf-affine.

2.3. A criterion for being inf-affine. A prestack ) is an affine scheme if and
only if I'()Y, Oy) is connective and the canonical map

Y = Spec(T'(¥,0y))
is an isomorphism.
The corresponding assertion is true (but not completely tautological) also in

formal geometry: an object Y € Ptd(FormMod,x) is inf-affine if and only if the
unit of the adjunction

Y- Specinf o Distrocom™ )
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is an isomorphism.

In addition, in this subsection we will give a crucial criterion for inf-affineness
in terms of the tangent space of ) at its distinguished point, which does not have
a counterpart in usual algebraic geometry.

2.3.1. Recall the commutative diagram ([1.2)).

We obtain that for 7 € Coh(X)? and Y e Ptd(FormMod,y), the functor
Distr°™™™ gives rise to a canonically defined map

(2.1)  Mapsp,qconcx) (DX (F), T(V/X)|x) ~

. . aug
— MapSCocomcoalgaug(Indcoh(x)) (trvaOComaug (Di‘?rre (}-))’ DlstrCocom (y)) )

Consider the functor

Primcocomevs : CocomCoalg™®(IndCoh(X)) - IndCoh(X).
We can rewrite (2.1) as a map

(2.2)  Mapsp,acen(x) (DX (F), T(V/X)|x) »
= Mapsi,acon(x) (]D)%f”e(}"), Primcocomane © Distroocom™™ ).

The map ([2.2)) gives rise to a well-defined map in IndCoh(X):

(23) T(y/X)|X — Primgocomans © DiStrcocomaug (y)

2.3.2.  We claim:

PROPOSITION 2.3.3. For an object ) € Ptd(FormMod,x) the following condi-
tions are equivalent:

(i) Y is inf-affine;
(i) The unit of the adjunction Y - Spec™ ODistrcocomaug(y) is an isomorphism;
(iii) The map (2.3) is an isomorphism.

PrOOF. The implication (i) = (iii) is tautological from the definition of inf-
affineness.

Suppose that ) satisfies (ii). Then for Z € Ptd((“"Sch?tH)nﬂ_isom to x ) the map

)

aug

inf _1yiesa.C
MapsPtd(FormMod/X)(Zvy) - MapsPtd(FormMod/X) (Z, Spec™ o Distr~*™

is an isomorphism, while its composition with the adjunction isomorphism
MapSPtd(FormMod/X) (Z, Specinf o Distrcocom&ug (y)) ~

e aug e aug
= MapSCocomCoalga“g(IndCoh(X)) (DlStI‘ oeom (Z)7 Distr~ 2™ (y))

Cocom™"

equals the map induced by the functor Distr £ Hence, Y is inf-affine.

Finally, assume that Y satisfies (iii), and let us deduce (ii). By Chapter 1,
Proposition 8.3.2, in order to show that J — Spec™ o Distr©oco™” g(,)7) is an iso-
morphism, it suffices to show that the map

T(YV/X)|x - T(Spec™ o Distr“°™™* () /X)|x
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is an isomorphism in IndCoh(X).
Recall the isomorphism T'(Spec™ (A)/X)|x = Primcocomauz (A) of Lemmam
Now, it is easy to see that the composed map

T(Y/X)|x — T(Spec™ o Distr®°™™™ (1) /X)| x ~ Primcocomaus (DistrC™™ " (1))

equals the map (2.3)), implying our assertion.
U

3. From formal groups to Lie algebras

Let G be a Lie group. The tangent space at the identity of G has the structure of
a Lie algebra. One way of describing this Lie algebra structure is the following: the
Lie algebra of G is given by the space of primitive elements in the co-commutative
co-algebra given by the space of distributions on G supported at the identity.

In this section, we implement this idea in the context of derived algebraic geom-
etry and finally spell out the relationship between the categories Grp(FormMod, x )
and LieAlg(IndCoh(X)), i.e., formal groups and Lie algebras:

To go from an object of Grp(FormMod,x) to LieAlg(IndCoh(X)), we first
attach to it an object Grp(LieAlg(IndCoh(X))) via the functor

. aug
coChev®™ o DistrCocom

(i.e., we attach to an object of Grp(FormMod, x ) the corresponding augmented co-

enh aug

commutative co-algebra and use Quillen’s functor coChev®™" that maps CocomCoalg

to LieAlg), and then deloop.

To go from LieAlg(IndCoh(X)) we use the ‘exponential map’, incarnated by
the functor

Grp(Chev®™) o Q. : LieAlg - CocomHopf

(the latter is canonically isomorphic to the more usual construction given by the
functor UHP! the universal enveloping algebra, viewed as a co-commutatove Hopf
algebra), and then apply the functor of inf-spectrum.

3.1. The exponential construction. Let as before X € <©Sch2T. The idea of
the exponential construction is the following: for a Lie algebra b, the corresponding
formal group expy (h) is such that

Distr(expx (b)) = U(b).

3.1.1. We define the functor
expy : LieAlg(IndCoh (X)) — Grp(FormMod, x )

to be
Monoid(Spec™) o Grp(Chev®™) o Qpe.
For example, for F € IndCoh(X), we have
exp(triviie(F)) = Monoid(Spec™ ) (Sym(F)) = Vectx (F),

equipped with its natural group structure.
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REMARK 3.1.2. To bring the above construction closer to the classical idea of
the exponential map, let us recall that, according to Chapter 6, Theorem 6.1.2, we
have a canonical isomorphism in CocomHopf(IndCoh(X))

Grp(Chev®™) o Q; ~ UHOPE,

3.1.3. In the next section we will prove:
THEOREM 3.1.4. The functor
expy : LieAlg(IndCoh(X)) —» Grp(FormMod, x )
is an equivalence.

3.2. Corollaries of Theorem [3.1.4l In this subsection we will show that the
functor expy as defined above, has all the desired properties, i.e., that there are no
unpleasant surprises.

3.2.1. Recall (see Chapter 6, Corollary 1.7.3) that when Grp(Chev™) o Qri(h)
is viewed as an object of CocomCoalg™®(IndCoh(X)), i.e., if we forget the algebra
structure, it is (canonically) isomophic to Sym(oblvy,.(h)).

Hence, by Corollary when we view exp y (h) as an object of Ptd(FormMod, x ),
it is isomorphic to Vect x (oblvyic(h)), and hence is inf-affine.

Therefore, as a consequence of Theorem (plus Corollary [1.4.4)), we obtain:

COROLLARY 3.2.2. Ewvery object of H € Grp(FormMod,x ), when viewed by
means of the forgetful functor as an object of Ptd(FormMod,x), is inf-affine, and
we have:

oblvg,p(H) = Vectx (T (oblve,p (H)/X)|x)-

From Proposition [1.4.7] and Chapter 6, Proposition 4.3.3, we obtain:
COROLLARY 3.2.3. The natural transformation
(3.1) Grp(Distr®™™*) o exp y - Grp(Chev®™) o Qe

is an tsomorphism.

Combining the isomorphism with the isomorphism
(3.2) Brje © Monoid(coChevenh) o Grp(CheVe“h) o0 Qe = Id
of Chapter 6, Theorem 4.4.6, we obtain:
COROLLARY 3.2.4. There exists a canonical isomorphism of functors

Blie © Monoid(coChev®™) o Grp(Distr®®™"") o expy ~ Id .
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3.2.5. Let us denote by
(3.3) Liex : Grp(FormMod, x ) - LieAlg(IndCoh (X))

the functor

aug

BLie 0 Monoid (coChev®™) o Grp(Distr o™

).
Hence:
COROLLARY 3.2.6. The functor
Liex : Grp(FormMod, x ) - LieAlg(IndCoh (X))
is the inverse of
expy : LieAlg(IndCoh(X)) - Grp(FormMod, x ).
3.2.7. By combining Corollary Proposition [2.3.3] and the tautological iso-
morphism
oblvy;. o Bric o Monoid(coChev®™) = Primcgcomaus ooblvap,
we obtain:
COROLLARY 3.2.8. There exists a canonical isomorphism of functors
Grp(FormMod, x ) - IndCoh(X), oblvy o Liex(H) = T'(oblva,(H)/X)|x.

In other words, this corollary says that the object of IndCoh underlying the Lie
algebra corresponding to a formal group indeed identifies with the tangent space
at the origin.

3.2.9. The upshot of this subsection is that in derived algebraic geometry the
passage from the a formal group to its Lie algebra is given by the functor

Liex = Bie o Monoid(coChev*™) o Grp(Distr =™,

3.3. Lie algebras and formal moduli problems. In this subsection we will
assume Theorem [3.1.4] and deduce some further corollaries. In particular, we will
show that there is an equivalence between pointed formal moduli problems over a
scheme X and Lie algebras in IndCoh(X).

Furthermore, we will see what the functor of inf-spectrum really does, and what
it means to be inf-affine. Namely, we will show that under the equivalence above,
the functor Spec™ corresponds to the functor coChev®™.

3.3.1. First, we claim:

COROLLARY 3.3.2. There is the following commutative diagram of functors

DiStI‘COCOInaug

CocomCoalg™®(IndCoh(X)) «———— Ptd(FormMod,x)
(3.4) Cheve“hI ~IBX

Liex

LieAlg(IndCoh(X)) Grp(FormMod, x ).
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PROOF. Indeed, by Theorem [3.1.4] it suffices to construct a functorial isomor-
phism

. aug h
Distr®™"" 6By o expy = Chev™".

However, by Lemma and the isomorphism (3.1)), the left-hand side iden-
tifies with

Bar o Grp(Distr®®™") o exp . = Bar o Grp(Chev®™) o Q4. ~
~ Chev™" oBre  Qrie = Chev™ .
O
COROLLARY 3.3.3. For) € Ptd(FormMod,x) there is a canonical isomorphism
Distr°™™ (1) ~ Chev™"" oLiex o Qx ().
REMARK 3.3.4. The commutative diagram implies the following:
The functor
Distroocom™ ; Ptd(FormMod, x ) - CocomCoalg™"®(IndCoh (X))
remembers/loses as much information as does the functor
Chev™ : LieAlg(IndCoh(X)) — CocomCoalg™"# (IndCoh(X)).
However, the functor
Grp(Distr®™™") : Grp(FormMod, x ) - CocomBialg™"#(IndCoh(X))

is fully faithful, as is the functor

Grp(Chev®™) o Qe : LieAlg(IndCoh (X)) — CocomBialg™'® (IndCoh(X)).

3.3.5. By passing to right adjoints in diagram (3.4)) we obtain:
COROLLARY 3.3.6. There is the following commutative diagram of functors
inf

C

CocomCoalg™®(IndCoh(X)) Spec, Ptd(FormMod, x )
(35) coChevet l NlQX

exp x

LieAlg(IndCoh(X)) —— Grp(FormMod, x).
REMARK 3.3.7. The commutative diagram implies:
The functor
Spec™ : CocomCoalg™(IndCoh(X)) - Ptd(FormMod, x )
remembers/loses as much information as does the functor

coChev™ : CocomCoalg™® (IndCoh(X)) — LieAlg(IndCoh(X)).
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3.3.8. Let
B%{ic : LieAlg(IndCoh(X)) — Ptd(FOI‘IIlMOd/X)

denote the functor Bx oexpx.

This is the functor that associates to a Lie algebra in IndCoh(X) the corre-
sponding moduli problem. By Theorem this functor is an equivalence, with
the inverse being

y = LleX 8} Qx(y)
From Proposition we obtain:

COROLLARY 3.3.9. Let Y be an object of Ptd(FormMod,x), and let b be the
corresponding object of LieAlg(IndCoh(X)), i.e.,

b = Liex o Qx (Y) and/or Y := B¥°(h).
Then Y is inf-affine if and only if unit of the adjunction
b - coChev™" o Chev®™ (p)
is an isomorphism.

3.3.10. Let A be an object of CocomCoalg™®(IndCoh(X)). From the diagrams
(3.4) and (3.5 we obtain that the co-unit of the adjunction

(3.6) Distr°™™™ (Spec™(4)) - A
identifies with the map
(3.7) Chev®™ o coChev™™ (A) - A.

In partcular, we obtain that if Chapter 6, Conjecture 2.8.9(b) holds for the
symmetric monoidal DG category IndCoh(X) and the co-operad Cocom™®, i.e., if
the map (3.7) is an isomorphism for A lying in the essential image of the functor

Chev™ : LieAlg(IndCoh (X)) — CocomCoalg™"# (IndCoh (X)),

then the map (3.6 is an isomorphism for A lying in the essential image of the
functor

Distr©oeom™ ; Ptd(FormMod, x ) = CocomCoalg™(IndCoh(X)).
Similarly, suppose that Chapter 6, Conjecture 2.8.9(a) holds for the symmetric
monoidal DG category IndCoh(X) and the co-operad Cocom®"®, i.e., if the map
b - coChev™" o Chev®™ (p)
is an isomorphism for § lying in the essential image of the functor
coChev™" : CocomCoalg™ 8 (IndCoh(X)) — LieAlg(IndCoh(X)).

Then, by Corollary any ) € Ptd(FormMod, x ) lying in the essential image of
the functor

Speci™ : CocomCoalg™ 8 (IndCoh (X)) — Ptd(FormMod, x ),

is inf-affine.
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3.4. The ind-nilpotent version. For completeness, let us explain what happens
to the picture in Sect. if we consider instead the adjoint functors

: Ptd(FormMod, x ) 2 CocomCoalg™ & ™ ™P (IndCoh (X)) : Specinh-ndnilp

aug,ind-nil

DistrCocom

3.4.1. First, we have the commutative diagrams

(3.8)
ol DistrCOmmaug,ind.nup
CocomCoalg™'®""“ ™ P (IndCoh(X)) Ptd(FormMod, x )
Chevenh,ind»nilp]‘ N]‘Bx
LieAlg(IndCoh(X)) Hex Grp(FormMod, x ).
and
aug,ind-nilp Specinfﬁind_n“p
CocomCoalg™® (IndCoh(X)) Ptd(FormMod, x )
(3.9) COChevenh,ind-nilpl NlQX
LieAlg(IndCoh(X)) X, Grp(FormMod, x ).

3.4.2. Let us now assume the validity of Chapter 6, Conjecture 2.6.6 for the sym-
metric monoidal DG category IndCoh(X) and the co-operad Cocom™® .

From it we obtain:

CONJECTURE 3.4.3. The functor

SpectHind il s ¢6comCoalg™ e 4P (IndCoh (X)) — Ptd(FormMod, x )
is fully faithful.

3.5. Base change. As we saw in Proposition the criterion of inf-affineness
involves the operation of taking primitives in an augmented co-commutative co-
algebra in IndCoh(X). This operation is not guaranteed to behave well with respect
to the operation of pullback. The functor of inf-spectrum has a similar drawback,
for the same reason.

In this subsection we will establish several positive results in this direction.

3.5.1. Let f: X' - X be a map in <°°Sch?tff7 and consider the corresponding
functor

f': CocomCoalg™"®(IndCoh(X)) - Cocom™ & (IndCoh(X")).

The following diagram commutes by construction

X' x—
Ptd(FormMod, x ) —~—  Ptd(FormMod,x)

. aug . aug
DlStrCocom l letrC"CO‘“

CocomCoalg™®(IndCoh(X)) L, Cocom™= (IndCoh(X")).
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Hence, by adjunction, for A € CocomCoalg™®(IndCoh(X)) we have a canoni-
cally defined map

(3.10) X' x Spec™ (A) » Spec™ (f(A)).

REMARK 3.5.2. It follows from Lemmabelow and diagram , that the
natural transformation is an isomorphism if f is proper.
3.5.3. The following is immediate from Lemma and Proposition [2.3.3

LEMMA 3.5.4. Assume that A is such that both maps

Distr™™ 6 Spec™ (A4) - A and Distr®°™"™ o Spec™ (f'(A)) - f(A)
are wsomorphisms. Then the map is an isomorphism for A.

COROLLARY 3.5.5. For F € IndCoh(X), the canonical map

X'§Vectx(f) - Vectx: (f'(F))

is an tsomorphism.

3.5.6. By combining Corollary and Chapter 6, Proposition 1.7.2, we obtain:
COROLLARY 3.5.7. For b € LieAlg(IndCoh(X)), the canonical map

X' xexpx(b) = expy (f1(h))

is an tsomorphism.

COROLLARY 3.5.8. For H € Grp(FormMod,x ), the canonical map
f'(Liex (H)) - LieX/(X';éH)
is an tsomorphism.

3.6. Extension to prestacks. We will now extend the equivalence expy to the
case when the base X € <°°Sch‘fltlcf is replaced by an arbitrary X € PreStky.g.

3.6.1. Note that the discussion in Sect. applies verbatim to the present sit-
uation (i.e., the base being an object of PreStkj.g). In particular, we obtain the
functors

Distr : FormMod,» — IndCoh(&X’),
Distrocom FormMod,» - CocomCoalg(IndCoh(X')),
Distr” : Ptd(FormMod,x) - IndCoh(X),

Distrocom™ ; Ptd(FormMod,») - CocomCoalg™*(IndCoh(X')),

and

Grp(Distr©oem™™ )y ; Grp(FormMod,x) - CocomBial*"#(IndCoh(X')).

We have:
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THEOREM 3.6.2. The functor
Liex := Brie © Monoid(coChev®™) o Grp(Distr“°«™"™)

defines an equivalence Grp(FormMod, x ) — LieAlg(IndCoh(X')). Furthermore, we
have:

(a) The co-unit of the adjunction

Grp(Chev®™) o Qe 0 Liey — Grp(Distr&om™™)
is an isomorphism.
(b) The composition

oblvy o Liey : Grp(FormMod, x ) - IndCoh(&X)
identifies canonically with the functor

H T (oblvg(H)/X)|x.
PROOF. Observe that for X € PreStk,s the functors

LieAlg(IndCoh(X)) — lim LieAlg(IndCoh(X))

Xe((<"°Sch‘f‘t“)/X)°P

and

Grp(FormMod, x) — lim Grp(FormMod, x )
Xe((«”Sch?ff)/x yop

are both equivalences, see Chapter 5, Lemma 1.1.5 for the latter statement.

Using Theorem[3.1.4] to show that the functor Liey is an equivalence, it remains
to check that the functors Liex, where X is a scheme, are compatible with base
change. But this follows from Corollary

The isomorphisms stated in (a) and (b) follow from the case of schemes.
(]

As a formal consequence we obtain:

COROLLARY 3.6.3. The category Grp(FormMod,x) contains sifted colimits,
and the functor

H = T(oblvg,,(H)/X)|x : Grp(FormMod, x ) - IndCoh(X)
commutes with sifted colimits.

3.6.4. Let
expy : LieAlg(IndCoh(X)) - Grp(FormMod, x )

denote the equivalence, inverse to Liex.

Let
BY° : LieAlg(IndCoh (X)) - Ptd(FormMod,x)

denote the resulting equivalence
Bxoexpy, LieAlg(IndCoh(&')) - Ptd(FormMod,x).

Note that from Corollary we obtain:
COROLLARY 3.6.5. There is a canonical isomorphism of functors

h . aug .
Chev®™ = Distr@ocm™" o e,
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3.6.6. In what follows we will denote by
(3.11) F v Vecty (F)
the functor IndCoh(X') - Ptd(FormMod,x ), given by

F = Vectx (F) := oblvayy 0 expy otrivie(F) = BYC o expy otrivc(F[-1]).

Note that by Corollary we obtain

Distr™™ (Vectx (F)) ~ Sym(F).

From Proposition we obtain:

COROLLARY 3.6.7. The functor Vectx(~) : IndCoh(X) - Ptd(FormMod, x ) is
the right adjoint to the functor Distr™.

Note also:

COROLLARY 3.6.8. For H € Grp(FormMod, ), we have a canonical isomor-
phism

OblVGrp (H) ~ VeCtX (T(OblVGrp (H)/X) |X ) .

3.6.9. The functor (3.11) is easily seen to commute with products. Hence, it
induces a functor

(3.12) IndCoh(&’) - ComMonoid(FormMod, x ),
see Chapter 6, Sect. 1.8 for the notation.

We claim:

COROLLARY 3.6.10. The functor s an equivalence.

ProOOF. Follows from Chapter 6, Proposition 1.8.3. (]

3.7. An example: split square-zero extensions. In Chapter 1, Sect. 2.1 we
discussed the functor of split square-zero extension

RealSplitSqZ : (Coh(X)=°)°P » Ptd((Sch?fi)/x), X € Schif.

In this subsection we will extend this construction to the case of arbitrary
objects X € PreStkiaf;-qef, where instead of (Coh(-)%Y)°P we use all of IndCoh(X).
Here for X = X € Schag, we view (Coh(X)=0)°P as a full subcategory of IndCoh(X)
via

Serre

(Coh(X)<)°P o Coh(X)% 2> Coh(X) - IndCoh(X).
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3.7.1. For X e PreStKkjasi-qer consider the functor
RealSplitSqZ : IndCoh(&X') — Ptd((PreStkiafi-def ) /x ),
defined as follows:
We send F € IndCoh(X) to
Byoexpy ofreer e (F[-1]) € Ptd( (Schaﬂ)/x) € Ptd((FormMod),») c Ptd((PreStkiafi-et ), x )-
We can phrase the above construction as follows: we create the free Lie algebra

on F[-1], then we consider the corresponding object of Grp((SchaH)/X), and then
take the formal classifying space of the latter.

By construction, we have a commutative diagram:

IndCoh(X)  —=EP pyd(FormMod,y)
(313) freeLieo[—l]J( QXlN
LieAlg(IndCoh(X)) s Grp(FormMod,x ).

3.7.2. We claim that the functor RealSplitSqZ can also be described as a left
adjoint:

PROPOSITION 3.7.3. The functor RealSplitSqZ is the left adjoint of the functor
Ptd((PreStkiage-der)/x) = IndCoh(X), ¥+ T(V/X)|x.

ProoF. Given ) € Ptd((PreStkiasi-det)/x) and F € IndCoh(X) we need to
establish a canonical isomorphism

(3.14)
Mapsptd((PmStkla“_def)/X)(Realsphtsqz(}—)a V)= MapslndCoh(X)(j:a T(Y/X)|x).

Note that the left-hand side receives an isomorphism from Maps(RealSplitSqZ(F), V%),
where V% is the formal completion of ) along the map X - ). So, with no restric-
tion of generailty, we can assume that ) € Ptd((FormMod),x ).

In this case, by Chapter 5, Theorem 1.6.4, we can further rewrite the left-hand

side in as
Mapsq,p((FormMod), ) (eXPx ofreeric (F[-1]), Qx (Y)),
and then as
Mapsriealg(ndcon(x)) (freevie(F[-1]), Liex o Qx (Y)) =
~ Mapsipacon(x) (F[-1],0blvye o Liex o Qx(Y)) .
However, by Corollary we have
oblvy;e o Liex 0 Qx (V) » T(Qx (V)/X)|x = T(Y/X)|x[-1].
Thus, the left-hand side in identifies with
Mapsi,acon(xy (FI-1], T(YV/X)|x[-1])

as required.
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REMARK 3.7.4. The above verification of the adjunction can be summarized
by the commutative diagram

T(-/X)|x
T

IndCoh(X) Ptd(FormMod, x )
[l]oobleieT Qx J{N
LieAlg(IndCoh (X)) Liex Grp(FormMod, ).

3.7.5. As a corollary of Proposition [3.7.3] we obtain:

COROLLARY 3.7.6. The monad on IndCoh(X), given by the composition

([-1]oT(-/X)|x) o (RealSplitSqZ o[ 1])

is canonically isomorphic to oblvy. o freeye.
3.7.7. The next property of the functor RealSplitSqZ follows formally from Propo-
sition

COROLLARY 3.7.8. For ) € (PreStkiafi-det) vy and F € IndCoh(X) there is a
canonical isomorphism

MaDS (preStkyanaer ) ) (REAISPIESAZ(F), V) = Mapsiyqcon(x) (F, T(V)]x)-

In the above corollary, by a slight abuse of notation, we view RealSplitSqZ(F)
as an object of (PreStkiafi-dot ) v/ rather than Ptd((PreStkiafe-def)/x)-

PROOF. Set )/ =X & Y, and apply the adjunction of Proposition |3.7.3 [
dR

3.7.9. Let us now compare the functor RealSplitSqZ as defined above with its
version introduced in Chapter 1, Sect. 2.1:

COROLLARY 3.7.10. For X € Sch,g we have a commutative diagram

RealSplitSqZ
(COh(X)SO)Op #) Ptd((SChaft)nil—isom to X)

Serr:
]D); SJ’ J’

IndCoh(X) P9 peq((FormMod) ).

PROOF. Follows from Corollary [3.7.8] since the split square-zero construction
of Chapter 1, Sect. 2.1 has the same universal property.
O

3.7.11. It follows from the equivalence

BY* : LieAlg(IndCoh(X)) - Ptd(FormMod, x )
that the functor RealSplitSqZ takes coproducts in IndCoh(X) to coproducts in the
category Ptd(FormMod,x ). In particular, it defines a functor

(3.15)
IndCoh(X)°P ~ ComMonoid(IndCoh(&')°?) - ComMonoid (Ptd(FormMod,x)°").

We claim:
PROPOSITION 3.7.12. The functor (3.15)) is an equivalence.

PRrROOF. Follows from the fact that B}Yie is an equivalence, combined with Chap-
ter 6, Corollary 1.8.7. (]
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4. Proof of Theorem [3.1.4]

4.1. Step 1. In this subsection we will prove that the functor expy defines an
equivalence from LieAlg(IndCoh(X)) to the full subcategory of Grp(FormMod, x ),
spanned by objects that are inf-affine when viewed as objects of Ptd(FormMod, x)
(i.e., after forgetting the group structure).

We denote this category by Grp(FormMod,x)".

4.1.1. First, we note that by Proposition [1.4.7] and Chapter 6, Proposition 1.7.2,
for any b € LieAlg(IndCoh(X)), the object

oblvg,, o expy(h) € Ptd(FormMod, x )
is inf-affine, and the canonical map
(4.1) Grp(Distr®™™*) (exp ()) = Grp(Chev®™) 0 Qe (h)
is an isomorphism.

4.1.2. We claim that the functor Liex of Sect. restricted to Grp(FormMod/X)’,
provides a right adjoint to exp . In other words, we claim that for h € LieAlg(IndCoh (X))
and H' € Grp(FormMod, x )’, there is a canonical isomorphism:

MapSGrp(FormMod/X)(eXpX (h),H') ~ MapsyieAlg(1ndCoh(X)) (h, Liex (H')).
Indeed, by Lemma and (4.1]), we rewrite the left-hand side as
MapSCocomHopf(IndCoh(X)) (Grp(CheVenh) ° QLie(h)’ Grp(DistrCocom‘“‘g
and, further, using Chapter 6, Sect. 4.4.2 as

)(H),

aug

Mapsy iea1g(0) (f)7 BLie o Monoid(coChev®™) o Grp(Distr©°c™ )(7—[')) ,
as required.
4.1.3. We claim that the unit of the adjunction
Id - Liex oexpx
is an isomorphism.

Indeed, this follows from (4.1 and ([3.2).

4.1.4. Hence, it remains to show that the functor Liex, restricted to Grp(FormMod, x )’,
is conservative. Ie., we need to show that if #; — Hs is a map in Grp(FormMod, x )’,
such that Liex (#H;) — Liex (H2) is an isomorphism, then the original map is also

an isomorphism.

More generally, we claim that if J; - )» is a map between two inf-affine objects
of Ptd(FormMod,x ), such that the induced map

. . aug . . aug
Primcgcomans © DistrCocom (yl) — Primcocomaue © DistrCocom (yQ)
is an isomorphism in IndCoh(X), then the original map is also an isomorphism.

Indeed, this follows from Proposition and Chapter 1, Proposition 8.3.2.

4.2. Step 2. In this subsection we will reduce the assertion of Theorem to
the case when X is reduced.
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4.2.1. Taking into account Step 1, the assertion of Theorem [3.1.4]is equivalent to
the fact that every object H € Grp(FormMod, x) is inf-affine, when we consider it
as an object of Ptd(FormMod,x).

Thus, by Proposition we need to show that for any H € Grp(FormMod, x ),

the canonical map
T(H/X)LX nd Primcocomaug o DiStI‘COCOmaug (H)
is an isomorphism.

4.2.2. Let f: X' - X beamap in (<°°Sch§”tﬂ)/x. We have the symmetric monoidal
functor
£+ IndCoh(X) - IndCoh(X"),
which makes the following diagram commute:
IndCoh(X) TN IndCoh(X")

trivcocom l J/triVCocom

CocomCoalg™'®(IndCoh(X)) I, Cocom™&(IndCoh(X"))
Hence, by adjunction, we obtain a natural transformation:
(4.2) fI o Primcocomate = Primcgcomave Ofl.

We claim:

LEMMA 4.2.3. Assume that f is proper. Then the natural transformation (4.2)
is an isomomorphism

PROOF. Follows by the (fI"dC°h 1) adjunction from the commutative diagram

findCoh

IndCoh(X) — IndCoh(X")

triveocom l ltl‘iVCOmm

fIndCoh

CocomCoalg™"®(IndCoh(X)) <—— Cocom™&(IndCoh(X")).
(]

4.2.4. Let i denote the canonical map X’ := X - X. From Lemma we
obtain that for ) € Ptd(FormMod, x ), we have a commutative diagram with vertical
arrows being isomorphisms

it (TY/X)|x) — i (PriInCocom”*“g o Distr@eom™ (y))

l l

T(y,/XI) |X’ E—— PriInCocomaug © DistrCocomaug (yl)a
where V' := X' x ).
X
Since the functor 4' is conservative (see Volume I, Chapter 4, Corollary 6.1.5),
we obtain that if

T(YV'/X")|x+ = Primcocomeus o Distr™ ™™ (1)
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is an isomorphism, then so is

T(Y/X)|x) — Primcocomsss o Distr ™™™ ().

Hence, the assertion of Theorem for 41X implies that for X.

4.3. Step 3. We will now show that the functor expy is essentially surjective
onto the entire category Grp(FormMod,x). By Step 2, we can assume that X is
reduced.

4.3.1. For H € Grp(FormMod, x ) set
Y = Bx(H) € Ptd(FormMod, x ).
Using Chapter 5, Corollary 1.5.2(a), we can write
=l
where the index category A is
(Ptd((**Schi’ )nit-isom to X))/y ;
and where the colimit is taken in the category PreStkjg.
We make the following observation:
LEMMA 4.3.2. If the scheme X is reduced, then the category A is sifted.

PrOOF. We claim that the diagonal functor A - A x A admits a left adjoint.
Namely, it is given by sending

21,22~ Z )'—’(227

see Chapter 1, Proposition 7.2.2.

NB: the fact that X is reduced is used to ensure that the maps X — Z; are
closed (and hence, nilpotent embeddings).
O

4.3.3. Set
Ho = Qx (Za).

Since H,, is a scheme, it is inf-affine, by Proposition Hence, there exists
a canonically defined functor

A - LieAlg(IndCoh(X)), a+~ bq,
so that H, = expx (ha).

Set
h:= coli}‘n o € LieAlg(IndCoh(X)).

We are going to construct an isomorphism #H =~ expy (h).
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4.3.4. By Chapter 5, Theorem 1.6.4, it suffices to construct an isomorphism
Y~ Byxoexpx(h)
in Ptd(FormMod,x ).
We let ) - Bx oexpy (h) be the map, given by the compatible system of maps
Zo —~ Bx oexpx(h)
that correspond under the equivalence Qx to the maps

Ho = expyx(ha) = expx ().

To prove that the resulting map ) - Bx o expy(h) is an isomorphism, by
Chapter 1, Proposition 8.3.2, it suffices to show that the induced map

T(Y/X)|Ix > T(Bx oexpx(h)/X)|x
is an isomorphism in IndCoh(X).

4.3.5. We have a commutative diagram

colif{nT(Za/X)b(i—) colimT'(Za/X)|x

| |

TV/X)lx  —— T(Bxoexpx(h)/X)lx.

We note that the left vertical arrow is an isomorphism by Chapter 1, Proposi-
tion 2.5.3, since the category of indices A is sifted (see Lemma |4.3.2)).

Hence, it remains to show that the right vertical arrow is an isomorphism.
4.3.6. The corresponding map
colim T(Za/X)|x [-1] - T(Bx o expy (0)/X) | [-1]
identifies with
colim T(Ha/X)|x > T(expx (0)/X)]x.
and, further, by Proposition [2.3.3] with
(4.3) cgli[rln oblvyie(ha) = oblvyie(h).

Since the category A is sifted, in the commutative diagram

colgn oblvyie(ha) — oblvyi(h)
(643
j l id
oblvy. (coli}gn [)a) ——— oblvy(h)
(613

the vertical arrows are isomorphisms.

Hence, the map (4.3) is an isomorphism, as required. [
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5. Modules over formal groups and Lie algebras

In the previous sections we have constructed an equivalence between formal
groups and Lie algebras. In this section we will show that under this equivalence,
the datum of action of a formal group on a given object of IndCoh is equivalent to
that of action of the corresponding Lie algebra.

5.1. Modules over formal groups.
5.1.1. Let H be an object of Grp((FormModyas;),x). We define the category
H-mod(IndCoh(X)) as

Tot (IndCoh'(B*(H))),

where IndCoh' (B*(H)) is the co-simplicial category, obtained by applying the (con-
travariant) functor IndCoh!pmSﬂ<laft to the simplicial object B®*(#H) of PreStkjag;.

Denote b := Liex (H). The goal of this subsection is to prove the following:

PROPOSITION-CONSTRUCTION 5.1.2. There exists a canonical equivalence of
categories

(5.1) ‘H-mod(IndCoh(X)) ~ h-mod(IndCoh (X))

that commutes with the forgetful functor to IndCoh(X), and is functorial with re-
spect to X .

The rest of this subsection is devoted to the proof of Proposition [5.1.2
Without loss of generality, we can assume that X' = X € <""Sch?tﬂ.
5.1.3. Consider the object
Grp(Chev®™) o Q(h) € AssocAlg(CococomCoalg(IndCoh(X))).
Consider the corresponding simplicial object
Bar® (Grp(Chev™) 0 (b)) € CococomCoalg(IndCoh(X))2™,
and the simplicial category
Bar® (Grp(Chev™™™) o Q(h))-comod (IndCoh(X)).

According to Chapter 6, Proposition 7.2.2 and Sect. 7.4, there exist canonical
equivalences

h-mod (IndCoh (X)) = (AssocAlg(0blvcocom) © Grp(Cheve™) o Q(h) ) -mod (IndCoh (X)) ~
~ | Bar® (Grp(Chev®™) o Q(h))-comod (IndCoh(X))|.

5.1.4. By Volume I, Chapter 1, Proposition 2.5.7, we have
H-mod (IndCoh(X)) = Tot (IndCoh' (B*(#))) =~ | (IndCoh..(B*(H))) |,
where IndCoh, (B*(H)) is the simplicial category, obtained by applying the functor
IndCohpyestk,, : PreStkiag - DGCateont
to the simplicial object B*(H) of PreStkia.
We will construct a functor between simplicial categories
(5.2)  IndCoh,(B*(H)) - Bar®(Grp(Chev™™") o Q(h))-comod(IndCoh(X)),

and show that it induces an equivalence on geometric realizations.
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5.1.5. Let 7* denote the augmentation B*(H) - X. By Sect. The functor
(7*)ndCoh defines a map of simplicial categories

(5.3) IndCoh, (B*(H)) — Distr“™ (B*(H))-comod(IndCoh(X)).

Note that by Lemma [[.2.2] we have:
Distr?°©°™(B*(#)) ~ Bar®(Grp(Distr o™

aug

)(#H))-

Since

aug

Grp(Distr ™™ ) () =~ Grp(Chev™) o Q(b),

we obtain
Distr““™(B*(H)) ~ Bar®(Grp(Chev°™) o Q(h)).
Combining with , we obtain the desired functor .
5.1.6. It remains to show that the induced functor
IIndCoh, (B*(#))| = | Bar* (Grp(Chev™™) 0 Q(h))-comod (IndCoh (X))
is an equivalence.
Consider the commutative diagram

IndCoh(X)  —9 IndCoh(X)

IndCoh, (B°(#)) —— Bar®(Grp(Chev®™) 0 Q(h))-comod(IndCoh (X))

| |

[IndCoh, (B*(H))| —— |Bar®(Grp(Chev™) 0 Q(h))-comod(IndCoh(X))|.

The functor corresponding to the composite left vertical arrow is monadic by
Chapter 3, Proposition 3.3.3(a).

The functor corresponding to the composite left vertical arrow is monadic by
Chapter 6, Proposition 7.2.2.

Hence, it remains to check that the resulting map of monads on IndCoh(X)
induces an isomorphism at the level of the underlying endo-functors.

By Chapter 3, Proposition 3.3.3(a), the former endo-functor is given by !-tensor
product with 7, (wy ), while the latter is given by !-tensor product with

oblvcocomooblvASSOCOGrp(Cheve“h)oQ(b) ~ obIVCOComODistrcocom(H) ~ Distr(H) ~ 7. (wy).
Now, it is easy to see that the resulting map of endo-functors is the identity
map on T, (wy ).
5.2. Relation to nil-isomorphisms. Let
T YSs5X:s
be an object of Ptd((FormModyaf),x ), and set H = Qx (V).

In this subsection we will interpret various functors between the categories
IndCoh(Y) and IndCoh(X) in terms of the equivalence of Proposition
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5.2.1. Set H := Qx()). By Chapter 3, Proposition 3.3.3(b), there is a canonical
equivalence

(5.4) IndCoh(Y) ~ Tot (IndCoh(B*(H))) = H-mod(IndCoh(X)),

and thus
IndCoh(Y) ~ h-mod(IndCoh(X)).

Under this identification, the forgetful functor

oblvy : h-mod(IndCoh(X')) — IndCoh(X)
corresponds to s', and the functor

trivy : IndCoh(X') - h-mod(IndCoh(X'))
corresponds to 7.
5.2.2. The functor

rndCoh: 1ndCoh(Y) — IndCoh(X),
being the left adjoint of 7', identifies with
coinv(h,-) : h-mod(IndCoh(X)) - IndCoh(X).

IndCoh

*

The functor 7 naturally lifts to a functor
IndCoh(Y) - Distr“°°™())-comod (IndCoh(X)),
and the latter can be identified with
coinv™™ (b, -) : b-mod(IndCoh(X)) - Chev®™ (h)-comod (IndCoh (X)),
see Chapter 6, Sect. 7.3.4 for the notation.
5.2.3. The functor
s1dCeh: IndCoh (&) — IndCoh(Y),
being the left adjoint of s', identifies with

freey : IndCoh(X') - h-mod(IndCoh(X)).

In particular, we obtain:

COROLLARY 5.2.4. The monad s' o s on IndCoh(X) is canonically iso-

morphic to the monad U(h) é) (=), where b :=Liexy(H).

5.3. Compatibility with colimits. In this subsection we will prove the following
technically important assertion: the assignment ) ~ IndCoh()) commutes with
sifted colimits in FormMod x,. This is not tautological because the forgetful functor

FormMod x; — (PreStkias ) x/

does not commute with sifted colimitsl

1Note, however, that it does commute with filtered colimits, by Chapter 1.
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5.3.1. Let X be an object of PreStkj.s dqer- Let ¢ = )V; be a sifted diagram in
FormMody/, and let )V be its colimit. Denote by f; the canonical map Y; - V.

Under the above circumstances, we have:

PRrOPOSITION 5.3.2. The functor
IndCoh()) — lim IndCoh();),

given by the compatible collection of functors (f;)', is an equivalence.
As a formal consequence of Proposition [5.3.2

COROLLARY 5.3.3. Under the assumptions of Proposition we have:

(a) The functor
colim IndCoh(};) — IndCoh(Y),

)indCoh

defined by the compatible collection of functors ( f; , 18 an equivalence.

(b) The natural map
colim (f;),*°M (wy,) - wy
is an isomorphism in IndCoh(}).
The rest of this subsection is devoted to the proof of Proposition [5.3.2}

5.3.4. Step 1. We will first treat the case when the diagram i = }; is in Ptd(FormMod, x ).
In this case ) also naturally an object of Ptd(FormMod,x ), and identifies with the
colimit of }; in Ptd(FormMod, ).

Let
i~ b;
be the diagram in LieAlg(IndCoh(X)) so that Y; = B¥°(b;). Denote
b := colim b; € LieAlg(IndCoh (X)),
K3

so that Y ~ BYe(p).
By Proposition 5.1.2] it suffices to show that the functor
h-mod(IndCoh (X)) — lim h;-mod(IndCoh (X)),
given by restriction, is an equivalence. However, this is true for any sifted diagram
of Lie algebras.

5.3.5. Step 2. Let us now return to the general case of a sifted diagram i » ); in
FormMody,. Consider the corresponding diagram

i~ R;
in FormGrpoid(X). Let R*® be the formal groupoid corresponding to Y.
By Chapter 5, Corollary 2.2.4, for every n, the map
coliim R} - R"
is an isomorphism in Ptd(FormMod, ).
Applying Step 1, we obtain that for every n, the functor
IndCoh(R") — lign IndCoh(R})



320 7. FORMAL GROUPS AND LIE ALGEBRAS

is an equivalence.
Now, the equivalence
IndCoh(Y) - lim IndCoh(Y;)

follows by descent, i.e., Chapter 5, Proposition 2.2.6. O

6. Actions of formal groups on prestacks

The goal of this section is to make precise the following idea: an action of a Lie
algebra on a prestack is equivalent to that of action of the corresponding formal
group.

The first difficulty that we have to grapple with is to define what we mean by
an action of a Lie algebra on a prestack. For now we will skirt this question by
considering free Lie algebras; we will return to it in Chapter 8, Sect. 7.

6.1. Action of groups vs. Lie algebras. In this subsection we will make precise
the following construction:

If a formal group H acts on a prestack ), then the Lie algebra of H maps to
global vector fields on ).
6.1.1. Let X be an object of PreStkja. Let H € Grp((FormModiag ),x); denote
b := Liex (H).

Let m:Y — X be an object of (PreStkias),x, equipped with an action of H.
Let us assume that ) admits deformation theory relative to X (see Chapter 1, Sect.
7.1.6 for what this means).

6.1.2. We claim that the data of action gives rise to a map in IndCoh());

(6.1) 7' (oblvyie(h)) - T(V/X).
Indeed, if act denotes the action map
HxY—>Y,
x

then we have a canonically map
T((H 5 9)/%) ~ act! (T(V/X)).

Pulling back along the unit section of H, and composing with the canonical
map
!
T (T(H/X)|x) = T(H 5 V2],

and using the isomorphism T'(H/X)|x =~ oblvy(h) of Corollary we obtain
the desired map

' (oblviie(h)) = 7' (T(H/X)|x) » T(H X V[X)ly ~ act'(T(V/X))ly = T(V/X).

6.1.3. Assume now that b is of the form freer;.(F) for some F € IndCoh(X).
Note that by adjunction we have a canonical map

F — oblvy 0 freeLie(}-)'

Composing with , we obtain a map
(6.2) 7 (F) - T(YV]X).



6. ACTIONS OF FORMAL GROUPS ON PRESTACKS 321

6.1.4. The above construction defines a map from the groupoid of actions of H on
Y to
!
Mapsiqcony) (7 (F), T(V/X)).
The goal of this section is to prove the following assertion:
THEOREM 6.1.5. For Y and F as above, the map from groupoid of data of
actions of H on Y to MapslndCoh(y)(ﬂ'!(}"),T(y/X)) is an isomorphism.

6.2. Proof of Theorem [6.1.5]
6.2.1. Idea of proof. The statement of the theorem readily reduces to the case when
X = X e<~Schaf,

Let (7*)f denote the (discontinuous) right adjoint of 7' : IndCoh(X) - IndCoh()),
so that

MapslndCoh(y)(ﬂ-!(]:),T(y/X)) ~ Mapspacon(x) (7:7 (W!)R(T(y/x))) .
Starting from ) as above, we will construct an object
Aut™ (Y/X) € Grp((FormMod a5 )x),

such that for any H' € Grp((FormModiat:)/x), the data of action of H' on Y is
equivalent to that of a homomorphism

H - Aut™(V/X).
Moreover, we will show that the map
(6.3) oblvy (Liex (Aut™ (V/X))) » (7)Y (T (V/ X)),
arising by adjunction from (6.1)), is an isomorphism.
This will prove Theorem since the functor Liey is an equivalence.

6.2.2. By Chapter 5, Proposition 1.2.2, in order to construct Autinf(y/X) as an
object of
Monoid((FormModiat: )/ x ),

it suffices to define it as a presheaf with values in Monoid(Spc) on the category

(<mSCh?tH)nil-isom to X
so that it satisfies the deformation theory conditions of Chapter 5, Proposition
1.2.2(b).

< aff
For Z e (***Schy; )nil-isom to X, We set

Maps, x (Z, Aut™ (V/X)) := Maps, x (Z FRIRY)

X *
Mapsx (12 x¥.)

~Maps;(Vz,Yz)

X *
Maps reay (Vredy  Vredz)

(here Yz :=Z b Y and Yieay = "7 % V).

The deformation theory conditions of Chapter 5, Proposition 1.2.2(b) follow
from the fact that ) admits deformation theory.

REMARK 6.2.3. The prestack Aut™ ()/X) constructed above is the formal
completion of the full automorphism prestack Aut(Y/X) along the identity.
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6.2.4. Thus, we have constructed Aut™ (/X)) as an object of AssocAlg((FormModyag ) /X )
It belongs to Grp((FormModias:),x) by Chapter 5, Lemma 1.6.2.

It remains to show that the map (6.3)) is an isomorphism. By construction, for
F € Coh(X) such that DS (F) € Coh(X)=°, we have

Mapsi,acon(x) (F T(Aut™(V/X))|x) = Maps, x (RealSplitSqZ(D%é’"C(}"));{y, V).

By the deformation theory of ), the latter maps isomorphically to
MapslndCoh()i)(ﬂ-!(]:)aT(y/X)))v

and by adjunction, further (still isomorphically) to
MapSIndCoh(X) (7:, (W!)R(T(y/X))) .
Furthermore, it follows from the construction that the resulting map
MapslndCoh(X)(}—vT(AUtinf(y/X))|X) - MapSIndCoh(X) (7:, (W!)R(T(y/X)))
is the one induced by .

This implies the required assertion, as IndCoh(X) is generated by the above
objects of Coh(X) under colimits.
O

6.3. Localization of Lie algebra modules. In this subsection we show how to
construct crystals on a given prestack starting from modules over a Lie algebra that
acts on this prestack.

6.3.1. Let f:Y — X and H be as in Sect. Consider the prestack
Vixqr = VYar x X,
Xa

R
see Chapter 4, Sect. 3.3.2 for the notation.

Recall also the notation

/XCrys(y) := IndCoh(Yar e X).
dR

In this subsection we will construct the localization functor

Locy y/x : h-mod(IndCoh (X)) — /¥ Crys().

6.3.2. The action of H on ) defines an object
H % Y € FormGrpoid(Y),

see Chapter 5, Sect. 2.2.1 for the notation.

By (the relative over X version of) Chapter 5, Theorem 2.3.2, the corresponding
quotient

V/He FormMody,
is well-defined.
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We have canonically defined maps of prestacks

v 2 B

|
Vixgr-
6.3.3.  We define the sought-for functor Locy y,x as
g o (/1)
where we identify
IndCoh(Bx(H)) ~ h-mod(IndCoh(X))
by means of (5.4).

6.3.4. Note that the functor Locy y,x is by construction the left adjoint of the (in
general, discontinuous) functor

((f/H)IM) R o g': 1% Crys(Y) - b-mod(IndCoh(X)).

We claim that the functor ((f/H)14CR)E o ¢' makes the following diagram

commutative:
Oblv/XdR)y

X Crys(Y) ——% TndCoh(Y)
<(f/H)£"dC°‘“>Rog!l l(f!)R

blvy
f-mod(IndCoh(X)) ——2  IndCoh(X),
where oblv, x4 y is by definition the !-pullback functor along

Prxgqr,y * Y = Vixgr.

6.3.5. Indeed, we need to establish the commutativity of the diagram

(JcIndCoh ) R
IndCoh(Y)) - IndCoh(X)
((f/H)PACom R

IndCoh(Y/H) —————— IndCoh(Bx(H)),
where the vertical arrows are given by !-pullback.

However, this follows by passing to right adjoints in the commutative diagram,

fIndCoh
*

IndCoh(}) — IndCoh(X)

l |

IndCoh
IndCoh(Y/H) ST — IndCoh(Bx(H)),

given by base-change.






CHAPTER 8

Lie algebroids

Introduction

0.1. Who are these Lie algebroids? In this chapter we initiate the study of Lie
algebroids over prestacks (technically, over prestacks locally almost of finite type
that admit deformation theory). The reason we decided to devote a chapter to this
notion is that Lie algebroids provide a convenient language to discuss differential-
geometric properties of prestacks, which will be studied in Chapter 9.

0.1.1. In classical algebraic geometry, a Lie algebroid (over a classical scheme) X
is a quasi-coherent sheaf £, equipped with an Ox-linear map to the tangent sheaf
and an operation of Lie bracket that satisfy some natural axioms (see Sect. [9.1)).

In the setting of derived we define the category of Lie algebroids on X’ to be that
of formal groupoids on X. This is sensible because the category of Lie algebras in
IndCoh(X) is equivalent to the category of formal groups over X', due to Chapter 7,
Theorem 3.6.2.

The reason we call these objects ‘Lie algebroids’ is that we construct various
forgetful functors to more linear categories and show that Lie algebroids can be
described as ind-coherent sheaves with an additional structure. However, a distinc-
tive feature of the derived story we will explain is that the only description of this
extra structure that we give is in terms of geometry. I.e., we could not come up
with a more ‘algebraic’ definition.

0.1.2. We show that with the definition of Lie algebroids as formal groupids, one
can perform with them all the expected operations:

A Lie algebroid £ will have an associated object
ObIVLieAlgbroid(S) € IndCOh(X),

equipped with a morphism oblvieaigbroid (£) = T'(X), called the anchor map. The
kernel of the anchor map has a structure of Lie algebra in IndCoh(X’), while the
space of global sections of oblvycaighroid (£) has also a structure of Lie algebra (in
Vect).

Thus, the category LieAlgbroid(X') is related to the category IndCoh(X),r(x)
by a pair of adjoint functors

freepicalgbroid : INdCoh(X')/p(x) 2 LieAlgbroid(X) : oblviiealghroid /7
and we will show that the resulting monad
oblvyicalgbroid /7 © freeLiealgbroid
acting on IndCoh(&') /7 (xy has ‘the right size’, see Proposition

325
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Furthermore, LieAlgbroid(X) is related to the category LieAlg(IndCoh(X))
by a pair of adjoint functors

diag : LieAlg(IndCoh(X)) — LieAlgbroid(X) : ker-anch,

(where the meaning of diag is that an Ox-linear Lie algebra can be considered into
a Lie algebroid with the zero anchor map, and ker-anch sends a Lie algebroid to
the kernel of its anchor malﬂ). The monad

ker-anch o diag

is given by the operation of semi-direct product with the inertia Lie algebra inert y,
which is again what one expects from a sensible definition of Lie algebroids.

0.1.3. Finally, let us comment on our inability to define Lie algebroids without
resorting to geometry. In fact, this is not surprising: throughout the book the only
way we access Lie algebras is via the definition of the Lie operad as the Koszul dual
of the commutative operad. So, it is natural that in order to define objects that
generalize Lie algebras we resort to commutative objects (in our case, prestacks).

In Sect. we present a very general categorical framework, in which one can
define ‘broids’ as modules over a certain monad.

0.2. What is done in this chapter? We should say right away that this chapter
does not contain any big theorems. Mostly, it uses the material of the previous
chapters to set up the theory of Lie algebroids and also sets ground for applications
in Chapter 9.

0.2.1. In Sect.|l| we return to the study of groupoids (in spaces and then in the
framework of algebraic geometry).

Given a space (resp., prestack) X, we define two functors from the category
Groupoid(X) to the category of groups over X.

The first of these functors, denoted Inert, sends a groupoid to its inertia group.
Applying this functor to the unit groupoid (i.e., the initial object of Groupoid(X)),
we obtain the inertia group of X, denoted Inerty.

The second functor, denoted Q%€ sends a groupoid R to Qx(R), where we
view R as a pointed object over X via

unit: X 2 R: p;.

The above two functors are related by a fiber sequence

Q"¢ (R) > Inertx — Inert(R).

L Another way to look at the above adjoint pair is that the category LieAlg(IndCoh(X))
identifies with the over-category

(LieAlgbroid(X))/o,

where 0 is the zero Lie algebroid.
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0.2.2. In Sect. 2] we introduce the notion of Lie algebroid over an object X
PreStkyagi-der, along with two pairs of adjoint functors

freeLicalgbroid : IndCoh(&X) /p(xy 2 LieAlgbroid(X') : oblviicaighroid /7
and
diagy : LieAlg(IndCoh(X)) — LieAlgbroid(X') : ker-anch.
We introduce also another functor
Qf*ke : LieAlgbroid(X) - LieAlg(IndCoh(X)),

so that for £ € LieAlgbroid(X') we have the fiber sequence

Qf*ke(8) - inerty — ker-anch(£),
where inerty is the Lie algebra of the inertia group of X.

We note that
oblvy.(inerty) = T(X)[-1]

and when we apply oblvy;. to the map Qfake(f,) — inerty, we recover the shift by
[-1] of the anchor map, i.e., of the object

oblviicalgbroid /7 € INdCoh(X) /7 xy-
0.2.3. In Sect. [3] we consider the basic examples of Lie algebroids: the tangent

algebroid, the zero algebroid, the Lie algebroid attached to a map of prestacks, and
the Atiyah algebroid attached to an object of QCoh(X)Pert,

0.2.4. In Sect.dwe introduce the notion of module over a Lie algebroid, and define
the universal enveloping algebra of a Lie algebroid.

0.2.5. In Sect. [f] we study the relationship between square-zero extensions and
Lie algebroids. Recall that according to Chapter 5, Theorem 2.3.2, for a given
X € PreStKjasi-qef, the category of formal moduli problems under X is equivalent
to that of formal groupoids over X', and thus to the category of Lie algebroids.

Using this equivalence, we construct functor
RealSqZExt : IndCoh(&X)p(xy - FormMod x,
to correspond to the functor
freericalgbroid : IndCoh(&X') /7 (xy — LieAlgbroid(X).

We show that the functor is the left adjoint to the functor that sends X — )
to T(X/Y) € IndCoh(&X),p(x), i-e., it really behaves like a square-zero extension.

We also show that the notion of square-zero extension developed in the present
section using Lie algebroids is equivalent to one developed in Chapter 1, Sect. 10,
which was bootstrapped from the case of schemes.
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0.2.6. In Sect. [6] we introduce the Atiyah class, which is a functorial assignment
for any F € IndCoh(X) of a map

T(X)[-1]® F 5 F.

We show that if i : X - X’ is a square-zero extension of X, given by
FA1(X),
then the category IndCoh(X") can be described as the category consisting of F €
IndCoh(X), equipped with a null-homotopy of the composite map

! !i ! «
Fer ) -1]eF % F

We deduce that the dualizing object wys € IndCoh(X’) fits into the exact
triangle

iindCoh(wX) > Wy > iindCoh(fl),
further justifying the terminology ‘square-zero extension’.
0.2.7. In Sect.[7]we show that the space of global sections of a Lie algebroid carries

a canonical structure of Lie algebra. (In particular, global vector fields carry a
structure of Lie algebra.)

We also show that b is a Lie algebra object in IndCoh(X) obtained as Qfke ()
for a Lie algebroid £, then the Lie algebra structure on the space of global sections
of b is the trivial one.

0.2.8. In Sect. We present another point of view on the category LieAlgbroid(X).
Namely, we show that the functor

ker-anch : LieAlgbroid(&') - LieAlg(IndCoh (X))
is monadic.

Le., the category LieAlgbroid(X') can be realized as the category of modules
for the monad

Mryergine = ker-anch o diag
acting on the category LieAlg(IndCoh(X)).

The monad Mlnertixnf is given by the operation of ‘semi-direct product’ with the
inertia Lie algebra inerty. So in a sense, this gives a very manageable presentation
of the category LieAlgbroid(X). We learned this idea from J. Francis.

Thus, there are (at least) two ways to exhibit LieAlgbroid(X’) as modules over
a monad acting on some category: one is what we just said above, and another via
the adjunction

freericAlgbroid : INdCoh(X) /p(xy 2 LieAlgbroid(&X') : oblvieaighroid /7
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0.2.9. Finally, in Sect.[)]we compare our definition of Lie algebroids with the usual
(i.e., classical) one, when our prestack X is a classical scheme X.

We show (see Theorem [9.1.5)) that the subcategory consisting of Lie algebroids
£, for which the object oblviicalgbroid (£) € IndCoh(X) lies in the essential image
of the functor

QCoh(X)? = QCoh(X) < IndCoh(X)
is canonically equivalent to that of classical Lie algebroids.

Further, we show that if £ € LieAlgbroid(X’) is such that oblvicaigbroid (£) €
IndCoh(X) lies in the essential image of the functor
QCoh(X)¥2 & QCoh(X)?  QCoh(X) < IndCoh(X),

then the category £-mod(IndCoh(X)) agrees with the classical definition of the
category of modules over a Lie algebroid.

1. The inertia group

In this section we return to the discussion of groupoids, first in the category
Spc and then in formal geometry.

We show that there are two forgetful functors from the category of groupoids
(on a given space or prestack) X to that of groups over X. The first functor is
given by the inertia group, i.e. the morphisms with the same source and target.
The second is given by taking the relative loop space of the groupoid. We also
establish a relationship between these two functors: namely, they fit into a fiber
sequence with the inertia group of the identity groupoid in the middle.

1.1. Inertia group of a groupoid. In this subsection we work in the category
of spaces. We introduce the notion of inertia group of a groupoid.

1.1.1. Recall the setting of Chapter 5, Sect. 2.1. For X € Spc, note that we have
a tautological forgetful functor

diag : Grp(Spe, x ) = Grpoid(X).
In fact,

Grp(Spe)x ) = Grpoid(X), giag -

Hence, the functor diag admits a right adjoint, denoted Inert, given by Carte-
sian product (inside Grpoid(X)) with diagy.

Concretely, as a space

Inert(R):=X x_ R,
XxX

(we recall that X x X is the final object in Grpoid(X)).
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1.1.2. For R = diagy being the identity groupoid, we thus obtain an object of
Grp(Spc,x ), denoted Inertx.
Le., as an object of Grp(Spc,x ), we have:
Inerty =X x X =Qx(X xX),
XxX

where X x X is regarded as an object of Ptd(Spc,y) via the maps
Ax: X2XxX:p,.

The object Inertx € Grp(Spc,y) is called the inertia grouyfbf X.
1.1.3. For R=X ;X, we have:

Inert(R) = X X Inerty .

1.1.4. There is another functor
Qfeke : Grpoid(X) - Grp(Spe,x)-
Namely,
Q"(R) = Qx (R),
where in the left-hand side 2y is the loop functor Ptd(Spc,x) = Grp(Spc)x),
where we view R as as an object of Ptd(Spc,x) via

unit: X 2 R: p;.

For example,
Inerty = Q% (X x X).

1.1.5. Since X x X is the final object in Grpoid(X), for any groupoid R we have
a tautological map R - X x X, which gives rise to a map

Q% (R) - Inerty .

In addition, the unit map diagy — R gives rise to a map in Grp(Spc/X)
Inertx — Inert(R).
It is easy to see that
Qfeke(R) - Inert x — Inert(R)
is a fiber sequence in Grp(Spc/X).
1.1.6. Note also that the composed endo-functor of Groupoid(X)
diag o2k

identifies with
R~ diagy Ediagx,

where the fiber product is taken in Groupoid(X).

1
2Note that we can also think of Inertx as X° | i.e., the free loop space of X.
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1.2. Infinitesimal inertia. In this subsection we translate the material from
Sect. to the context of infinitesimal algebraic geometry. I.e., instead of Spc,
we will work with the category PreStkjaft-qer, and instead of groupoids we will
consider objects of FormGrpoid(X) over a given prestack X.

1.2.1.  Let X be an object of PreStkjag_ger. Consider the category FormGrpoid(X).

Note that FormGrpoid(X) admits a final object equal to (X x X)", the formal
completion of the diagonal in X x X.

The initial object in FormGrpoid(X) is diag,, and we have a canonical iden-
tification

Grp(FormMod,x) ~ FormGrpoid(&X'), giag ,. -

1.2.2.  Consider the forgetful functor
diag : Grp(FormMod, ) - FormGrpoid(X).

inf

It admits a right adjoint, denoted Inert™, and given by Cartesian product
(inside the category FormGrpoid(X')) with the unit groupoid diag,. Explicitly,

Inert™(R) =X  x
(XX

1.2.3. For R = diag, being the identity groupoid, we thus obtain an object of
inf

Grp(Spc/X), denoted Inerty . We call it the infinitesimal inertial group of X.
Le., as an object of PreStk, we have:

Inerti;(lf =X x XX) X.

1.2.4. 'We reserve the notation Inertxy for the object

X e X e Grp(PreStk,x),

i.e., the usual (=non-infinitesimal) inertia group of X.

It is easy to see that Inerti)‘(lf is obtained from Inerty by completion along the

unit section.
1.2.5. There is another functor

Qf*ke : FormGrpoid(X) — Grp(FormMod, ).

Namely,
Qfake(R) - QX(R)a

where in the left-hand side Q2 x is the loop functor Ptd(FormMod,») - Grp(FormMod,x ),
where we view R as as an object of Ptd(FormMod, ) via

unit : X 2 R : ps.

For example,
Inert B = QfFke((x x 2)M).
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1.2.6. Since (X x X)" is the final object in FormGrpoid(X'), for any groupoid R
we have a tautological map R — (X x X')”, which gives rise to a map

Q¢ (R) - Inert'y’ .
In addition, the unit map & — R gives rise to a map in Grp(FormMod, )
Inert's’ - Inert™ (R).
It is easy to see that
(1.1) Qftke(R) - Inert's’ — Inert™ (R)
is a fiber sequence.

1.3. Inertia Lie algebras. In this subsection we will introduce Lie algebra coun-
terparts of the constructions in Sect.

1.3.1. In what follows we denote
inert y := Liey (Inert2') € LieAlg(IndCoh(X).
Note that
oblvy.(inerty) ~ T(X)[-1].
1.3.2. For R € FormGrpoid(X'), denote
inert(R) := Lie(Inert™ (R)).

From the fiber sequence we obtain a fiber sequence in LieAlg(IndCoh(X)):
(1.2) Lie(Q®(R)) - inerty — inert(R).
1.3.3. If R is the groupoid corresponding to a formal moduli problem X — Y (i.e.,
R=X % X), then
inert(R) ~ inerty | x.
In particular,
oblvyic(inert(R)) = ()| x[-1].
The canonical map
oblvy.(inerty) - oblvye(inert(R)),
induced by Inert'f’ — Inert™ (R), is the shft by [-1] of the differential T(X) —
T)|x.
Note also that
oblvy o Lie(Q™ (R)) =~ T(X/Y)[-1].
Applying oblvy to (1.2), we obtain the shift by [-1] of the tautological exact

triangle

T(X/Y)->T(X) > T(Y)|x-
2. Lie algebroids: definition and basic pieces of structure

In this section we introduce the category LieAlgbroid(X) of Lie algebroids on
X as the category of formal groupoids on X and study several forgetful functors
to the categories IndCoh(X) and LieAlg(IndCoh(X')), including those induced by
the functors from Sect. [I}
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2.1. Lie algebroids and the main forgetful functor.

We define the category LieAlgbroid(X) to be the same as FormGrpoid(X).
The difference will only express itself in our point of view: we will (try to) view Lie
algebroids as objects of a linear category (namely, IndCoh(X)), equipped with an
extra structure.

According to Chapter 5, Theorem 2.3.2, we can also identify
LieAlgbroid(&') ~ FormMod x, .

2.1.1. Our ‘main’ forgetful functor is denoted
ObleicAlgbroid /T LleAlgbr01d(X) - Ind(jOl’l(/Y))/T(_)()7
and is constructed as follows:

It associates to a formal moduli problem X — ) the object of IndCoh(X'),r(x)
equal to

T(X]Y) > T(X).

The functor oblvyicaighroid /7 is conservative by Chapter 1, Proposition 8.3.2.

2.1.2.  We will think of a Lie algebroid £ as the corresponding object oblvycaighroid /7 (£)
of IndCoh(&X') ;p(x), abusively denoted by the same character £, equipped with an
extra structure.

We shall denote by oblviieaigbroid the composition of oblviicaighroia/r and the
forgetful functor

IndCoh(X)/p(xy = IndCoh(X).
The corresponding map

anch

(21) OblVLicA]gbroid(E) - T(X)
is usually referred to as the anchor map.

PROPOSITION 2.1.3.

(a) The category LieAlgbroid(X') admits sifted colimits, and the functor oblvycaigbroid /7
commutes with sifted colimits.

(b) The functor oblviicaighroid /7 admits a left adjoint.
PROOF. Point (a) of the proposition follows from Chapter 5, Corollary 2.2.4.
To prove point (b), by the Adjoint Functor Theorem, it is enough to show that the

functor oblvycalghroid /7 commutes with limits, while the latter is obvious from the

definitions.
O

We will denote the functor
IndCoh(X) 7 (x) — LieAlgbroid(&X'),

left adjoint to oblviicaighroid /7> DY freericaigbroia- In Sect. [5] we will clarify the
geometric meaning of this functor.
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2.1.4. Note that Corollary 2.1.3] implies:
COROLLARY 2.1.5. The functor
OblVLieAlgbroid /T : LleAlgbI‘Old(X) g IndCoh(X)/T(X)
is monadic.
2.1.6. The above discussion can be rendered into the relative setting, where instead

of the category PreStkjafi_qef, we consider the category (PreStkiase.def) /Z OVer a fixed
Z € PreStkiaft-def -

For X e (PreStkiader) /2, We denote the resulting category of relative Lie
algebroids by

LieAlgbroid(X/Z).

Its natural forgetful functor, denoted by the same symbol oblviicaighroid /7
takes values in the category IndCoh(X)p(/x/z). l.e., we now take tangent spaces
relative to Z.

2.2. From Lie algebroids to Lie algebras. It turns out that there are two
forgetful functors from LieAlgbroid(X') to LieAlg(IndCoh(X')), induced by the two
functors from groupoids to groups in Sect. [II We will explore these two functors in
the present subsection.

2.2.1.  We define the functor
ker-anch : LieAlgbroid(&X') - LieAlg(IndCoh (X))
so that the diagram
FormGrpoid(X) ———  LieAlgbroid(X)
Inert™" l lker—anch

Grp(FormMod, ) #_, LieAlg(IndCoh (X))

is commutative.
Le., if £ is the algebroid corresponding to the groupoid R, we have
ker-anch(£) := inert(R),
in the notation of Sect. 3.2l

Note that by construction, for £ € LieAlgbroid(X'), we have:
OblVLie o ker—anch(ﬂ) ~ Fib (ObIVLieAlgbroid(S) agh T(X)) s

functorially in £.

In particular, the functor ker-anch is conservative.
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2.2.2.  Another forgetful functor, denoted Q2% : LieAlgbroid(X’) — LieAlg(IndCoh(X)),
is defined so that the diagram

FormGrpoid(X) ———  LieAlgbroid(X)

Qfakc l lﬂfakc

Grp(FormMod, ) Le LieAlg(IndCoh(X))

commutes.
In particular, the fiber sequence (1.2]) translates as

(2.2) Qf*ke(8)  inertx — ker-anch(g£).

Note that by construction
OblVLie o Qfake(ﬂ) ~ ObleieAlgbroid(E)[_1]~
Le., the object of IndCoh(X'), underlying the shift by [-1] of a Lie algebroid,
carries a natural structure of Lie algebra in IndCoh(X).
The functor Q2% is also conservative.

REMARK 2.2.3. In Sect. [7] we shall see that the object of Vect equal to global
sections of oblviiealgbroia (L) for a Lie algebroid £ itself carries a structure of Lie
algebra.

2.2.4. We will refer to the canonical map
(2.3) Qftke(2) » inert x

as the shifted anchor map. After applying oblvy;., the map (2.3|) becomes the shift
by [-1] of the map (2.1]).

Applying oblvy,. to (2.2)), we obtain a fiber sequence in IndCoh(X) that is
equal to the shift by [-1] of the tautological sequence

oblvye(ker-anch(£)) - oblviicaigbroia (£) = T(X).

2.2.5. The functor ker-anch admits a left adjoint, denoted
diag : LieAlg(IndCoh(X)) — LieAlgbroid(X).
Tautologically, it makes the following diagram commute

FormGrpoid(X) ———  LieAlgbroid(X)

diag] Tdiag

Grp(FormMod,x) ——— LieAlg(IndCoh(X)).

‘We note:
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LEMMA 2.2.6. The following diagram of functors commutes:

IndCoh(X) Treetie, LieAlg(IndCoh(X))
l ldiag
fi ieAlgbroi . .
IndCoh(X) /1) ——% TieAlgbroid(X),

where the left vertical arrow sends F € IndCoh(X) to (F 5 T(X)).

Proor. Follows by adjunction from the commutativity of the corresponding
diagram of right adjoints

IndCoh(X) SPVLie e Alg(IndCoh(X))
T Ikcr—anch
ObleicAlgbroid /T . .
IndCoh(X)r(x) LieAlgbroid(X),

where the left vertical arrow sends

(F 3 T(X)) ~ Fib(7).

3. Examples of Lie algebroids

In this section we discuss four main examples of Lie algebroids: the tangent
algebroid, the zero algebroid, the Lie algebroid attached to a map, and the Atiyah
algebroid attached to a perfect complex.

3.1. The tangent and zero Lie algebroids. In this subsection we introduce
two most basic Lie algebroids.

3.1.1.  The most basic example of a Lie algebroid is the final object of LieAlgbroid(X'),
denoted T (X). It is called the tangent Lie algebroid.

It corresponds to the formal moduli problem X Par. X4qr- The corresponding
groupoid is (X x X)".

‘We have
ObIVLicalgbroid 7 (T (X)) = (T(X) S T(X)).

We also have:

ker-anch(7(X)) = 0 and Q™ (T(X)) ~ inerty .

3.1.2. For a Lie algebroid £, we define the notion of splitting to be the right inverse
of the canonical map £ — T (X).
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3.1.3. The initial object in LieAlgbroid(X) is the ‘zero’ Lie algebroid, denoted
0 € LieAlgbroid(X).

It equals diag(0), and corresponds to the groupoid diag,. The corresponding
formal moduli problem is

xSx
We have:
oblvyicaighroid j7(0) = (0 = T'(X)).

We also have
ker-anch(0) = inerty and Q¢(0) = 0.

3.1.4. Note that the composite endo-functor of LieAlgbroid(X)

dlag onake
identifies with

£ 0x0,

I

where the fiber product is taken in LieAlgbroid(X).

3.2. The Lie algebroid attached to a map. In this subsection we discuss the
Lie algebroid attached to a map of prestacks.

3.2.1. Let X - Y be a map in PreStKkj.¢_gef. Consider the corresponding map
X - V%,
where
Vy=Xar x Y,
Yar
and the corresponding formal groupoid
X x xX)"
(& % X)%,
see Chapter 5, Sect. 2.3.3.
We denote the corresponding algebroid by 7 (X/)). We have
oblviieatgbroid /7 (T (X/Y)) = (T(X[Y) —» T(X)).
We also have:

ker-anch(7(X/Y)) ~ inerty | »,

and therefore

oblviiears (ker-anch(7(X/Y))) = f(T(V))[-1]-

3.2.2. Note that we recover T(X) as T(X/pt).
Note also that the zero Lie algebroid can be recovered as T(X/X).

3.2.3. By definition, the datum of splitting of the Lie algebroid 7 (X/Y) is equiv-
alent to that of factoring the map X — ) as

Pdr,x

X — Xgr > ).
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3.3. Digression: the universal classifying space. In this subsection we intro-
duce the prestack responsible for the functor that sends an affine scheme to the
(space underlying) the category of perfect complexes on this scheme. We will use
this prestack in the next subsection in order to construct the Atiyah algebroid of a
perfect complex.

3.3.1. We define the prestack Perf by setting
Maps(S, Perf) = (QCoh(S)P)5P, G e Sch®f,

where we recall that the superscript ‘Spc’ stands for taking the space obtained from
a given (oo, 1)-category by discarding non-invertible morphisms.

PROPOSITION 3.3.2. The prestack Perf belongs to PreStkya-qet -

PROOF. First, we note that Perf is convergent (see Volume I, Chapter 3, Propo-
sition 3.6.10). In order to prove that Perf belongs to PreStky., it is sufficient to
show that the functor

S — QCoh(S)Pet

takes filtered limits (on all of Sch®®) to colimits. However, this follows from
[DrGa2 Lemma 1.9.5].

Thus, it remains to show that Perf admits deformation theory. This will be
done in Sect.
O

3.3.3.  We will now describe the Lie algebra inertpe,s.
Let Euniv be the tautological object of QCoh(Perf)Pf. Consider the object
End(Euniv) € AssocAlg(QCoh(Pert)).
Applying the symmetric monoidal functor
T : QCoh(-) — IndCoh(-)
(see Volume I, Chapter 6, Sect. 3.3), we obtain an object

Y pert (End(Euniv)) € AssocAlg(IndCoh(Perf)).

We claim:

PROPOSITION 3.3.4. The object inertpes € LieAlg(IndCoh(Perf)) identifies
canonically with the Lie algebra obtained from Yperr(End(Euniv)) by applying the
forgetful functor

res"50¢ e AgsocAlg(IndCoh(Perf)) — LieAlg(IndCoh(Perf)).

PROOF. The rest of this subsection is devoted to the proof of this proposition.
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3.3.5. Consider first the object
Inertpers € Grp(PreStk; pece ).

By definition, for S € Sch™®, the groupoid Maps(S, Inertpes) consists of the data
(€,9), where £ € QCoh(S)P*'f and g is an automorphism of &.

We need to show that the Lie algebra of the completion Inertgl(frf of Inertpe,s

along the unit section (obtained by the functor Liepe,s of Chapter 7, Theorem 3.6.2)
identifies canonically with

I‘eSAssoc—>Lie (TPerf (End(guniv ) ) ) :

3.3.6. Consider
Y pert(Euniv) € IndCoh(Perf).

The above description of Inertpe,s implies that YTpeys(Euniv) naturally lifts to an
object of
Inertpef -mod(IndCoh(Perf));

see Chapter 7, Sect. 5.1.1 for the notation.
In particular, by restriction, we can view Y perf(Euniv) as an object of
Inert!! ; -mod(IndCoh(Perf)).
By Chapter 7, Proposition 5.1.2, we can view Tpert(Euniv) as an object of
inertpef -mod(IndCoh(Perf)),
and by Chapter 6, Sect. 7.4 as an object of
U (inertpe,f )-mod(IndCoh(Pert)).

Hence, we obtain a map of associative algebras
U(inertpers) = End(Tpert (Euniv)) = Trert (End(Euniv))-
By adjunction, we obtain a map of Lie algebras
(3.1) inertpeys — restssocbie (Tpert (End(Euniv))) -
It remains to see that the latter map is an isomorphism.
3.3.7. By definition,
oblvy.(inertpes) = T(Inertpe,s / Perf)|pert,
and deformation theory identifies the latter with oblv assoc (T pert (End(Eyniv))-
Morover, by unwinding the constructions, we obtain that the resulting map
oblvy(inertpert) = 0blvassoc (Y pert (End(Euniv))
equals the map obtained from by applying the functor oblvye.

Hence, we obtain that the map (3.1]) induces an isomorphism of the underlying
objects of IndCoh(Perf), as required.
O

3.4. The Atiyah algebroid. In this subsection we introduce the Atiyah algebroid
corresponding to an object of QCoh(X )perf for X € PreStkiafi-get- Furthermore, we
show, that as in the classical case, the Atiyah algebroid controls the obstruction to
giving such an object a structure of crystal on X.
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3.4.1. Recall that for X € PreStk the category
QCoh(X)Pf c QCoh(X)

is defined as

lim  QCoh(S)Pe,
SE(Sch;‘g(f yop

Therefore,
QCoh(X)Pf ~ Maps(X, Perf),
where Perf is as in Sect.

3.4.2. For X € PreStkjag qef, and given an object £ € QCoh(X)P, and thus a
map
X — Perf,

we define the Atiyah algebroid of £, denoted At(€), to be T(X/ Perf).
Note that
ker-anch(At(&)) ~ inert(Perf)| x,
and the latter identifies with Y x(End(€)) by Proposition [3.3.4]

3.4.3. By Sect. the datum of splitting of At(€) is equivalent to that of
factoring the map X — Perf, corresponding to &, as

Par,x

X — XdR — Perf .

Le., this is equivalent to a structure of left crystal on &, see [GaRo2| Sect. 2.1]
for what this means.

According to [GaRo2| Proposition 2.4.4], this is equivalent to a structure of
crystal on Ty ().

4. Modules over Lie algebroids and the universal enveloping algebra

4.1. Modules over Lie algebroids. In this subsection we introduce the notion
of module over a Lie algebroid.

In particular, we show that for £ € QCoh(X)P!, the ind-coherent sheaf Y x () €
IndCoh(&X') has a canonical structure of a module over the Atiyah algebroid At(£);
Moreover, the Atiyah algebroid is the universal Lie algebroid that acts on Ty (€);

i.e. an action of an algebroid £ on Ty (&) is equivalent to a map of Lie algebroids
£ - At(€).

4.1.1. Let £ be a Lie algebroid on X, corresponding to a groupoid R. We define
the category £-mod(IndCoh(X)) to be

IndCoh(X)%,
see Chapter 5, Sect. 2.2.5 for the notation.

We let
indg : IndCoh(X) 2 £-mod(IndCoh(X)) : oblve

denote the corresponding adjoint pair of functors.
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41.2. Let (X 5Y)e FormMod y, be the object corresponding to £. By Chapter 5,
Proposition 2.2.6, we have a canonical equivalence

IndCoh(Y) ~ £-mod(IndCoh(X)).

Under this equivalence, the functor oblvge corresponds to 7', and the functor
indg corresponds to indceh,

4.1.3.  Assume for a moment that £ is of the form diag(h) for b € LieAlg(IndCoh(X).
In this case, by Chapter 7, Sect. 5.2.1, we have a canonical identification

£-mod(IndCoh(X)) ~ h-mod(IndCoh(X)).

Under this equivalence, the functor oblvg goes over to oblvy, and the functor
indg corresponds to indy.

4.1.4. Examples. For £ =T (X) we obtain:
T (X)-mod(IndCoh(X)) = IndCoh(X4gr ) =: Crys(X).

For £ =0, we have

T (X)-mod(IndCoh(X)) = IndCoh(X).

4.1.5. Let now £ € QCoh(X)P™. By construction, Y (&) has a canonical struc-
ture of module over At(E).

Hence, for a Lie algebroid £, a homomorphism £ — At(€) defines on Tx (&) a
structure of £-module.

PRrROPOSITION 4.1.6. The above map from the space of homomorphisms £ —
At(&) to that of structures of £-module on Y x (&) is an isomorphism.

PROOF. Let X 5 Y be the object of FormMody, corresponding to £. The
space of homomorphisms £ — At(£) is isomorphic to the space of factorizations of
the map X — Perf, corresponding to £ as

X5 Y- Perf.
Le., this is the space of ways to write £ as 7*(€") for £ € QCoh(Y)Pe .

The space of structures of £-module on Y x (&) is isomorphic to the space of
ways to write Tx(€) as 7'(Ty(E’)). Le., we have to show that the diagram of
categories

QCoh(P)Pf — 2, IndCoh())

| -

QCoh(X)Pf — %, TndCoh(X)
is a pullback square. However, this follows by descent from Volume I, Chapter 6,
Lemma 3.3.7.
O

4.2. The universal enveloping algebra. In this subsection we associate to a
Lie algebroid £ its universal enveloping algebra, viewed as an algebra object in the
category of endo-functors of IndCoh(-).
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4.2.1. Let £ be a Lie algebroid on X. Consider the monad on IndCoh(X') corre-
sponding to the adjunction
inde : IndCoh(X) = £-mod(IndCoh(X)) : oblve.

We denote by U(L) the corresponding algebra object in the monoidal DG
category

Functeont (IndCoh (&), IndCoh(X)).

Tautologically,
ObIVASSOC(U(E)) = Oblv,g o il’ldg.
4.2.2.  Assume for a moment that £ is of the form diag(h) for b € LieAlg(IndCoh(X)).

In this case, by Chapter 7, Proposition 5.1.2, U(£) is given by tensor product
with U(h).

REMARK 4.2.3. In Chapter 9 we will see that U (£) possesses an extra structure:
namely a filtration. This extra structure will allow us to develop infinitesimal
differential geometry on prestacks.

4.3. The co-algebra structure. In the classical situation, the unversal envelop-
ing algebra of a Lie algebroid, when considered as a left O x-module, has a natural
structure of co-commutative co-algebra. In this subsection we will establish the
corresponding property in the derived setting.

4.3.1. Consider the functor
Functeons (IndCoh(X'), IndCoh(X)) — IndCoh(X),
given by precomposition with
Py : Vect - IndCoh(X).
Let U(£)L € IndCoh(X) denote the image of
0blv agsoc (U (L)) € Functeons (IndCoh (X)), IndCoh (X))

under this functor.

The object U(£)¥ corresponds to the functor

oblvg oindg o ph : Vect - IndCoh(X).

4.3.2. Note that the category £-mod(IndCoh(X)) ~ IndCoh(Y) carries a natu-

ral symmetric monoidal structure, and the functor oblvg is symmetric monoidal.
Hence, the functor indg has a natural left-lax symmetric monoidal structure.

Hence, the functor oblvg o indg o p!X also has a left-lax symmetric monoidal
structure. This defines on U(£)’ € IndCoh(X) a structure of co-commutative co-
algebra in the symmetric monoidal category IndCoh(X), and the map 0 — £ defines
an augmentation.
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4.3.3. Thus, we can view U(£) as an object of

CocomCoalg™®(IndCoh(X)).

We are going to prove:

PROPOSITION 4.3.4. There exists a canonical isomorphism in CocomCoalg(IndCoh(X)):
U(L£)F = Chev™ (Qftke(g)).

PROOF. Let ps,p: : R =2 X be the formal groupoid corresponding to £. We

can rewrite the functor oblve oindg o p!X as

(ps)indCoh ° p!R

(here pr is the projection R — pt), where the left-lax symmetric monoidal structure
comes from the symmetric monoidal structure on p!R and the left-lax symmetric
monoidal structure on (p, )¢t the latter obtained by adjunction from the sym-
metric monoidal structure on p'.

Let us regard R as an object of Ptd(FormMod,x) via the maps Ax and ps.
Now, the statement of the proposition follows from Chapter 7, Sect. 5.2.2.
O

5. Square-zero extensions and Lie algebroids

In this section, we will show that under the equivalence LieAlgbroid(X) =~
FormMody/, free Lie algebroids on & correspond to square-zero extensions.

This is parallel to Chapter 7, Corollary 3.7.8, which says that split square zero
extensions correspond to free Lie algebras.

5.1. Square-zero extensions of prestacks. Let X be a scheme. Consider the
full subcategory

SChX/,inf—closed c SChX/7
see Chapter 1, Sect. 5.1.2.

Recall that we have a pair of mutually adjoint functors
Realsqz : ((QCOh(X)Sil)T*(X)/)op 2 SChX/,inf—closeda
where the right adjoint sends (X - Y) » T*(X/Y).

We will now carry out parallel constructions in the setting of formal moduli
problems under an arbitrary object of PreStki.s;_det-

5.1.1. For X € PreStkjafqef consider the category FormMod x/-
Consider the functor
(5.1) FormMody; - IndCoh(X) pxy, (X = Y)+ (T(X/Y) - T(X)).
Note that under the equivalence
FormMod y, ~ LieAlgbroid(&X'),
the functor corresponds to oblvy e aighroid /7

Hence, by Proposition [2.1.3|(b), the functor (5.1)) admits a left adjoint. In what
follows, we shall denote the left adjoint to (5.1)) by

RealSqZ : IndCoh(X),p(x)y = FormMod x, .
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The following diagram commutes by definition:

FormMod,x ——  FormGrpoid(X)
(5.2) RealSqZI ﬂ
freer;e gbroi . .
IndCoh(X) 7 (x) SR, LieAlgbroid(X).

5.1.2. We have:

LEMMA 5.1.3. For any (X > 2) € (PreStkingiaet)x, and (F > T(X)) e
IndCoh(X),r(x), the space of extensions of f to a map

RealSqZ(F 5> T(X)) » Z
is canonically isomorphic to that of nul-homotopies of the composed map
F3T(X) > T(2)x
Proor. We can replace Z by

zZ'=Z X,
ZjR dR>

so that Z’ € FormMody,, and then the assertion follows from the definition. ([

5.1.4. Recall the functor RealSplitSqZ of Chapter 7, Sect. 3.7. By Chapter 7,
Proposition 3.7.3, it is the left adjoint to

Ptd(FormMod,x) - IndCoh(X), (X =Y - X&)~ T(V/X)|x,

and by construction corresponds under the equivalence

Ptd(FormMod, x ) 9% Grp(FormMod,x) L LieAlg(IndCoh(X))

to the functor
freeL;C

IndCoh(X) ] IndCoh(X) —" LieAlg(IndCoh(X)).

The commutative diagram of Lemma translates into the commutative
diagram

RealSplitSqZo[1]
-

IndCoh(X) Ptd(FormMod, x )
(5.3) l l
IndCoh(X)ryy — ——ntf FormMod.y,,

where the left vertical arrow sends F ~ (F 5 T(X)), and the right vertical arrow
is the tautological forgetful functor.
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5.2. Tangent complex of a square-zero extension. In this subsection we ap-
proach the following question: how to describe the relative tangent complex of a
square-zero extension?

This question makes sense even for schemes, however, it turns out that it is
more convenient to answer in the framework of arbitrary objects of PreStKki.fi_det
and formal moduli problems.

By answering this question we will also arrive to an alternative definition of Lie
algebroids as modules over a certain monad.

5.2.1. From the commutative diagram ([5.2)) we obtain (compare with Chapter 7,
Corollary 3.7.6):

COROLLARY 5.2.2. The monad on IndCoh(X),r(x) given by the composition
T(X/-) o RealSqZ
is canonically isomorphic to
oblvycalgbroid /7 © freerieaigbroid-

In other words, Corollary gives a description of the relative tangent com-
plex of a square-zero extension in terms of the ‘more linear’ functor freeycaigbroid-

REMARK 5.2.3. In Sect. we will give an ‘estimate’ of what the monad

oblviicaigbroid /7 © freeriealgbroid

looks like when viewed as a plain endo-functor.

5.2.4. From Corollary we obtain:
COROLLARY 5.2.5. There exists a canonical equivalence of categories
(5.4) LieAlgbroid(X') = (T'(X/-) o RealSqZ)-mod(IndCoh(&X) /r(x))-

Note that Corollary implies that we can use the right-hand side of ([5.4))
as an alternative definition of the category LieAlgbroid(X).

5.3. Filtration on the free algebroid. The main result of this subsection,
Proposition [5.3.2] gives an estimate of what the monad

OBV icAlgbroid /7 © freeLicalgbroid : IndCoh(X')/p(xy = IndCoh(X) /7 (x)
looks like as a plain endo-functor, see Proposition [5.3.2] below.

5.3.1. The goal of this subsection is to prove:

PROPOSITION 5.3.2. For (F > T(X)) € IndCoh(X)/r(x), the object
Oblviicalghroid /7 © freeLicalgbroid (F = T'(X)) € IndCoh(X) /1 (x)

can be naturally lifted to _
(IndCOh(X)Fll’ZO)/T(X)
where 1s regarded as a filtered object placed in degree 0), such that its asso-
here T (X ded filtered ob laced in d 0 h th
ciated graded identifies with

oblvy o freep;.(F) LR T(X)

with its natural grading.



346 8. LIE ALGEBROIDS

The rest of this subsection is devoted to the proof of Proposition [5.3.:2] In the
proof we will appeal to the material from Chapter 9, Sect. 1. Let us explain the
idea:

Given an object (F - T(X)) ¢ IndCoh(X)/p(x), scaling 7 to zero gives (by
applying Chapter 9, Sect. 1) a filtration on (F 2 T(X), such that the associated
graded is F 5 T(X).

The result then follows by applying freericaighbroia to this filtered object, be-
cause

0
freericalgbroid ((F = T(X))
is the free Lie algebra generated by F.
5.3.3. Consider the following presheaves of categories
Py and Py,  (SchT)°P - 1-Cat.

The functor P; sends an affine scheme S to

IIldCOh(X X S)/T(X)\XXS'

The functor P, sends an affine scheme S to
FormMod xxs//s -

Here FormMod x s/ /s stands for formal moduli problems under X x5, equipped
with a map of prestacks to S.

The functors
RealSqZ g : IndCoh(X x S)/1(x)|xrs 2 FormModyg s : T(X x S/-)
give rise to a pair of natural transformations
(5.5) P12 Py,
see Sect. [(.4.1] below for the notation.

5.3.4. We regard P; and P, as endowed with the trivial action of the monoid Al
(we refer the reader to Chapter 9, Sect. 1.2 for the formalism of actions of monoids
on presheaves of categories). The functors in (5.5) are (obviously) Al-equivariant.

5.3.5.  'We now consider the presheaf of categories Py, represented by the monoid
Al, equipped with an action on itself by multiplication.

The object (F > T(X)) e IndCoh(X) /7 (x)) gives rise to a natural transforma-
tion
(5.6) 770 g 7)1
defined as follows: the corresponding object of P;(A) is

Vscaled

]:|X><A1 - T(X)|X><A17
where the value of Yscaleq OVer A € Alis \- 5.

It is easy to see that the above natural transformation Py — P; has a canonical
structure of left-lax equivariance with respect to Al.
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Note that by Chapter 9, Lemma 1.5.5(a), the category of left-lax equivariant

functors Al — Pl identifies with
(IndCoh(X) 120 7 ).
Under this identification, the above functor is given by
F>T(X),
where F (resp., T(X)) is regarded as a filtered object placed in degree 1 (resp., 0).
5.3.6. Thus, we obtain that the composite functor
Po—=P1—P2—P1

has a structure of left-lax equivariance with respect to Al

The corresponding object of (IndCoh(X) 20) 74y is the desired lift of

OblVLieaighroid /7 © freerieatgbroid (F —~ T'(X)).

O

5.4. Pullbacks of square-zero extensions. In this subsection we will show that
the functor

RealSqZ : IndCoh(X) 7(x)y = FormMod x,

introduced above, is compatible with base change.

This will allow us, in the next subsection, to compare RealSqZ with another
notion of square-zero extension of a prestack, namely, the one from Chapter 1, Sect.
10.1.

5.4.1. Let Ay be an object of PreStkiafi-der, and let X' € (PreStkiafi-def)/x,- The
functor RealSqZ defines a functor

RealSqZ/Xo : IHdCOh(X)/T(X/XO) g (PreStklaft_def)X/ /Xo+

5.4.2. Let fo: Yy — Ay be a map in PreStkyag_qer, and set Y := ) 2>(< X. Let f
0
denote the resulting map & — Y. Tautologically,

F(T(X] X)) = T(V[Vo).
By adjunction, for
(Frx 5 T(X]Xy)) € IndCoh(X) 120
and its pullback by means of f'

(Fy =2 T(V/Vo)) € IndCoh(Y) )1 (y/vy)»

we have a canonical map in (PreStklaft_def)y/ /Yo
(5.7) RealSqZ,y, (vy) = Vo x RealSaZ,x, (7x)-

We claim:

PROPOSITION 5.4.3. The map (5.7) is an isomorphism.
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We can depict the assertion of Proposition by the commutative diagram
dCoh(Y) vy o TndCoh(X)r(x/x)
(5.8) RealSqZ,y, l lRealSqZ/XO
Yo ;0—
(PreStkiage-det)y/ /v, ~—— (PreStkiage-det) x/ /-
5.4.4. Proof of Proposition[5.4.5 We have a commutative diagram

IndCoh(Y)  «2—  IndCoh(X)

1 |

7!
IndCoh(¥)/ryve) «~——— IndCoh(X);r(x/x,),
where the vertical arrows are as in Lemma Since the essential image of
IndCoh(X) d IndCOh(X)/T(X/XD)

generates the target category under sifted colimits, and since the horizontal arrows
in (5.8) commute with colimits, it suffices to show that the outer diagram in

mdCoh(Y) <« —  IndCoh(X)

| |

7!
IndCoh(¥)/r(y/yy)y «——— IndCoh(X),;rx/x,)
RealSqZ/y0 l lRealSqZ/xo

Yo x —
X
(PreStkiase-er)y, vy <——— (PreStkiat-def )/ /x
commutes.

However, by Lemma [2.2.6] the outer diagram identifies with

IndCoh(Y) A IndCoh ()
freerie freeric
LieAlg(IndCoh())) <«  LieAlg(IndCoh(X))
Byoexp B xoexp
Yo x -

Xo

Ptd((PreStkiat-det)/y) < Ptd((PreStkiat-det)/x)

Yo x -
Xo
(PreStkiafi-der)y/ /v, ~—— (PreStkiagi-der) x/ /-
Now, the commutativity of the latter diagram is manifest, since the middle
vertical arrows are equivalences.

O
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5.5. Relation to another notion of square-zero extension. In this subsec-
tion, we will relate the category IndCoh(X),r(xy and the functor RealSqZ to the
construction considered in Chapter 1, Sect. 10.1.

5.5.1.  Assume for a moment that X = X € Sch,g and let us start with a map
T*(X)->Z, ZTeCoh(X)<"

On the one hand, the construction of Chapter 1, Sect. 5.1, produces from
T*(X) - T an object

RealSqZ(T* (X) d I) € (SChaft)nil-isom from X C (SChaft)X/-

On the other hand, setting F = D5¢™(Z), we obtain an object
(F - T(X)) € IndCoh(X) 7 (x)-
It follows from that under the embedding
(Schagt )nil-isom from x <> FormMod x/,
we have an isomorphism
RealSqZ(T*(X) - I) ~ RealSqZ(F - T(X)),
functorially in
(T*(X) = I) € ((Coh(X)*™ ) p(x),)-

Indeed, both objects satisfy the same universal property on the category FormMod .
5.5.2. Let X be an object of PreStk, and let Z € QCoh(X)=°. In this case, the

construction of Chapter 1, Sect. 10.1.1 produces a category (in fact, a space)
SqZ(X,T), equipped with a forgetful functor

(5.9) SqZ(X,T) —» PreStky; .
5.5.3. Assume now that X € PreStkj,s_gef- Assume, moreover, that Z, regarded
as an object of
QCoh(X)=" c Pro(QCoh(X)™)fke,
belongs to
Pro(QCoh(X) ") € Pro(QCoh(X)7)™,

see Chapter 1, Sect. 4.3.6 for what this means.

This condition can be rewritten as follows: for any .S € (Schzg) /x> the pullback

T|s € QCoh(S)=Y has coherent cohomologies.
5.5.4. Set
F :=D5(Z[1]) € IndCoh(X).
We claim:
PROPOSITION 5.5.5. There exists a canonically defined isomorphism of spaces
SqZ(X,T) =~ MapslndCoh(X)(j:v (X))
that makes the diagram
SqZ(X,T) ——  PreStky,

| T

RealSqZ
MapslndCoh(X) (fv T(X)) —q) FOI‘HIMOdX/
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commute.

The rest of this subsection is devoted to the proof of Proposition [5.5.5
5.5.6. Note that

Mapsiyacon(x) (F, (X)) = Mapsp,qqcon(x)- ke (17 (X), Z[1]).
Hence, we have a map
SqZ(X,T) - Mapsy,acon(x) (F, T(X)),
given by the construction in Chapter 1, Sect. 10.2.
We will now construct the inverse map.
5.5.7. For (Fx 3 T(X)) € IndCoh(X) p(x) set
(X > X') = RealSqZ(yx) € FormMody, .
We claim that the object
(X > X') e PreStkyy,
constructed above has a natural structure of an object of SqZ(X,T).
It will be clear by unwinding the constructions that the two functors
SqZ(X,T) < Mapsy,qcon(x) (F, T(X))
are inverses of each other.
5.5.8. Let S’ be an object of Sch®T | equipped with a map f': 5" - X’. Set
S:=9 %%

and let f denote the resulting map S - X. Denote Fg := f'(Fx).

Note that Proposition [5.4.3| implies that S — S’ has a canonical structure of
square-zero extension by means of Zg := D¢"(Fg)[~1]. Hence, it remains to show
that S e Sch®T

5.5.9. To prove that S e Sch®T it is enough to show that T ()
We have an exact triangle

eag € Coh(7°45)<0.

T*(S/Sl) redg —> T*(S) redg —> T*(S,) redg,
so it suffices to show that T7(S5/S")|reag € Coh(**49)=C.
We have:
T*(S)8")|reag = DEIE(T(S/S")|reas),

]D)Serre

where is understood in the sense of Chapter 1, Corollary 4.3.8.

By Proposition T(S5/S")|reag has a canonical filtration indexed by pos-
itive integers, with the d-th sub-quotient isomorphic to the d graded component
(OblVLie o freeLie(]-'redS))d of OII)IVLie o freeLie(ﬁ-edS).

The required assertion follows now from the fact that for every d,
DESE ((0blviie o freepc(Freag))?) = (Lie(d) ®Ireds|:].]®d)2d ,

and hence lives in cohomological degrees < —d.
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5.6. What is the general framework for the definition of Lie algebroids?
Here is a general categorical framework for the definition of ‘broids’ that our con-
struction of Lie algebroids fits in.

5.6.1. Let C be an oco-category with finite limits, and in particular, a final object
* € C. Let Cs be the corresponding pointed category, i.e., C, = C,,.

Let D denote the stabilization of C., i.e., the category of spectrum objects
on C.. According to [Lu2, Corollary 1.4.2.17], this is a stable oco-category. Let
RealSplitSqZ denote the forgetful functor D — C,, i.e., what is usually denoted 2°°.

5.6.2. Consider the functor

RealSplitSqZ
— C.— (_‘,'7

where the second arrow is the forgetful functor.

Let us assume that this functor has a left adjoint, to be denoted coTan.
5.6.3. Note that for any y € C we have a tautologically defined map coTan(y) —
coTan(*).

Consider now the functor
(5.10)  coTanyel : C = DegTan()/, c0Tanyei(y) = coFib(coTan(y) — coTan(*)).

Assume that this functor also admits a left adjoint, to be denoted

RealSqZ : Degran(x), = C-

Consider the comonad

coTan,e o RealSqZ
acting on DegTan(+);-

The ‘broids’ that we have in mind are by definition objects of the category
(coTan,e o RealSqZ)-comod(Deyran(x)/)-
The functor coTan,e of (5.10]) upgrades to a functor

enh

coTangg)" : C — (coTan,e o RealSqZ)-comod(Degran(x)/)-

The above functor coTanfé‘]h is not an equivalence in general, but it happens to
be one in our particular example, see Sect.

5.6.4. By contrast, the category of ‘bras’ is constructed as follows. We consider
the functor
RealSplitSqZo[1] : D — Cs,
and its left adjoint
C. >C COEl)rel D;

we denote it by coTan,. by a slight abuse of notation.

The category of ‘bras’ is:

(coTany,e o RealSplitSqZ o[1])-comod(D).
The functor coTan,. upgrades to a functor

coTan®}" : C, - RealSplitSqZ o[1])-comod (D).

rel

This functor coTanfglh is also not an equivalence in general, but it happens to
be one in the example of Sect.
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5.6.5. In our case, we apply the above discussion to C = (FormMod x,)°?, so that

C. = Ptd(FormMod, x ).

Recall that by Chapter 7, Proposition 3.7.12, the functor
RealSplitSqZ : IndCoh(&") - Ptd(FormMod, )
identifies (IndCoh(X'))°P with the stabilization of Ptd(FormMod, x )°P.

Now, we claim that the notion of ‘broid’ (resp. ‘bra’) defined above recovers
the notion of Lie algebroid on X (resp., Lie algebra in IndCoh(X)). Indeed, this
follows from Corollary (resp., Chapter 7, Corollary 3.7.6).

6. IndCoh of a square-zero extension

The goal of this section is to describe the category of ind-coherent sheaves on
a square-zero extension.

First, we show that every ind-coherent sheaf on X has a canonical action of the
Lie algebra inertx. We then use this fact to give an algebraic description of the
category of ind-coherent sheaves on a square-zero extension.

Subsequently, we show that the dualizing sheaf of a square-zero extension of
X is naturally an extension of the direct image of the ‘defining ideal’ by the direct
image image of the dualizing sheaf of X.

6.1. Modules for the inertia Lie algebra. In this subsection we observe that
any object of IndCoh(-) acquires a canonical action of the inertia Lie algebra.

6.1.1. Let X be an object of PreStkjafi-qet- Recall the infinitesimal inertia group
Inert‘Xnf and its Lie algebra inertx.

By Chapter 7, Sect. 5.2.1, we have:
inert x -mod(IndCoh(X')) ~ IndCoh((X x X)"),

where the forgetful functor

oblviyert, ¢ inerty -mod(IndCoh(X)) — IndCoh(X)
corresponds to

A : IndCoh((X x X)") - IndCoh(X),

and the functor

trivinert, : IndCoh(&X') — inert x -mod(IndCoh (X))

corresponds to
pl : IndCoh(X) — IndCoh((X x X)™).
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6.1.2. Note, however, that the functor
p. - IndCoh(X) - IndCoh((X x X)")
gives rise to another symmetric monoidal functor, denoted
can : IndCoh(X') — inerty -mod(IndCoh (X)),
equipped with an isomorphism
(6.1) oblviyers, © can = Idqcon(x) -

The datum of the functor can and the isomorphism (6.1) is equivalent to a
functorial assignment to any F € IndCoh(X) of a structure of inerty-module.

6.1.3. By construction, for F € IndCoh(X'), a datum of isomorphism
can(F) ~ trivipert, (F) € inert x -mod(IndCoh (X))
is equivalent to that of an isomorphism
PL(F) = pi(F) e IndCoh((X x X)").

This datum is strictly weaker than that of descent of F with respect to the
groupoid (X x X)", i.e., a structure of crystal.
6.1.4. Assume for a moment that F = T x () for £ e QCoh(X)Pert.

Consider the canonical map in LieAlg(IndCoh(X)):

inerty — ker-anch(At(€)) ~ Tx (End(£)).
By Proposition [:1.6 the datum of such a map is equivalent to that of structure

of inert y-module on Y x(€). One can show that this is the same structure as given
by the functor can, applied to Ty ().

6.2. The canonical split square-zero extension. In this section we observe
that for any object F € IndCoh(X) there exists a canonical (a.k.a. Atiyah) map

T(X)[-1]® F > F.

We will see that this map is induced by the action of the Lie algebra inerty on
F, using the fact that oblvyeaie(inerty) = T(X)[-1].

6.2.1. Consider again the object
Ax:X—>(XxX) :p,
in Ptd(FormMod, ). We have
T(Xx X)) X)x =~T(X).

Hence, applying Chapter 7, Proposition 3.7.3 to the identity map T(X) —
T(X), we obtain a canonically defined map

RealSplitSqZ(T'(X)) —» (X x X)",
such that the composition
RealSplitSqZ(T (X)) - (X x X)" B x
is the tautological projection RealSplitSqZ(T'(X)) — X.
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6.2.2. Consider now the composition
RealSplitSqZ(T(X)) - (X x X)" B x;
we denote it by ? (cf. Chapter 1, Sect. 4.5.1).

By Lemma the map 0 corresponds to a particular choice of the null-
homotopy of the map

T(X)[-1] S T(x) -5 T(x).
Unwinding the definitions, the above null-homotopy is given by the identity
map on T(X).

6.2.3. Identifying
IndCoh(RealSplitSqZ(T'(X))) ~ freeri.(T'(X)[-1])-mod(IndCoh (X))
(see Chapter 7, Sect. 5.2.1), we obtain a functor

can

IndCoh(X) — IndCoh((X x X)") —»
— IndCoh(RealSplitSqZ(T'(X))) ~ freer;e (T (X)[-1])-mod(IndCoh(X)).
We denote this functor by
canfree : IndCoh(X) — freep;o(T(X)[-1])-mod(IndCoh(X)).

Its composition with the forgetful functor

OblvfreeLie(T(X)[—l]) :freerie (T(X)[-1])-mod(IndCoh(X)) - IndCoh(X)
is the identity functor, i.e.,
(6.2) oblVeee, . (T(x)[-1]) © CANfree = [dindcon(x) -

6.2.4. The datum of the functor cangee and the isomorphism (6.2)) is equivalent
to a functorial assignment to any F € IndCoh(X’) of a map

!
(6.3) aFp:T(X)[-1]e F - F.
Note that by construction, for F’ € IndCoh(X4gr ), the map
!
(6.4) A a7y TX)[-1]1® (pr.ar) (F') > (p,ar) (F')

is canonically trivialized.
6.2.5. By construction, the map
freer;o(T'(X)[-1]) — inertx

coming from the identification oblvy,.(inerty ) ~ T(X)[-1], induces a commutative
diagram

IndCoh(x) —=2 inert x -mod(IndCoh (X))

| J

IndCoh(X) 2% freep (T(X)[-1])-mod(IndCoh(X))
Idj lOblvfreeLie(T(Xﬂ—l])

IndCoh(x) —<9 IndCoh(X).
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6.3. Description of IndCoh of a square-zero extension. In this subsection
we will give an explicit description of the category IndCoh(-) on a square-zero
extension.

6.3.1. Let v:F - T(X) be an object of IndCoh(X),r(x). Consider the following
category, denoted Annul(F,~):

It consists of objects F' € IndCoh(F), equipped with a null-homotopy for the
map

! ! !
Fl-1]e F' > T(X)[-1]e F % F'.
We have a tautological forgetful functor

Annul(F,v) - IndCoh(X).

6.3.2. Consider now the object
RealSqZ(F,~) € FormMod y, .

In this subsection we will prove (cf. Chapter 1, Sect. 5.1.1):
THEOREM 6.3.3. There exists a canonically defined equivalence of categories
Annul(F,~) ~ IndCoh(RealSqZ(F,v))
that commutes with the forgetful functors to IndCoh(X).
The rest of this subsection is devoted to the proof of Theorem [6.3.3
6.3.4. Step 1. We first construct the functor
(6.5) IndCoh(RealSqZ(F,v)) - Annul(F,~).

Let f: X — Y be an object of FormMod ;. It follows from the definitions, that
for 7’ € IndCoh(Y), the map

)

T(X/Y)[-1]e f(F) > T(X)[-1]e f(F) LS f(F)
is equipped with a canonical null-homotopy.
Applying this to Y := RealSqZ(F, ), and composing with the tautological map
F - T(X]RealSqZ(F,7)),
we obtain the desried functor .
6.3.5. Step 2. Tt is easy to see that the forgetful functor
Annul(F,~) - IndCoh(X)
is monadic. Let Mz - denote the corresponding monad.
By Step 1, we obtain a map of monads
(6.6) Mz, = U(freericaigbroids(F,7))-

To prove the proposition, it remains to show that the map is an isomor-
phism.
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6.3.6. Step 3. We claim that both sides in (6.6), and the map between them, can
be naturally upgraded to the category

AssocAlg ( (Functeons (IndCoh (X)), IndCoh (X)) )Fﬂ’zo) .

Indeed, this enhancement corresponds to the A'-family that deforms ~ to the
0 map, as in Sect. [5.3.5]
Fil, >0

Since the functor ass. gr. is conservative on (Functeont (IndCoh (X', IndCoh(X))) ,
it suffices to show that the map induces an isomorphism at the associated
graded level.

This reduces the verification of the isomorphism to the case when 7 is the
0 map.

6.3.7. Step 4. Note that when 7 =0, the category Annul(F,~) identifies with that
of objects F’ € IndCoh(X), equipped with a map

|
FoF - F

Le., Annul(F,0) =~ freeagoc(F)-mod(IndCoh(X)), and the monad Mg, is
given by tensor product with freeagsoc(F).

Similarly, the monad U (freer,caigbroias(F,0)) is given by tensor product with
U(freeric(F)).

Unwinding the definitions, we obtain that the map corresponds to the
map

freeAssoc(f) - U(freeLiC(f))7

and hence is an isomorphism.

6.4. The dualizing sheaf of a square-zero extension. As a corollary of The-
orem we obtain the following fact that justifies the terminology ‘square-zero
extension’.

6.4.1. Let X, F,~ be as above. Denote
X' := RealSqZ(F,v) € FormMody/,
Let 7: X - X’ denote the canonical map.
We claim:
PROPOSITION 6.4.2. There is a canonical fiber sequence IndCoh(X")
(67) N () > s P (L],

The rest of this subsection is devoted to the proof of the proposition.
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6.4.3. Step 1. We will construct a fiber sequence
gndCoh gy _, jIndCoh( Y, 1y,
We interpret the category IndCoh(X') as
Annul(F,v) ¥ Mz ,-mod(IndCoh(X)).
Under this identification, the functor i"4C°" corresponds to indy .

The object wx+ corresponds to wy € IndCoh(X'), where the null-homotopy for
! ! o
fl:—l] Qwyxy — T(X)l:—l] ® wy = Wy

comes from ((6.4)).

6.4.4. Step 2. The datum of a map iI"4COR(F) — jIndCeh(,,) is equivalent to that
of a map

F - M—7:>'Y ((.d)()
in IndCoh(X).

Consider the canonical filtration on Mz, see Sect. [6.3.6] We have a fiber
sequence

Fil,<1
Wy —> M]_-IZYS (w;() - F.
Moreover, the composition
Fil,<1
wx > Mz " (wx) > Mz, (wr) —> wa,

(where the last arrow is obtained by adjunction from imdCoh () - wyr), is the
identity map.

Hence, we obtain a splitting
Fil,<1
M]—‘l,7< (wx) = F ®we,

and in particular a map
F = MF(‘/(wX)v

whose composition with Mz ,(wx) = wx is zero.

This gives rise to a map

indw, _ (F) - indwu,  (wx)
in Mz ,-mod(IndCoh(&X)), whose composition with the map
indv, (wx) - wx
is zero.
6.4.5. Step 3. Thus, it remains to show that
oblvy,. oindu, (F) - oblvy, oindy,_ (wx)—>wx

is an exact triangle.

It is enough to establish the exactness at the associated graded level. However,
in this case, the maps in question identity with

(0blv Assoc © freeassoc (F)) é F - (0blvagsoc © freeassoc(F)) = wy,

and the exactness is manifest.
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7. Global sections of a Lie algebroid

In this section we address the following question: one expects that global sec-
tions of a Lie algebroid form a Lie algebra. This is done in two steps:

First for the tangent Lie algebroid and then in general. For the tangent Lie
algebroid, the idea is that its global sections can be identified with the Lie algebra
of the group of (formal) automorphisms of X. To implement the second step, we
relate actions of a free Lie algebra to free Lie algebroids.

7.1. Action of the free Lie algebra and Lie algebroids. In this subsection we
show that the quotient of a prestack with respect to an action of a free Lie algebra
is given by a square-zero extension of that prestack.

7.1.1. For V e Vect, consider freer ;. (V') € LieAlg(Vect). Consider the correspond-
ing object
exp(freer;.(V')) € Grp(FormMod, ).

Let X be an object of PreStki.s_gef- Recall that according to Chapter 7, The-
orem 6.1.5, the datum of an action of exp(freer;.(V)) on X is equivalent to that
of map

Veowy » T(X)
in IndCoh(X).
7.1.2. Given an action of exp(freer;i(V)) on X, consider
exp(freepi(V)) x X
as a formal groupoid over X.
Let
X/ exp(freer.(V))
denote the corresponding object of FormMody;, .
We claim:
PROPOSITION 7.1.3. There is a canonical isomorphism in FormMod x/,
X[ exp(freepie(V)) ~ RealSqZ(V @ wy — T(X)).
The above proposition can be reformulated as follows.

COROLLARY 7.1.4. The Lie algebroid corresponding to the formal groupoid
exp(freeri.(V)) x X identifies canonically with

freeLicalgbroid(V ® wx — T(X)).
7.1.5. Proof of Proposition . Let f: X - ) be an object of FormMody,. We
need to show that the datum of a map
X/exp(freeric(V)) = Y
in FormMody, is canonically equivalent to that of a map
(Vewxr »T (X))~ (T(X/Y) > T(X))
in IndCoh(X') 7 (x)-

However, the latter follows from Chapter 7, Theorem 6.1.5, applied to X, viewed
as an object of (PreStkiaf-def)/y-
a



7. GLOBAL SECTIONS OF A LIE ALGEBROID 359

7.2. The Lie algebra of vector fields. In this subsection we will show that
global vector fields on prestack form a Lie algebra.

7.2.1. Let X be an object of PreStkiast_def-
Consider the (discontinuous) functor
(p)® : IndCoh(X) — Vect,
right adjoint to p!X.

REMARK 7.2.2. Note that when & is an eventually coconnective scheme X,
the functor (p'y ) is continuous and identifies with

I'(X,-)oT%,
where Y% is the right adjoint of the functor

Tx :QCoh(X) » IndCoh(X), E&rE&Quwx.

7.2.3.  Consider the object (py)®(T (X)) € Vect. We claim:

PROPOSITION-CONSTRUCTION 7.2.4. The object (py)E(T(X)) can be canon-
ically lifted to an object VF(X) € LieAlg(Vect).

PROOF. Recall the object
Autinf(X) € Grp((FormModiagt )/ pt),
see Chapter 7, Sect. 6.2.1.

Define
VF(X) := Liey (Aut™ (X)).
We need to show that
oblviie(VE(X)) = (p) (T(X)).
This is equivalent to showing that for V' € Vect,

MapSLieAlg(Vect) (freeLie(V)7 VF(X)) = MapSVect (‘/7 (pLY)R(T(X)))

However, the latter follows from Chapter 7, Theorem 6.1.5.
O

REMARK 7.2.5. Note that by the construction of Aut™ (X), for h € LieAlg(Vect),
the space

MapSLieAlg(Vect) (h ) VF(X) )

identifies canonically with that of actions of the formal group exp(h) on X.

7.3. Construction of the Lie algebra structure. In this subsection we will
finally construct a structure of Lie algebra on global sections of a Lie algebroid, see

Proposition [7.3:3]



360 8. LIE ALGEBROIDS

7.3.1. Let X be an object of PreStki,s_ger. We define a functor
(7.1) iy : LieAlg(Vect) vixy — LieAlgbroid(X)
as follows.
By definition, we can think of an object
(b - VF(X)) € LieAlg(Vect) v x)
as a datum of action of exp(h) on X.

We let ph(h - VF(X)) € LieAlgbroid(X) be the Lie algebroid corresponding
to the formal groupoid exp(f) x X.

7.3.2. We claim:

PROPOSITION 7.3.3. The functor py of (7.1) admits a right adjoint, denoted
(p!X)fVF(X). The composition

(P!x)R/_V) F(X) oblvrie

LieAlgbroid(X) LieAlg(Vect) vy — Vect;, yr(r(xy)

is the functor

oblvyicalgbroid /T

! R
LieAlgbroid(X) — IndCoh(X),7(x) (2] Vect ! yr(T(x)) -

ProOOF. Follows immediately from Corollary ]

7.3.4. Note that by construction, we have a commutative diagram

!
(pX);EVF(X)

LieAlgbroid(X) —————— LieAlg(Vect),vr(x)

ker—anchl l

! R
LicAlg(IndCoh(X)) 22, LieAlg(Vect)

where the right vertical arrow is the functor

(h > VF(X)) = Fib(~).

It is easy to see, however, that the diagram, obtained from the above one by
passing to left adjoints along the vertical arrows, is also commutative:

( ! )R
LieAlgbroid(X)  —— ", TieAlg(Vect), vrx)
(72) diag] I
(P)"

LieAlg(IndCoh(&X)) ——— LieAlg(Vect),

where the right vertical arrow sends

b (h > VE(X)).



7. GLOBAL SECTIONS OF A LIE ALGEBROID 361

7.3.5. Let us denote by (p'y )" the composition

(p X)/VF(X)

LieAlgbroid(X) LieAlg(Vect),vr(x) — LieAlg(Vect),
where the second arrow is the forgetful functor.

From ([7.3]), we obtain a commutative diagram

LieAlgbroid(X) M LieAlg(Vect)
(7.3) diagI Iid
LieAlg(IndCoh(&X)) ——— (pX)R LieAlg(Vect),
7.3.6. Consider now the functor
(7.4) LleAlgbrmd(X) AN L1eAlg(IndCoh(X)) (i):? LieAlg(Vect).

We claim:
PROPOSITION 7.3.7. The functor (7.4) identifies canonically with

(px) triviie

LieAlgbroid(X) IndCoh(X) —> Vect &y Vect "—" LieAlg(Vect).
PROOF. Using || we rewrite the functor (7.4]) as

diag

R
LieAlgbroid(X) LA LleAlg(IndCoh(X)) — LieAlgbroid(X) —> X) LieAlg(Vect).

blVLleAlghroxd

Using Sect. [3.1.4] we further rewrite this as

! R
(7.5) LicAlgbroid(X) — LieAlgbroid(X) %2 LieAlg(Vect)
where the first arrow is
£ 0x0.
£
(P)"

This the functor LieAlgbroid(X) —> LieAlg(Vect) commutes with fiber prod-
ucts, the functor in identifies with
(7.6) 0blve,p 0 Qpie 0 (P ).
Now, recall that according to Chapter 6, Proposition 1.7.2, we have
oblv,p © Qe ~ trivie o [-1] o oblvye.
Hence, identifies with
trivie o [-1] 0 0blvye o (P )™ = trivie o [-1] 0 0blvie o (P )™ 0 0blVLicAlgbroid,

as required.
O

REMARK 7.3.8. Propositions and can be summarized as follows:
for a Lie algebroid £ on X, consider the corresponding object oblvicaigbroid (£) €
IndCoh(X). Of course, it does not have a structure of Lie algebra in IndCoh(X).
Yet, (p!X)R(obleiCAlgbmid(E)) does have a structure of Lie algebra.

Now, oblvicalgbroid (£)[—1] does have a structure of Lie algebra, but it is not
obtained by looping another object in LieAlg(IndCoh(X')). Despite this, the Lie
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algebra of global sections of oblvyeaigbroia (£)[~1] is obtained by looping the Lie
algebra of global sections of oblvieaighroid (£)-

8. Lie algebroids as modules over a monad

In this section we develop the idea borrowed from [Fral:

Lie algebroids on X can be expressed as modules over a certain canonically
defined monad acting on the category LieAlgbroid(IndCoh(Xx')). This monad is
given by the operation of ‘semi-direct product’ with the inertia Lie algebra inertx.

8.1. The inertia monad. In this subsection we will work in the category of
spaces. Given a space X, we will define a monad acting on the category Grp(Spc/X ),
modules for which ‘almost’ reproduce the category Grpoid(X).

8.1.1. For X e Spc, consider the above pair of adjoint functors
diag : Grp(Spc,x) 2 Grpoid(X) : Inert.

It gives rise to a monad on Grp(Spc/ ) that we will denote by Mppert,, and
refer to it as the inertia monad on X.

8.1.2. For H € Grp(Spc, ), the object Minert (H) € Grp(Spc,x ) has the following
pieces of structure:

e We have a map H — Miyert, (H), corresponding to the unit in Mypert . ;
e We have a map Miyerty (H) — Inertx, corresponding to the map H - X
and the identification

Minert (X) = Inert(diagy ) = Inert x;

e A right inverse Inertx — Mipert, (H) of the above map Mmerty (H) —
Inertx, corresponding to the map X — H.

It is easy to see that the maps
H — MInertx (H) — Inert x
form a fiber sequence in Grp(Spc,x ).

Monads having these properties will be axiomatized in Sect.[8.2lunder the name
special monads.

8.1.3. Note that the fiber sequence and the section of the second arrow
H - Miyert (H) 2 Inertx
makes Mypert, (H) look like a semi-direct product
Inert x xH.

In particular, we obtain a canonically defined action of Inertxy on any H €
Grp(Spe/x)-
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8.1.4. Consider the category

Minert  -mod(Grp(Spe;x ).
equipped with a pair of adjoint functors
indmy,.,., : Grp(Spc/X) 2 Minert -mod(Grp(Spc/X)) coblvmy,,,, -
As we shall presently see, the category Minert,-mod(Grp(Spe,y)) is ‘almost
equivalent’ to Grpoid(X).

8.1.5. By construction, the functor Inert factors though a canonically defined func-
tor
Inert®™ : Grpoid(X) — Mert -mod(Grp(Spe,x)),
so that
Inert(R) = oblvmy,.,. (Inert™"(R)).

It is easy to see that the above functor R — Inert™"(R) admits a left adjoint;
we will denote it by

diag®™" : Mipert -mod(Grp(Spc, x)) - Grpoid(X).

PROPOSITION 8.1.6. The functor diag®™" is fully faithful. Its essential image
consists of those R € Grpoid(X), for which the map

mo(Inert(R)) — mo(R)
18 surjective.
ProOOF. First, we have the following general claim:

LEMMA 8.1.7. Let F: C =2 D : G be a pair of adjoint functors between oo-
categories, where G commutes G-split geometric realizations. Then the resulting
functor

Fenh . (GoF)-mod(C) - D
is fully faithful.

The fact that diage“h is fully faithful follows immediately from the lemma. The
essential image of diagenh lies in the specified subcategory of Grpoid(X) because
this is so for diag, and because this subcategory is closed under colimits.

To prove the proposition it remains to show that the functor Inert is conser-
vative on the specified subcategory of Grpoid(X) and commutes with geometric
realizations. The former is straightforward. The latter follows from Chapter 5,
Lemma 2.1.3.

|

8.2. Special monads. In this subsection we introduce a certain class of monads
that we call special. They will be useful in studying Lie algebroids. However, we
believe that this notion has other applications as well.
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8.2.1. Assumption on the category. Let ¥ be a pointed (oo, 1)-category; denote its
final /initial object by * € T.
We shall make the following general assumptions:
e (i) T admits limits;
e (ii) Sifted colimits in ¥ exist and are universal (=commute with base
change);
e (iii) Groupoids in ¥ are universal (see [Lull Definition 6.1.2.14] for what
this means).

Note that for any # — ¢, the map
(8.1) [T/t -t
is a monomorphism (here 7°/t is the simplicial object of ¥ equal to the Cech nerve
of T —t).

We shall say that £ — ¢ is an effective epimorphism if the map (8.1)) is an
isomorphism. Let (T )epi be the full subcategory of ), spanned by effective epi-
morphisms.

8.2.2.  We shall now make the following additional assumption on ¥:
For any t € ¥, the functor
(ZT/t)epi =~ T, (t—1t) »—>?>t< *

is conservative.
8.2.3. Fxamples. Here are two examples of this situation:

One is Grp(Spc,x ), where X € Spe.

Another is LieAlg(O), where O is a symmetric monoidal DG category.
8.2.4. One corollary of the property in Sect. is that the inclusion

Grp(%) = Monoid(%)

is an equality.

Indeed, for t € Monoid(¥), we need to show that the map

(id,mult)
t —

tx txt

is an isomorphism. However, the above map is a map on (%);)epi, where both sides
map to t via the first projection, while the base change of the above map with
respect to * — t is the identity map.

8.2.5. Definition of special monad. Let (T, +) be as above. Let Monad(¥) denote
the category of all monads acting on ¥.

We let Monad(%)*?' ¢ Monad(¥) denote the full subcategory spanned by mon-
ads M satisfying the following condition:

For every t € ¥, the maps
£ M(2) > M(x)
form a fiber sequence, i.e., the map

t - M(t) M?*) *

is an isomorphism.



8. LIE ALGEBROIDS AS MODULES OVER A MONAD 365

Here t — M(t) is given by the unit of the monad M, and M(t) — M(*) is given
by the canonical map ¢t — *. We will refer to such monads as special monads.

8.2.6. Note that for any ¢ € T, the above map
M(t) > M(x)

admits a section, given by applying M to the canonical map ¢ < *. So, we have a
diagram

(8.2) t - M(t) 2 M(*).
8.2.7. Basic properties of special monads. Note that (8.2) implies that for ¢ € T,
the map M(¥) - M(*) is an effective epimorphism. From here, we obtain:

LEMMA 8.2.8. The monad M, considered as a mere endo-functor of ¥, com-
mutes with sifted colimits.

PrOOF. We have to show that for a sifted family ¢; the map
colim M(¢;) - M(colim¢;)
is an isomorphism. By Sect. it is enough to show that

colim M (¢; x * — M(colimt;) x = ~colimt;
(colmM(t)) x> M(colimt;)
is an isomorphism. However, since sifted colimits in ¥ are universal,
colim M(t; x % ~colim [ M(t;) x =] =~colimt;,
(colmM(t)) e« ool (M(t) e )
as required. O

COROLLARY 8.2.9. The category M-mod(%) admits sifted colimits and the for-
getful functor

oblvy : M-mod(%) - ¥
commutes with sifted colimits.

8.3. Infinitesimal inertia monad. We will now adapt the material in Sect. [8-]]
to the setting of formal geometry.

8.3.1. Asin Sect. the pair of adjoint functors
diag : Grp(FormMod,x ) 2 FormGrpoid(X') : Inert™
defines a monad, denoted My, cinr on Grp(FormMod, x).

ver, i inf jal.
Moreover, is easy to see that MlncrtX is special
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8.3.2. Consider the resulting pair of adjoint functors
(8.3) diag™" : Miperpin-mod (Grp(FormMod, x)) 2 FormGrpoid(X) : Inert ™ot
We now claim:

PROPOSITION 8.3.3. The functor diag™" and Inert™ ™™ of [®3) are mutually
inverse equivalences of categories.

PROOF. We need to show that the functor Inert™ satisfies the conditions of
the Barr-Beck-Lurie theorem. The fact that the functor Inert™ commutes with
sifted colimits (and, in particular, geometric realizations) follows from Chapter 5,
Corollary 2.2.4. Hence, it remains to see that Inert™ is conservative. This follows,
e.g., from the fact that the functor Qx is conservative, via the fiber sequence (|1.1]).

O

8.4. The inertia monad on Lie algebras and Lie algebroids. In this sub-
section we show that the category LieAlg(IndCoh(X)) carries a canonical monad,
given by semi-direct product with the inertia Lie algebra, and that Lie algebroids
identify with the category of modules over this monad.

8.4.1. Let X be an object of PreStkj.s_qof. Recall the equivalence
Liey : Grp(FormMod,y) 2 LieAlg(IndCoh(&X)) : exp
of Chapter 7, Theorem 3.6.2.

Hence, the monad My,,q,qinr acting on Grp(FormMod, x) defines a special monad,
denoted Mipert,, on LieAlg(IndCoh(X)).

8.4.2. From Proposition we obtain:

COROLLARY 8.4.3. The category LieAlgbroid(X), equipped with the forgetful
functor ker. anch. is canonically equivalent to the category Mipert ,-mod(LieAlg(IndCoh(X))),
equipped with the forgetful functor oblvy

inert y ©

8.4.4. By adjunction, under the identification of Corollary the functor
diag : LieAlg(IndCoh(X)) — LieAlgbroid(X)
identifies with

indy : LieAlg(IndCoh(X)) - Mipert,-mod(LieAlg(IndCoh(X))).

inert
The zero Lie algebroid, i.e., the initial object of LieAlgbroid(X'), corresponds
to

indy (0) € Mipert,-mod(LieAlg(IndCoh(X))).

inert y

Under the identification of Corollary the tangent algebroid T(X) (i.e.,
the final object in LieAlgbroid(X')) corresponds to

0 € Minert,-mod(LieAlg(IndCoh(X))).
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8.4.5. Note that

Minert» (0) = oblvy oindy (0) = inerty .

inert y inert y

As was mentioned already, the monad Miyert, is special. Hence, for h €
LieAlg(IndCoh (X)), from (8.2)) we obtain a split fiber sequence

(8.4) h = Minert, (h) 2 inerty .

Hence, we can think of Miyert, (h) as a semi-direct product
inerty xbh
for a canonically defined action of inerty on b.

REMARK 8.4.6. When we forget the Lie algebra structure on b, we recover the
canonical action of inerty on objects of IndCoh(X) from Sect. [6.1.2]

Vice versa, since the functor can of Sect. is symmetric monoidal, it defines
an action of inerty on every h € LieAlg(IndCoh(X)), and one can show that this
is the same action as defined above.

8.4.7. Recall the functor
Qfeke : TieAlgbroid(X) — LieAlg(IndCoh(X)).

In terms of the equivalence of Corollary it sends £ € LieAlgbroid(X), to
the fiber of the composite map

(8.5) inertx — Minert» (h) = b,

where the first arrow is the canonical splitting of (8.4)), and the second arrow is
given by the action of Miyert, on b.

8.4.8.  'We have the following identifications
ker-anch o diag(h) ~ Minert, (h) ~ inertx xb;

Qo diag(h) = Qrie(h);

. 0
oblViealgbroid /7 © diag(h) = (oblviic(h) = T'(X)).

REMARK 8.4.9. Note that there are the following two ways to relate the cate-
gory LieAlgbroid(X') to a more linear category.

One is given by Corollary which implies that we can interpret LieAlgbroid(X)
as Mipert ,-mod(LieAlg(IndCoh(X))).

The other is as modules for the monad
OblVicalgbroid /7 © freeLicalgbroid © T(X/~) o RealSqZ
in the category IndCoh(X'),r(x)-

This former has the advantage that the monad involved, i.e., Mipert , , i ‘smaller’:
it is given by semi-direct product with inerty.

The latter has the advantage that the recipient category, i.e., IndCoh(X),r(x)
is more elementary than LieAlg(IndCoh(X)).
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9. Relation to classical Lie algebroids

In this section we let X be a classical scheme locally of finite type. Our goal
is to show that Lie algebroids, as defined in Sect. whose underlying object of
IndCoh is ‘classical’ are the same as classical Lie algebroids.

9.1. Classical Lie algebroids. In this subsection we recall the notion of classi-
cal Lie algebroid on a classical scheme and state the main result of this section,

Theorem Q.15
9.1.1. First, we introduce the object T7%V¢(X) e QCoh(X)? as follows.
Recall the functor
Tx : QCoh(X) - IndCoh(X)
(see Volume I, Chapter 6, Sect. 3.2.5). Let T% denote its right adjoint. E|
We start with 7'(X) € IndCoh(X), and consider the object
TE(T(X)) e QCoh(X).
It follows from the definitions that
TH(T(X)) = Hom(T* (X), Ox),
where Hom is internal Hom in the symmetric monoidal category QCoh(X).
In particular, Y& (7T(X)) € QCoh(X)>". Finally, we set
T (X) = HO(TR(T(X))).
Le., T"v¢(X) is the usual naive tangent sheaf of a classical scheme.

9.1.2. Let us recall the notion of classical Lie algebroid over X (see [BBl Sect.
2]).
By definition, this is a data of
(1) £°e QCoh(X)%;
(2) a map anch: £ —» T7aiVe(X);
(3) a Lie bracket on £, which is a differential operator of order 1,
such that
e The map anch is compatible with the Lie brackets;
o The [&1, f-&] = f[&1,82] + (anch(&1)(f)) - &2

9.1.3. Let LieAlgbroid(X)< denote the category of classical Lie algebroids on X.
We have a tautological forgetful functor

OBV e Alabroidct jrmaive : LieAlgbroid(X)® — (QCoh(X)) pusive x),
and it is easy to see that it admits a left adjoint, denoted freey;.aiabroidc!-
The pair
freep ;o aigbroiact : (QCOh (X)) pnaive(x) 2 LieAlgbroid (X )< : ObBLV i Algbroide! jTmaive

is easily seen to be monadic.

3Since X is classical, and in particular, eventually coconnective, the functor T§ is continuous,
see [Gall, Corollary 9.6.3].
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9.1.4. The goal of this section is to prove the following:

THEOREM 9.1.5. There exists a canonical equivalence between LieAlgbroid(X )
and the full subcategory of LieAlgbroid(X) that consists of those objects for which
0blv aighroid (L) belongs to the essential image of QCoh(X)® under the (fully faith-
ful) functor

Tx : QCoh(X) - IndCoh(X).
This equivalence makes the diagram

LieAlgbroid(X)® ——— LieAlgbroid(X)
ObIV ;i Algbroiact yrmaive l lObleioAlgbroid/T

8
(QCOh(X)?)puaive(xy ——— IndCoh(X),r(x)
commute.
9.2. The locally projective case. In this subsection we consider a special case

of Theorem where the groupoid corresponding to the algebroid in question is
itself classical and formally smooth over X.

9.2.1. Let QCoh(X)%Proi®o ¢ QCoh(X)? be the full subcategory consisting of
objects that are Zariski-locally projective and countably generated.

As a first step towards the proof of Theorem|[9.1.5|we will establish its particular
case:

THEOREM 9.2.2. The following four categories are naturally equivalent:

(a) The full subcategory of LieAlgbroid(X)<, consisting of those £, for which the
object

OblVy e Algbroide! /Tmaive (SCI) € QCoh(X)?
belongs to QCoh(X )?-ProiXo
(a’) The full subcategory of FormGrpoid(X), spanned by those objects R that:

e R is an indscheme, which is classical and Ry (see [GaRoll Sect. 1.4.11]
for what this means);

e R is classically formally smooth (see [GaRoll, Defn. 8.1.1] for what this
means) relative to X with respect to the projection ps: R — X.

(b) The full subcategory of LieAlgbroid(X), consisting of those objects £, for which
oblv aighroia (£) € IndCoh(X),

belongs to the essential image under Y x of the full subcategory
QCoh(X)?Proi®o ¢ QCoh(X).

(b’) The full subcategory of FormGrpoid(X), spanned by those objects R that:

e R is an indscheme, which is weakly Ry (see [GaRoll Sect. 1.4.11] for
what this means);

e R is formally smooth relative to X (see Chapter 1, Sect. 7.3.1 for what
this means) with respect to the projection ps: R - X.

The rest of the subsection is devoted to the proof of Theorem [9.2.2
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9.2.3. The equivalence of (a) and (a’). This is standard in the theory of classical
Lie algebroids.

9.2.4. The equivalence of (b) and (b’). Follows by combining Chapter 2, Corollary
3.3.5, [GaRoll, Corollary 8.3.6] and the following fact (see [BDL Proposition 7.12.6
and Theorem 7.12.8]):

LEMMA 9.2.5. Let F € QCoh(X)" be Zariski-locally countably generated. Then
the following conditions are equivalent:

(i) F is Zariski-locally projective.
(ii) The functor
QCoh(X)® - Vect?, F'v HY(I'(X,FoF))
can be written as
(;(E)%ig Hom(F;, F'),
where the maps F; — F; for j >4 are surjective.

9.2.6. The equivalence of (a’) and (b’). This is a relative version of [GaRo1l Corol-
lary 9.1.7].

9.3. The general case. In this subsection we will finish the proof of Theo-
rem by reducing the general case to the projective one by a trick that involves
monads.

9.3.1. As will be evident from the proof, the assertion of Theorem [9.1.5|is Zariski-
local on X. So, henceforth, we will assume that X is affine.

Consider the full subcategories
(QCoh(X) TP IN0) uive(x)y © (QCO(X)) jrmaive(x) C (QCOh(X)SO)/TQ(T(X))

and

(TX(QCOh(X)O’prOj’RO))/T(X) c (TX(QCOh(X)v))/T(X) c (TX(QCOh(X)SO))/T(X) c

C IndCoh(X)/T(X)
The functor T x defines equivalences

(QCoh(X)TProl™o) raive ) (T x (QCoh(X)¥ProhRo)) p v

| |

(QCoh(X)%)jpuarve(xy  ——  (Tx(QCoh(X)?))/r(x)
(QCOh(X)*%) puarve(xy ——  (Tx(QCoh(X)=))r(x)

Note also that the inclusions
(QCoh(X)?) jrmaive (x) € (QCOL(X)=%) jpmaive(x)

and
(Tx (QCoh(X)?))/r(x) € (Tx (QCoh(X)*))/r(x)
admit left adjoints, given by truncation. We denote these functors in both contexts
by 729, . .
QCoh
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9.3.2. Consider the monad oblvy,caighroid /rofr€€LicAlgbroid acting on IndCoh(X)/p(x)-
We have:

LEMMA 9.3.3. The monad oblvy;caighroid /1 © freeLicaigbroid preserves the full
subcategories

(Tx (QCoh(X)¥P ™)) 1 xy € (T x (QCoh(X)=))/r(x) € IndCoh(X) 1 (x).
The map of functors

>0
TQCoh © (oblvicalgbroid /T © freepicaigbroid) =
>0 >0
= TQCoh © (0bIVLicAlghroid /T © freeLieAlgbroid) © Tocon
is an tsomorphism.

ProoF. Follows from Proposition [5.3.2 (]

9.3.4. From Lemma [0.3.3 we obtain that the endo-functor
Té%oh o (0blVyicalgbroid /T ° freerieAlgbroid)

of

(TX(QCOh(X)O))/T(X) e (TX(QCOh(X)v))/T(X)
has a natural structure of monad, and the category
(9:-1) 78G0n © (0bIVLicAlgbroid /7 © FreeLicalgbroia)-mod((Y x (QCoh (X)) /r(x))
identifies canonically with the full subcategory of

(0b1Viealgbroid /7 © freeicalgbroid)-mod (Y x (QCoh(X)=°)) r(x)),

equal to the preimage of

(Tx (QCoh(X)%));(x) € (Yx (QCoh(X)=")),7(x)

under the forgetful functor
(0bIVLicAlgbroid /7 © freeicalgbroia)-mod((T x (QCoh(X)=%)) r(x)) —
— (Tx (QCoh(X)*))/r(x)-

Thus, we obtain that the full subcategory of LieAlgbroid(X) appearing in
Theorem identifies canonically with the category (9.1).

Hence, to prove Theorem it suffices to show that under the equivalence
(of ordinary (1) categories)

(QCO (X)) pmaive(xy = (Yx (QCoh(X)?))/r(x),
the monad

ObIVLieAlgbmidcl /Tmaive © freeLieAlgbroidcl

identifies with the monad

>0
TQCoh ° (0blvicalgbroid /7 © freeLicalgbroid)-
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9.3.5. Note, however, that from Theorem [9.2.2] we obtain that the two monads
are canonically identified when restricted to

(QCOh(X)v’pmj’No)/Tnaivc(X) ~ (TX(QCOh(X)W’pmj’NO))/T(X).

Moreover, it is easy to see that the monad oblvy ¢ ajghroidct jrmaive OfT€€L 0 A1ghroide!
commutes with sifted colimits. The corresponding fact holds also for the monad

>0
TQCoh ° (0blVicalgbroid /7 © freericaigbroid),

by Corollary

9.3.6. Now, the desired isomorphism of monads follows from the following fact:
for any object v € (QCoh(X)?) pnaive(x), the category

((QCOL(X)7P™ ) e,
is sifted and the canonical map

colim -y
'Y’e((QCOh(X)W’prOj’RO )/Tnaive(x) )/’Y

is an isomorphism.

9.4. Modules over classical Lie algebroids. In this subsection we compare we
will compare the category £-mod(IndCoh(X)), as defined above, with the corre-
sponding category for a classical Lie algebroid on a classical scheme.

9.4.1. Let X be a classical scheme of finite type, and let £ be a classical Lie
algebroid on X. Throughout this subsection we wil assume that £ is flat as an
O x-module.

Let
(QCOh(X X X)Ax )fel.ﬂat
be the monoidal category introduced in Chapter 4, Sect. 4.1.1.

According to [BB] Sect. 2], to £ one associates its universal enveloping alge-
bra U(£) which is an associative algebra object in (QCoh(X x X)A )% fat-

9.4.2. We have a canonically defined fully faithful monoidal functor
(QCoh(X x X) A )rerfiat = QCoh(X x X)
and a monoidal equivalence
QCoh(X x X) — Functeont (QCoh(X), QCoh(X)).
Composing, we obtain a fully faithful functor

9.2)
AssocAlg((QCoh(XxX) Ay )t fiar) = AssocAlg (Functeon; (QCoh(X ), QCoh(X))).

Hence, we obtain that U(£) gives rise to a monad acting on QCoh(X). In
particular, it makes sense to talk about the category

U(£9)-mod(QCoh(X)).

This is, by definition, the category of modules over the classical Lie algebroid
£ denoted £°-mod(QCoh(X)).
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REMARK 9.4.3. The category £%-mod(QCoh(X)) has a t-structure uniquely
characterized by the property that the forgetful functor to QCoh(X) is t-exact.
Now, as in [GaRo2| Proposition 4.7.3] one can show that if £ is flat as an object
of QCoh(X), then the naturally defined functor

D((£%-mod(QCoh(X)))?) - £-mod(QCoh(X))

is an equivalence.

9.4.4. Let £ be the object of LieAlgbroid(X), corresponding to £ under the
equivalence of Theorem [9.1.5

The next assertion follows from Chapter 9, Theorem 6.1.2 (which will be proved
independently):

LEMMA 9.4.5. For £ flat as an Ox -module, the endo-functor oblv assoc(U(£))
preserves the essential image of the (fully faithful) functor YTx : QCoh(X) —
IndCoh(X).

Hence, we obtain that U(£) defines a monad, denoted U (£)|qcon(x), on QCoh(X).
Moreover, the functor Y x gives rise to a fully faithful functor

U(£)-mod(QCoh(X)) - U(£)-mod(IndCoh(X)) := £-mod(IndCoh(X)).

9.4.6. We are going to prove:

THEOREM 9.4.7. The monads U(L") and U(£)|qcon(x) on QCoh(X) are
canonically isomorphic.

As a corollary, we obtain:

COROLLARY 9.4.8. The category £-mod(QCoh(X)) is canonically equivalent
to the full subcategory of £-mod(IndCoh(X)), consisting of objects, whose image
under the forgetful functor

£-mod(IndCoh(X)) — IndCoh(X)
lies in the essential image of Tx : QCoh(X) — IndCoh(X).

9.4.9. Proof of Theorem Step 1. First, the assumption on £ and Chapter 9,
Theorem 6.1.2 imply that U(£)|qcon(x) lies in the essential image of the functor

[©3).

Hence, the assertion of the the theorem is about comparison of associative
algebras in the ordinary monoidal category (QCoh(X x X)a )y flat-

In particular, the assertion is Zariski-local on X, and hence we can assume that
X is affine.

9.4.10. Proof of Theorem Step 2. We claim that the stated isomorphism of
associative algebras holds when

OV o agbroiaet (£°) € QCoh(X)TProio,

Indeed, this follows by unwinding the construction of the equivalence in Theo-
rem [9.2.2)
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9.4.11. Proof of Theorem[9.1.7, Step 3. We claim that the assignments
£~ UL and £~ U(L)|qcon(x)
commute with sifted colimits.

Indeed, for U(£) this follows from the construction. For U (£)lqcon(x), this
follows from Proposition a) and Chapter 9, Theorem 6.1.2.

9.4.12. Proof of Theorem Step 4. The required isomorphism follows from
Step 3, since our £ can be written as a sifted colimit of Lie algebroids as in Step

2, see Sect. [9.3.6 O

A. An application: ind-coherent sheaves on push-outs

In this section we will use the material from Sect. to show that the cate-
gories IndCoh(-) and QCoh(-)P* behave well with respect to push-outs of affine
schemes.

A.1. Behavior of ind-coherent sheaves with respect to push-outs. In this
subsection we will consider the case of IndCoh.
A1.1. Let

x; L x

(A1) gl[ ]gQ

X]_#Xg

be a push-out diagram in Schgg, where the vertical maps are closed embeddings, and
the horizontal maps are finite. Consider the corresponding commutative diagram
of categories

ImdCoh(X?}) <2 TndCoh(X3)

(A.2) gil lgi‘

IndCoh(X,) < — IndCoh(X>).

The goal of this subsection is to prove the following result:
THEOREM A.1.2. The diagram (A.2)) is a pullback square.

The rest of this subsection is devoted to the proof of Theorem [A:1.2]

A.1.3. Reduction step 1. Note that in Chapter 1, Proposition 1.4.5 we showed that
the functor

(A.3) IndCoh(X}) - IndCoh(X7) . ) IndCoh(X3)

dCoh(X
is fully faithful. So, it remains to show that the functor (A.3]) is essentially surjec-

tive.

Let IndCoh(X7)x, c IndCoh(X]) (resp., IndCoh(X}) x, c IndCoh(X})) be the
full subcategory consisting of objects with set-theoretic support on X; (resp., Xs).
It is easy to see that it is sufficient to show that the corresponding functor

A4 I h( X} -1 h(X/ I h( X
(A.4) ndCoh(X3)x, ndCoh(X7)x, Indc;;(Xl) ndCoh(X5)
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is an equivalence.

Indeed, the essential surjectivity of (A.4)) will imply the same property of (A.3)),
which follows from the localization sequences of DG categories

IndCoh(X}) x, - IndCoh(X}5) - IndCoh (X} \ X5)
and

IndCoh(X{)X1I o >;1(X )IndCoh(Xg) — IndCoh(X])  x )IndCoh(Xg) — IndCoh(X)\ X5).

IndCoh(X

A.1.4. Reduction step 2. The formal completion of X; in X can be written as a
filtered colimit of schemes X7 ,, where each X; — X7 , is a nilpotent embedding.
Then the formal completion of X5 in X} can be written as the colimit of the schemes

I !
X2,oz T Xl,a U XQ,
X1

see [GaRoll, Proposition 6.7.4].
The functors

IndCoh(X3)x, — limIndCoh(X} ) and IndCoh(X7)x, — limIndCoh(X7 )

are both equivalences (see [GaRoll, Proposition 7.4.5]).
This reduces us to the case when X; — X7 is a nilpotent embedding.

A.1.5. Reduction step 3. Using Chapter 1, Proposition 5.5.3 and the convergence
property of IndCoh (see Volume I, Chapter 5, Proposition 6.4.3) we can further
reduce to the case when the map

!
X1 d Xl
has a structure of a square-zero extension.

A.1.6. Proof in the case when Xy — X is a square-zero extension. Let the square-
zero extension X7 — X{ be given by a map

T*(Xl) g .7:, ]:[—1] € COh(Xl)
Then X, — X} is also a square-zero extension, given by

(%) L £.(T (X)) = £ (F).

Denote
Fr=DX"(F), Fo=D(f.(F)).
Since f is finite, we have

findCoh (-%1 ) ~ ‘i—2 )

According to Theorem the category IndCoh(X7{) can be described as
consisting of pairs Fj € IndCoh(X}), equipped with a null-homotopy of the com-
position

~ ! !
Fi[-1]®F - T(X)[-1]® F, - Fi,
and similarly for IndCoh(X3).
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Now, this makes the assertion of Theorem [A.T.2] manifest: an object of the

fiber product IndCoh(X{)I . >;1(X )IIldCOh(Xg) is an object Fj € IndCoh(X5),
n 0o 1

equipped with a null-homotopy for the composition

Fil-1]e f(F) - T(xX)[-1] & f/(F) ~ F(F),

which by adjunction is the same as a null-homotopy of the map

FindCoh( F 1] éf!(]:é)) — fIndCoh(p(x)[-1] éf!(fé)) - 73,

while the latter, by the projection formula identifies with the map

[ ndCo Lo 4
findCoh(fl)[_l] ®.7:2 N fi dC h(T(Xl))[_l] ®.7:2 — fga

and the latter map identifies with

Fol-1]@ Fp - T(X2)[-1] © Fs ~ F}.
O
A.2. Deformation theory for the functor QCoh(-)Pf. In this subsection we
will study the behavior of the category QCoh(-)P*™ with respect to push-outs.
A.2.1. First, we claim that Theorem [A-1.2] admits the following corollary:
COROLLARY A.2.2. Under the assumptions of Theorem[A.1.3, the diagram

QCoh(x])rert L Qron(xg)pert

(A.5) gfl lgi

QCoh(Xy)Pert L QCoh(X,)Pet
is a pullback square.

Proor. Follows from the fact that we have a commutative diagram of sym-
metric monoidal functors

QCoh(X)) ——  QCoh(X7) Qcog(Xl) QCoh(X5)

x| |+

IndCoh(X}) —— IndCoh(X7) IndCc:;(Xl) IndCoh(X3),

combined with Volume I, Chapter 6, Lemma 3.3.7:

Indeed, Theorem [A.T.2] implies that the bottom horizontal arrow identifies the
category of dualizable objects in IndCoh(X35) with

IndCoh(X{ )dualizable IndCoh(Xg )dualizable )

X
IndCoh(X1 )dualizablc
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A.2.3. We now claim that the diagram (A.5) is a pullback square for any diagram
of affine schemes (|A.2)), in which the vertical arrows are closed embeddings and
horizontal maps finite.

Indeed, the laft property of the functor QCoh(-)P°™, we reduce the assertion
to the case when X7, X and X, belong to Schzg.

A.2.4. We are now ready to finish the proof of the fact that the prestack Perf
admits deformation theory.

From Corollary [A:2.2] it follows that Perf admits pro-cotangent spaces and is
infinitesimally cohesive. Hence, it remains to show that it admits a pro-cotangent
complex.

By Chapter 1, Lemma 4.2.4(b), it suffices to prove the following. Let f:X; —
X, be a map in SchT, and let F; be an object of Coh(X;)<°, and let (X;)z,
denote the corresponding split square-zero extension of Xj.

For every F» € Coh(X3)=? equipped with a map f*(F,) — Fi, consider the
map

(Xl)fl - (XQ)fw

and the corresponding functor

h((X pcrf_) h((X perf h(X pcrf'
QCoh((Xz),)"™" > QCoh((X1)z )™ | x | QCoh(X2)

We need to show that the functor

li Coh((X2)7,)*"" — QCoh((X1)x, )P Coh(X5)P!
FaeCon( I, 5y p, QC0 (X2)7,) QCoh((X1)#) Qcon(iyyper C° (X2)

is an equivalence.

We will deduce this from Theorem [6.3.3] and Volume I, Chapter 6, Lemma
3.3.7.

A.2.5. We rewrite the category QCoh((X1)r, )P as consisting of pairs F’ e
QCoh(X )P, equipped with a map
DET(F1) 8 Y, (F) = T, (F)
in IndCoh(X}), which is equivalent to a map
End(F') - Fi,
in QCoh(X;), and similarly for QCoh((X2), )P

For a given F' € QCoh(X3)P!, denote & := End(F’) € QCoh(X5)Perf. Thus,
we have to show that the map

A6 li M & F
( ) fZECOh(XEC))ng?*(B)_)E apSQCOh(XQ)(a 2) =

- MapSQCoh(Xl)(f*(gLfl) = MapSQCoh(Xz)(ga fe(F1))

is an isomorphism.
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A.2.6. We note that the index category
Fa € Coh(X2)™, f*(F2) > P
that appears in the above formula identifies by adjunction with
Fp € Coh(X2)*0, Fo > fu(F1),
i.e., with (Coh(X2)<"),t, (7))
Since f.(F;) € QCoh(X5)?°, this category is filtered and the map

I Fy > fu(F
szCoh(XCQ?S}JIg}Q_)f*(}_l) 2 —> f ( 1)

is an isomorphism.

Now, the isomorphism in (A.6) follows from the fact that & € QCoh(Xs) is
compact.



CHAPTER 9

Infinitesimal differential geometry

Introduction

0.1. What do we mean by ‘infinitesimal differential geometry’? The goal
of this chapter is to make sense in the context of derived algebraic geometry of
a number of notions of differential nature that are standard when working with
schemes. These notions include:

e Deformation to the normal cone of a closed embedding;

e The notion of the n-th infinitesimal neighborhood of a scheme embedded
into another one;

e The PBW filtration on the universal enveloping algebra of a Lie algebroid
(over a smooth scheme);

e The Hodge filtration (a.k.a. de Rham resolution) of the dualizing D-
module (again, over a smooth scheme).

A feature of the above objects in the setting of classical schemes is that they
are constructed by explicit formulas.

For example, the PBW filtration on the universal enveloping algebra of a Lie
algebroid is defined by letting the n-th term of the filtration be generated by n-fold
products of sections of the Lie algebroid, a notion that is hard to make sense in the
context of higher algebra, and hence derived algebraic geometry.

The de Rham resolution
wx ® ATL(T(X)) - ... .>wx ® T(X) > Wx
OX OX
is also defined by explicitly writing down the differential, something that we cannot
do in higher algebra.

But our task is even harder: not only do we want to have the above notions for
derived schemes, but we want to have them for objects (and maps) in the category
PreStkiasi-def- S0, an altogether different method is needed to define these objects.

0.1.1. Continuing with the example of U (L) for a Lie algebroid £, the initial idea
of how to produce a filtration is pretty clear: the category of filtered objects in Vect
identifies with QCoh(A)S™  and similarly, for a DG category C, the category CFil
of filtered objects in C identifies with

(C® QCoh(A"))Sm.
Now, the category CFil>0 ¢ non-negatively filtered objects identifies with
(C ® QCOh(Al))Alleft.mx,

379
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where the superscript Al .. stands for the structure of left-lax equivariance with
respect to the monoid A'; see Sect. where this notion is introduced.

For £ e LieAlgbroid(X), we regard U(£) as an algebra object in the monoidal
category Functeopnt (IndCoh(&X'),IndCoh(&X')), and we wish to lift it to an object
(0.1)

U(£)"™ e AssocAlg ((Functeon (IndCoh(X), IndCoh(X)) @ QCoh(A!)) errax )

We shall now explain how to produce such a U(£)F, and this will bring us to

the idea of deformation to the normal cone (rather, normal bundle in the present
context), central for this chapter.

0.1.2. Our main construction is the following. For X e PreStkjas.qer and Y €
FormMody, we construct a family

Yscaled € FormMOdXxAl//)}xAl )
i.e., a family of objects of FormMod y,/y parameterized by points of Al

The fiber Y, of this family over 0 # A € A! is be (canonically) isomorphic to
the initial . Tts fiber ), over 0 € A! identifies canonically with the vector-prestack
Vectx (T(X/Y)[1]) (see Chapter 7, Sect. 1.4), where we can think of T'(X/Y)[1]
as the normal to X in ).

Crucially, the above Al-family has the following extra structure: it is left-
laz equivariant with respect to the monoid A' acting on itself by multiplication.
Concretely, this means that for \,a € A', we have a system of maps

Yax = I
that satisfy a natural associativity condition.

We will denote the resulting object of (FormMod xya1;/yxat )Alleft-lax by Vscaled Al

left-lax

It is the existence of this object that will allow us to carry out the ‘differential’ con-
structions mentioned earlier.

0.1.3. Here is how the deformation VY ,jeq,41 can be used in order to produce

left-lax
the object (0.1)).

The datum of U(£) is encoded by the category £-mod(IndCoh(X)), equipped
with the forgetful functor oblve : £-mod(IndCoh(X')) — IndCoh(X).

As will be explained in Sects. and constructing U (£)¥! is equivalent to
finding a right-lax equivariant extension of the pair (£-mod(IndCoh(X)),oblve).
Let (X ER V) € FormModx, be the formal moduli problem corresponding to £.
According to Chapter 8, Sect. 4.1.2, we have an identification
£-mod(IndCoh(X)) ~ IndCoh(}Y)
under which the functor oblve corresponds to f'.

We define the sought-for left-lax equivariant extension for IndCoh()’) to be the
category IndCoh(Yscated), and for the functor f' to be the pullback along
X xA' > Yscaled-

The right-lax equivariant structure on IndCoh(Yscaled) is given by the left-lax equi-
variant structure on YVscaled, given by Vscaled,a

1 .
left-lax
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0.2. The n-th infinitesimal neighborhood and the Hodge filtration. The
deformation Y ~ Vscaled, AL is used also for the construction of n-th infinitesimal

neighborhoods and of the Hodge filtration on the dualizing D-module (crystal).
0.2.1. The idea of infinitesimal neighborhoods
(0.2) X=xOx®O 5 xSy

is that each X(™) is a square-zero extension of X("~1) by means of the object of
IndCoh(X("~1) equal to the direct image of Sym™ (T'(X/Y)[1]) under X - X1,
We remind that T'(X/Y)[1] should be thought of as the normal bundle to X inside
Y.

To specify such an extension we need to specify a map
(0.3) Sym"™(T(X/V)[1]) - T(X""D)/Y)]x.

For example, for n = 1, the map (0.3 is the identity. However, for n > 2 we
encounter a problem: which map should it be?

Here the deformation YV ~ Vi aled a1 comes to our rescue.

left-lax

0.2.2.  'We modify the problem, and instead of the system (0.2]), we want to con-
struct its filtered version

(0.4) AxAl=x© L x® L p0 = oo = Vscaled

scaled scaled scaled
in (FormMod x a1/ /yxat )Alleft-lax.
In particular, instead of the map , we now need to construct the map
(0.5) Sym" (T(X/P)[1]) > TXed) P s
in
IndCoh(X x A!)Aestax ~ IndCoh(&X)F 20,
where Sym"™ (T (X/Y)[1]) is placed in degree n.

Now, the point is that one can prove that T(X(nfl))/y)uml belongs to

scaled
IndCoh(X)F 12" ¢ IndCoh(X)F129,

and its n-th associated graded is isomorphic precisely to Sym” (T (X/Y)[1]), and
this gives rise to the desired map (0.5)).

0.2.3. When X - ) is a closed embedding, it is intuitively clear what the n-th
infinitesmal neighborhood X of X in Y is doing.

But we can apply our construction to any map between objects of PreStkiasidet-
In particular, we can take the map

Px.dr X = Xdr.
What is the n-th infinitesmal neighborhood of X in Xyg?

A concrete version of this question is the following: consider the filtration on
Wx.g, Whose n-th term is the direct image of wy(ny under x™ XyRr.-

This filtration is the Hodge filtration on wy,,. Its n-th associated graded is
inda,x (Sym™(T(X)[1])) € IndCoh(Xar) = Crys(X).

If X = X is a smooth scheme, this filtration incarnates the de Rham resolution
of the dualizing D-module.
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0.3. Constructing the deformation. We now address the question of how the
object

Al
YVscaled,Al € (FormModXXAl//yxAl) left-lax

left-lax
is constructed.

0.3.1. To construct Vicajed a? we will use the equivalence of Chapter 5, The-

left-lax

orem 2.3.2, and will instead construct the corresponding (A® left-lax equivariant)
Al-family of formal groupoids over X.

This A'-family of groupoids, denoted Recaled
versal procedure, explained to us by J. Lurie.

is constructed by a certain uni-

0.3.2. Namely, the prestacks R, ;.4 are obtained as mapping spaces from a certain
universal family of affine schemes Bifurcl,, .4 over Al i.e., for a point A € Al, we
have
Y = Maps((Bifurc’, , X x
A p (( scaled))\ )Maps((Bifurc:mled)A,y)

The simplicial structure on the assignment n — R, ;.4 comes from the structure
on the assignment

n

n = Bifurcy,,jeq

of simplicial object Bifurc?,,.q in the category ((Sch™") /a1)°P.

scaled must be. For n=0
A, because we want XY to be just X for any A e Al.

0.3.3. Once said in the above way, it is clear what Bifurc

e 0
we have Bifurcg ,joq =

For 0 #+ A € A' we want Xy to be the Cech nerve of the map X - ). So,
(Bifurc?,,j.q)x is the groupoid in (Sch™™)°P given by

(Bifurcy.,joq)x = PtU... U pt.

—_———
n+1

Le., this is the Cech nerve of the map @ — pt in (Schaﬁ)‘)p.

Now, since we want X to be Vect x (T(X/Y)[1]), we want (Bifurcl.,.q)o to be
the scheme of dual numbers. From here, it is easy to to guess that all of Bifurc), ;.4
should be

Spec(k[u, A]/(u—=MN)-(u+ X)),

where the variable u corresponds to the projection Bifurcicalcd - AL

The structure on (Bifurc,,.q)a of groupoid in (Sch®™)°P is completely deter-
mined by what it is when localized away from 0=\ € Al

0.4. What else is done in this chapter?
0.4.1. In Sect. 2| we perform the main construction of this chapter—that of the
deformation

Al
:))scaledA1 € (FOHHMOdXXAl//yXA1 ) left-lax

left-lax
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0.4.2. In Sect. |3 we translate the construction Y ~ Vcaled, AL, to the language
of Lie algebroids.

We obtain that any Lie algebroid £ canonically gives rise to a non-negatively
filtered Lie algebroid, denoted £F"', which technically means an object of

LieAlgbroid(&X x A'/A'),
equipped with a structure of left-lax equivariance with respect to A'.

The associated graded of £F1!, i.e., the fiber of the above family over 0 € A! is the
trivial Lie algebroid corresponding to the object oblviicaigbroid (£) € IndCoh(X).

We show that the construction € ~ £F!! is compatible with the forgetful functor
OblVyicalghroid /7 : LieAlgbroid(X) - IndCoh(&X) /p(xy-
Namely, the object
ObIVicatgbroia (L7 € (IndCoh(A)F120) 1y » (IndCoh(XxAL) yr(ayy, ) eriox

is the Al-family, whose value at A € A! is obtained by scaling the original anchor
map

oblviicalgbroids (£) = T(X)
by A.

0.4.3. In Sect. [4) we prove the following result: let H be a formal group over X,
and consider the corresponding pointed formal moduli problem Bx (H).

On the one hand, the procedure of deformation to the normal bundle yields the
family (Bx(H))scaled, A , which by functoriality is an object of

left-lax

Ptd ((FormMod/X><A1 )Alleft—lax) )

On the other hand, using the equivalence
Grp(FormMod,y) ~ LieAlg(IndCoh(&X'))

and using the canonical deformation of any Lie algebra b ~ hFil (see Chapter 6,
Sect. 1.5), we obtain an object

Hscaled,Al e Grp ((FOI‘InMod/XXAl )Alleft-lax) .

left-lax

We prove that there is a canonical isomorphism:

) = (BX(H))scaled,A

IL.e., the procedure of deforming a moduli problem, which was defined geomet-
rically via the schemes Bifurcgcaled7 AL reproduces the procedure of scaling the
Lie algebra. t

BXxAl (;L[scaled,A1

1 .
left-lax left-lax
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0.4.4. In Sect. 5| we carry out the constriction of the n-th infinitesimal neighbor-
hood of a nil-isomorphism X - ).

We show that the natural map
colimxX(™ -y
n
is an isomorphism.
We use the above isomorphism to construct a filtration on wy whose n-th term
is
(fa) M wam ),

where f,, denotes the map X(™ - ). When we interpret IndCoh()) as £-mod(IndCoh(X))
for the corresponding Lie algebroid £, the n-th associated graded of the above fil-
tration is

indg (Sym" (ObleieAlgbroid (2) [1] ) ) .
When Y = Xyr we recover the Hodge filtration.

0.4.5. 1In Sect. [l we construct the filtration on the universal enveloping algebra of
a Lie algebroid.

We also show that the n-th term of the filtration is given by pull-push along
L By

)

where "X denotes the n-th infinitesimal neighborhood of X under the unit map
X - R, where R is the total space of the groupoid corresponding to £.

0.4.6. Finally, in Sect. we apply some elements of the theory developed above
to the study of regular embeddings.

We say that a map f: X — ) between objects of PreStkger is a regular embed-
ding of relative dimension n if

T*(X/¥)[-1] € Pro(QCoh(X)")
belongs to QCoh(X)~ and is a vector bundle of rank n.
We show that for a regular embedding of relative dimension n, the functor
findCoh: IhdCoh(X) - IndCoh(Y)
admits a left adjoint, to be denoted f4€°":* and we prove Grothendiek’s formula
JIACOR s S (T (V) © f,

where we note that Sym™ (7% (X/Y)) € QCoh(X) is a line bundle placed in coho-
mological degree n.

As a corollary, we deduce that for a schematic smooth map g: X - Z of relative
dimension n, the functor
g™mdeoh*  IndCoh(Z2) - IndCoh(X),
IndCoh

*

, is defined and we have

g' = Sym"(T*(X/2)[1]) ® g™,

left adjoint to g
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1. Filtrations and the monoid A’

Let C be a functor
(PreStk)°? - 1-Cat .
For example, C(X) = QCoh(X) or C(X) = LieAlg(QCoh(X)).

Suppose now that a prestack X is acted on by a monoid G. In this section we
introduce the notion of what it means for an object ¢ € C(X) to be left-lax (resp.,
right-lax) equivariant with respect to G. This notion generalizes the much more
well-known one when G is a group (and when instead of lax equivariance we have
the usual equivariance).

Taking X = A! and G = A!, acting on itself by multiplication, we will see that
the category

(C ® QCoh(A!))Aertax
(here C is an arbitrary DG category) is equivalent to that of non-negatively filtered
objects in C.

This observation produces a mechanism of creating non-negatively filtered ob-
jects from algebraic geometry, as long as we can replace the initial geometric object
by an A'-family, which is left-lax equivariant with respect to the action of A' on
itself.

1.1. Equivariance with respect to a monoid. The notion of equivariance with
respect to a group-action is completely standard. The situation with monoids may
be less familiar: in fact, there are three different notions of equivariance: right-lax
equivariance, left-lax equivariance and just (or strict) equivariance.

1.1.1. Let C; and C; be two oco-categories, each equipped with an action of a
monoid-object of Spc, denoted G. Let ® : C; — Cs be a functor.

Informally, a structure of right-lax equivariance (resp., left-lax equivariance) on
® with respect to G is a homotopy-coherent system of assignments for every point
g € G of a natural transformation go ® - ® o g (resp., Pog —» go ®), in a way
compatible with the monoid structure.

A structure of (strict) equivariance is when the above maps are isomorphisms.
If G is a group, then the above maps are automatically isomorphisms.

1.1.2. Formally, the notion of right-lax equivariance falls into the paradigm of
right-lax module functors between two module categories over a given monoidal
category: we can view G as a monoidal oco-category.

Equivalently, this definition can be formalized as follows. Consider the corre-
sponding simplicial object G* in Spc, and consider the co-category

BG = £(G*),
see Volume I, Chapter 10, Sect. 1.3.2 for the notation.

L.e., BG is a category with one object, whose monoid of endomorphisms is
identified with G.

The datum of action of G on an oo-category C is equivalent to that of a co-
Cartesian fibration
CBG - BG,
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that fits into a pullback diagram

¢ —— Cpe

I

BG.

A structure right-lax equivariance on ® with respect to G is by definition a
datum of extension of ¢ to a functor

®pc: (C1)Ba —~ (C2)Ba

*

over BG.

A structure of right-lax equivariance on ® is a structure of (strict) equivariance
if ®pg sends co-Cartesian arrows to co-Cartesian arrows. Equivalently, this is a
natural transformation between the functors

BG — 1-Cat,
classifying the co-Cartesian fibrations (C1)pg and (C2) g, respectively.

A structure of left-lax equivariance on @ is a structure of right-lax equivariance
on the functor

PP CP > CP.

1.1.3. It is clear that the composition of functors, each endowed with a structure
of right-lax (resp., left-lax) equivariance, has a structure of right-lax (resp., left-lax)
equivariance.

It is also clear that if a functor ® has a structure of right-lax (resp., left-lax)
equivariance, then its left (resp., right) adjoint, if it exists, has a natural structure
of left-lax (resp., right-lax) equivariance.

1.2. Equivariance in algebraic geometry. In this subsection we will adapt
the notion of equivariant functor, where instead of just oco-categories we consider
contravariant functors on Sch™® with values in co-categories.

As a particular case, we will obtain the notion of left-lax or right-lax equivariant
quasi-coherent sheaf on a prestack, equipped with an action of a monoid.

1.2.1. Let C be a presheaf of categories, i.e., a functor
(Sch*™)°P  1-Cat .

Let G be a monoidal prestack, i.e., a monoid-object in PreStk, equivalently, a
functor

(Sch®)°P - Monoid(Spc).

Informally, an action of G on C is by definition a system of actions of G(S) on
C(S) for S € Sch™®, compatible with pullbacks.

Formally, an action of G on C is a datum of a functor

Cpg : (Sch™™)°P - 1-Cat,
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equipped with a natural transformation Cpg - BG and a pullback diagram

¢ —— Cgg

L

pt —— BG,
such that for every S e Schaff, the corresponding functor
Cpg(S) » BG(S)
is a co-Cartesian fibration.

1.2.2. Let C1,Cy be two presheaves of categories, each equipped with an action of

g.

For a natural transformation ® : C; — Cq, a datum of right-lax equivariance
(resp., left-lax equivariance) with respect to G is a compatible system of structures
of right-lax equivariance (resp., left-lax equivariance) on the functors

q)s Cl(S) g CQ(S)

1.2.3. A particular case of this situation is when C; = X’ € PreStk, i.e., is a functor
(Sch®)°P  Spe.

In this case we can think of a functor ® from X to C = Cs as a section p € C(X),
where we regard C as a functor

PreStk? — 1-Cat
by right Kan-extending the original (Sch®T)ep $ 1-Cat along (Sch™™)°P < PreStk°P.

Thus, we obtain the notion of a section p € C(X) to be right-lar equivariant
(vesp., left-lax equivariant, (strictly) equivariant) with respect to G.

We will denote the resulting categories by
C(X)gright-lax7 C(X)gleft-lax and C(X)g,
respectively. We have the fully faithful embeddings
C(X)gright»lax o C(X)g o C(X)gleft»lax.

1.2.4. An example of the situation in Sect. is when
C =QCoh*,
where the action of G on QCoh™ is trivial.

Thus, for X € PreStk and F € QCoh(X), a datum of right-lax equivariance
(resp., left-lax equivariance) with respect to G assigns to every x € Maps(S, X') and
g € Maps(S,G) a map

e (F) > (g-2)"(F) (resp., (g-2)"(F) = 2™ (F)),
in a way compatible with products of ¢g’s and pullbacks S — Ss.

We let QCoh(X)%ignt-tax (resp., QCoh(X)9e-1ax) denote the category of objects
in QCoh(X), equipped with a structure of right-lax (resp., left-lax) equivariance

with respect to G. We let QCoh(X)9 be the category of objects equipped with a
structure of (strict) G-equivariance.
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1.2.5. Here are several other examples of presheaves C that we will use (for now,
all of them have the trivial action of G):

(i) Take C(S) = C ® QCoh(S) for a fixed DG category C.

(ii) Take C(S) := P-Alg(O®QCoh(S)) for a fixed symmetric monoidal DG category
O and an operad P.

(iil) Take C(S) := QCoh(.S)- mod, the category of module categories over QCoh(.5).
(iv) Take C(S) := PreStk,g. In this case, for a prestack X, a map p: & - C amounts
to a prestack ) over X. Given a G-action on X, a datum of right-lax equivariance

on p is equivalent to that of a lift of the given G-action on X to a G-action on ).
This structure is a (strict) equivariance if and only if the square

gxy action y
action

GxX —— X
is Cartesian.

1.3. The category of filtered objects. It is well-known that the formalism of
equivariance with respect to the multiplicative group allows to give an algebro-
geometric interpretation to the notion of filtered object in a given DG category.

We will review this construction in the present subsection.
1.3.1. Let C be a DG category. Recall the notation
CHl.= Funct(Z, C),
see Chapter 6, Sect. 1.3.

1.3.2. Consider the presheaf of categories C ® QCoh(-) from Example (i) in
Sect.

We will take our group-prestack G to be G,,,. We take X = A!, where G,, acts
on A' by multiplication.

PROPOSITION-CONSTRUCTION 1.3.3. There is a canonical equivalence
(1.1) CFl = (C® QCoh(A))"™ .
Proor. By [Ga3l Theorem 2.2.2], the natural functor
C & (QCoh(A1)*" > (C® QCoh(A"))""
is an equivalence. It is equally easy to see that the functor
C ® Vect™ —» CF!
is an equivalence. Hence, it is sufficient to treat the case C = Vect.

We construct the functor
(QCoh(A"))*™ = Vect™
as follows. Given F ¢ (QCoh(A1 ))Gm we define the corresponding functor Z — Vect

by
neT(AY F(n-{0}))%m,
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where the superscript G,, stands for taking G,,-invariants, and F(n - {0}) means
twisting F by the corresponding Cartier divisor.

The fact that this functor is an equivalence is a straightforward check.

1.3.4. Consider the functor
(C & QCoh(A"))*" - C ®QCoh(A!) » C,
given by restriction to {1} € Al. Under the identification , this functor corre-
sponds to the functor of ‘forgetting the filtration’
oblvy; : C*' - C.
1.4. The category of graded objects. In this subsection we will consider a

variant of the material in Sect. where instead of filtered objects we consider
graded ones.

1.4.1. Consider the category

Ce = CL.
As in Proposition we have:
C” =~ CCr

i.e., this is the G,,-equivariant category for the presheaf of categories C ® QCoh(-)
over X = pt.

1.4.2. The forgetful functor
ct > C

corresponds to the functor of ‘forgetting the grading’
oblv,, : C*# — C.

1.4.3. The adjoint functors
(gr — Fil) : C& 2 C™ : Rees

(Chapter 6, Sect. 1.3.3) correspond to the functors of pullback and push-forward
along the projection A! — pt.

1.4.4. Consider the functor of the ‘associated graded’
ass-gr: CTl 5 C#",
see Chapter 6, Sect. 1.3.4.
In terms of the identification
(1.2) CFl~ (C o QCoh(A))™"
the functor ass-gr corresponds to
F e (Idc ®ig)* (F),
where 4o : {0} — AL
1.5. Positive and negative filtrations. It turns out that if in the discussion
in Sect. we replace the group G,, by the monoid A', the corresponding extra

structure will single out non-negative filtrations (in the case of left-lax equivariance)
or non-positive filtrations (in the case of right-lax equivariance).
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1.5.1.  Consider again the presheaf of categories from Example (i) in Sect.

Let us now take the monoid-prestack G = A', where A! is a monoid with
respect to the operation of multiplication. We take X = A, where A! acts on itself
by multiplication. We consider G,, as a sub-monoid of A;.

We have:

LEMMA 1.5.2.
(a) The forgetful functor

(Ce Qcoh(Al))Allef“ax ~ (C®QCoh(A"))*"

is fully faithful and its essential image identifies with C¥120 ¢ CFil,
(b) The forgetful functor

(C®QCoh(AL))* " _, (Ce QCoh(Al))""

is fully faithful and its essential image identifies with C¥H<0 c CFIL,

1.5.3.  We also have the following graded analog of Lemma [1.5.2

LEMMA 1.5.4.
(a) The forgetful functor
CAlleft-lax — CGm
is fully faithful and its essential image identifies with C&+29 c C8",
(b) The forgetful functor
CAgight—lax N C(G'm
is fully faithful and its essential image identifies with C&+<9 c C8F,
1.6. Scaling the structure of a P-algebra. In this subsection we make a di-
gression and explain that the construction in Chapter 6, Sect. 1.4 of endowing an

algebra B over an operad P with a filtration can be viewed as the operation of
‘scaling’ the structure maps P(n) ® B®" — B.

1.6.1. Let O be a symmetric monoidal category, and let P be an operad. Recall
the presheaf of categories

C(S) := 0 ® QCoh(S),
endowed with the trivial action of a monoid G.

The operad P defines an algebra object in the monoidal category of G-equivariant
endomorphisms of C. It follows that for a prestack &X', equipped with an action of
G, the forgetful functor

(P-mod(C(X)))*iererns = (C(A))Horerns

is monadic, with the corresponding monad being given by the action of P on
(c(x ))Alleft-lax as a symmetric monoidal DG category. Hence, we obtain an identi-
fication

(P-mod(C(X)))Mer-tox = P-mod(C(X)Herwinx).
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1.6.2.  We apply this to G = X = A!, acting on itself by multiplication. Thus, we
obtain an identification

(P-Alg(O ® QCoh(A!))) ertax = P-Alg((O ® QCoh(A)) erax ).
Using Lemma a), we identify
P-Alg((O ® QCoh(A!)) eriax ) ~ P -Alg(OF120).

Thus, we obtain a canonical equivalence:

(1.3) (P-Alg(O® Qcoh(Al)))Afeft,lax ~ P—Alg(OFH’ZO),

1.6.3. Recall the functor
AddFil: P-Alg(0) - P-Alg(0OF:20),
see Chapter 6, Sect. 1.4.2.
We obtain that it gives rise to a functor
Scale®ietiax : P _Alg(0) - (P-Alg(O ® QUoh(A)))Aertax.
Composing with the forgetful functor
(P-Alg(O ® QCoh(A!))) entax  P-Alg(O ® QCoh(A)),
we obtain a functor

Scale : P-Alg(0) — P-Alg(O ® QCoh(A")).

Sometimes we will use the short-hand notation

1
Bicalea = Scale(B) and Bycalea al, = Scaleier-iax ( B).

1.6.4. The functor Scale has the following properties:
. OblV’P(Bscaled) ~ Oble(B) ® Op1;
e i} (Bscaled) = B for any 0# A e Al;
e i3 (Bscaled) ~ trivp o oblvp(B).
REMARK 1.6.5. One can endow the functor Scale with a structure of associa-

tivity with respect to the monoid structure on A'. This gives rise to a non-trivial
action of the monoid A! on presheaf of categories P-Alg(O ® QCoh(-)).

2. Deformation to the normal bundle

In this section we introduce a key construction that deforms a nil-isomorphism
X — Y to its normal bundle. It is a derived analog of the deformation of a closed
embedding to its normal cone.

In subsequent sections, this procedure will give rise to naturally defined fil-
trations on various objects constructed out of Lie algebroids (e.g., the universal
enveloping algebra of a Lie algebroid).

The geometric input into the main construction in this section, explained in
Sect. was suggested to us by J. Lurie.
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2.1. The idea. Before we give the formal construction, let us explain its idea.
It is the following: given a nil-closed embedding X — Y we will construct the
deformation of ) to the normal bundle by deforming the corresponding groupoid
X 3<; X.

The sought-for A'-family of groupoids of X will obtained by mapping into the
original X a particular A'-family of groupoids in the category (Clschaﬁ)(’p, denoted

(Bifurcs.,oq)r, A €A

In this subsection we will informally describe what this family looks like.

We draw the reader’s attention to the fact that groupoid objects in the category
(ClSchz"ﬂ)Op are not very familiar gadgets.

2.1.1. For any A € A', the scheme (Bifurc’,,.;)x of objects in (Bifurc,.q)x is
just pt. The scheme (Bifurc),,;.q) of 1-morphisms is described as follows: if X # 0,
then
(Bifurc oq)x = {J U {-A} c AL,
Le., (Bifurcs,,joq) is the free groupoid in (¢'Sch®®)°P with the scheme of objects
being pt.

When A = 0, then (Bifurcl,,;.q)o is the scheme of dual numbers Spec(k[e]/€?).
Le., we should think of Spec(k[e]/e?) the limit of {\} U {-A} as XA - 0.

2.1.2. For any X\ € A! and X € PreStk, we obtain a groupoid object in PreStk by
considering the prestack of maps from (Bifurcy.,j.q)x into it:

Maps((Bifurcy.joq)a, X)-

Note that for A # 0, the groupoid Maps((Bifurcy.,j.q), X) is just X x X = X.

scale

L]
scaled

However, for A = 0, the groupoid Maps((Bifurc
the tangent complex on X.

), X) is the total space of

2.2. A family of co-groupoids. We will now spell out the construction described
above in a more formal way.

2.2.1. In the category of connective DG algebras, consider the Cech nerve, denoted
A*, of the map
k—0.
Explicitly, A° =k, A' =k @ k and, in general, A’ = k& ... ® k. In particular, all
—_—
. i+1

A" are classical.
2.2.2.  We now claim that the groupoid A® in classical commutative algebras can
be naturally lifted to one in the category of mon-negatively filtered classical com-
mutative algebras, denoted (AFi)e.

Indeed, we define the filtration on A’ to be

i Aforn>1
(A")n = _
k for n = 0.

In particular, (A%), = A° for all n.
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REMARK 2.2.3. Note that (AF!)! is the the filtered algebra that we used in
Chapter 6, Sect. 1.4.1 in order to construct a canonical filtration on algebras over
operads.

2.2.4. Note that
(2.1) ass-gr((A")*) ~ k@ e(B*(k)), €*=0,deg(e)=1.

In other words, ass-gr((AF")*) is the classifying space simplicial object in the
category of classical augmented commutative algebra, corresponding to the com-
mutative group object

k[e]/€®, deg(e) =1.

2.2.5. Applying the equivalence of (1.3, we turn the groupoid (AF!)® in the
category of non-negatively filtered commutative connective DG algebras into a
groupoid, denoted

scaled,Al

left-lax
in the category of commutative connective algebras in QCoh(A'), equipped with a
structure of left-lax equivariance with respect to Al.

Denote by AS ,j.q the groupoid in the category of commutative connective al-
gebras in QCoh(A!), obtained from A° ) by forgetting the left-lax equiv-

scaled, A g

ariance with respect to Al

Explicitly,
A(s)caled = k[UL
and
Aécalcd = Spec(k‘[u, 6]/(’LL - 6) : (U + 6))
The two maps
1 0
Ascaled = Ascaled
are given by
€~ u and € —» —u,

respectively.

The degeneracy map A% |, - Al . . is u~ u. The inverse for the groupoid
is the map

Al g~ Al U U, € —€.

scaled>

2.2.6. Passing to spectra (in the sense of algebraic geometry), we obtain a groupoid
object, denoted
Bifurcgcaled,AI.

right-lax

in the category
(((Seb ) o) s )™

Let
N e 1
Svt . Blfurcscaled,Al. = BlfurcSC&lEdaAl-

right-lax right-lax

denote the two face maps (source and target, respectively).

Let Bifurc].,,.q denote the groupoid object in the category
((Sch™®)1)™,
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obtained from Bifurc? 4 a1 . by forgetting the the left-lax equivariance with
"Tright-lax

respect to A
Note that by construction, for any 0 # A € A!, we have

(Bifurc! ,oq)x = PtU... UL,
| —
i+1

and the groupoid structure is that of the Cech nerve of the map
@ - pt,
viewed as a morphism in (Sch™T)°P.

REMARK 2.2.7. Note that according to Sect. [1.2.5] Example (iv), the datum
of upgrading of Bifurci.,eq to Bifurcs,,j.q a1 amounts simply to the action of

right-lax
L]

scaled

the monoid A' on Bifurc compatible with the projection to Al.

2.3. The canonical deformation of a groupoid. We will now use Bifurcg_, .4 41

left-lax
to deform the Cech nerve of a nil-isomorphism in PreStkjas.qef to the total space
of its relative tangent complex.

2.3.1. Let X > Y be a map in PreStk, and let R® be its Cech nerve. Consider the
Al-family of simplicial objects of PreStk equal to

(2.2) Weiliifurc;caled (X x Bifurcs ,1eq) x (¥ x Ab),

scaled Bifured g ; .
Weil 4 (YxBifurce? ;.4

where the notation Weil is as in Sect. [A.1]

Le., for an affine scheme S, a point of the space of maps from S to i-simplices
of (2.2) consists of the data of:

e amap S —» Al;
eamapy:S—>YV;
e a map Sgl Bifurceajeq = X'

an identification of the composition S X Bifurcécaled - X - Y with the
map

. ; y
Sgl Bifurc; ,oq = S > V.

Note that, by construction, the simplicial object (2.2) in (PreStk) 4 is aug-
mented by ).

By Sects. and we have:

LEMMA 2.3.2. Assume that X and Y belong to PreStk.g (resp., PreStkias_def)-
Then the same will be true for the terms of the simplicial prestack (2.2)).
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2.3.3. Assume now that X and Y belong to PreStkjag qer and that X — Y is a
nil-isomorphism. Denote the simplicial prestack (2.2)) by R?

scaled*
Denote

_pl
Rscaled = Rscalcd'

We have a canonical (unit) map X x A > RS, 4.

is a nil-isomorphism. We claim:

and it is clear that this map

LEMMA 2.3.4. The simplicial object R?.,1.q s a groupoid object of (PreStkiafi-def ) /a1 -
PROOF. We need to show that for any n > 2, the canonical map

n
(23) scaled Rscaled XX Rscaled

e X
xAl X xAL

n times

is an isomorphism.

By Chapter 1, Proposition 8.3.2, it is enough to show that the map in question
induces an isomorphism of the tangent spaces along the unit section.

By (A.4)), for an affine scheme S and a point

S = X x Al
the pullback of the tangent space of the left-hand side of ([2.3)) relative to ) identifies
with
Tw(X/y) k([g)] F(Bifurcgcaleda OBifurc'” )a
u

scaled

while that of the right-hand side with

. 1

Tﬂ(‘)(/y) k([%l] F(Blfurcscaled’ OBifurciwled) Tz(X/;)®k,‘[u]
To (X [(Bifurcl . . Op: _
e yort T E) 8 TR Opine,,)

Now, the required assertion follows from the fact that

).

. n . 1 . 1
F(Blfurcscaleda OBifurC:C,dled ) = F(Blfurcscaled’ OBifurcimled )k[xu] . 'k[xu]F(BlfurCsca]ed ) OBifurcicaled

O

2.3.5. Let us calculate the fiber RS of R2.,j.q over 0 € A, First, by Sect.

scale;
the groupoid R is actually a group, and furthermore a commutative group-object

in FormMod, .

‘We now claim:

PROPOSITION 2.3.6. The commutative group-object R € FormMod, x identifies
canonically with Vectx(T(X/[Y)).

PrOOF. We will consider both sides as functors on the category Ptd(FormMod, ).
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The commutative group-object R§ € FormMod, x assigns to Z € Ptd(FormMod, x )
the space equal to the fiber of the restriction map

(2.4)

Maps(Z x Spec(k[A]/\?), X
*Map::((Z,X) aps(Z x Spec(A[A}/A%), )Maps(ZxSpeZ(k[)\]//W),y)

—> %  x_ Maps(X x Spec(k[A]/A%), X x
Maps(X,X) p( P ( [ ]/ ) )Maps(XXSpec(k[)\]/)\z),y)

Maps(Z,Y) >
Maps(X,)),

where the map in the above formula is given by restriction along X - Z, and where
the commutative group structure coming from the structure of commutative group
on

Spec(k[A]/A%) € ((Sch®™) . /)P,

By Chapter 7, Corollary 3.6.7, the commutative group-object Vectx (T (X/Y))
in the category FormMod,» assigns to

(25 x)e Ptd(FormMod, x )

the space
(2.5) Mapsp,con(a) (CoFib(wy - TN wz)), T(X/Y)).

Note that

Z x Spec(k[A]/A?) ~ RealSplitSqZ(wz),

see Chapter 7, Sect. 3.7 for the notation.

Hence, we can rewrite the fiber of the map as

Fib (Mapsz/ /y(RealSplitSqZ(wz), X) > Maps y, /y(ReaISplitSqZ(wX), X)) ,
and further as
Fib (Mapslndcoh(z)(wza T(X/Y)lz) ~ Mapsy,acon(xy (W s T(X/J)))) )

identifies with (2.5]), as required.
U

2.4. Deformation of a formal moduli problem to the normal bundle. We
will now use the deformation

R® ~ RS

scaled

to construct the deformation
y ~ J)s.cauled'
2.4.1. Let X be an object of PreStkjas_qef and let J be an object of FormMod x;.

Consider the formal groupoid R?.,;.q over X (and relative to ) x A'). Applying
Chapter 5, Theorem 2.3.2, we obtain an object

Yscaled € FormMOdXxAl//yxAl )

i.e., an Al-family of objects Vscaled € FormModX/.
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2.4.2. By construction, the fiber Yy at 0# A € A' identifies with the original ).

On the other hand, by Proposition the fiber ), at 0 € A! identifies canon-
ically with
Vectx (T(X/Y)[1]),
where T (X/Y)[1] = N(X/Y) can be thought of as the normal bundle to X in Y.

2.4.3. Example. Let us take ) = Xyr. Then the object
(XdR)scaled € FormMOdXxAl//)ixAl
is the Dolbeault degeneration of Xgr to Vectx (T(X)[1]).

REMARK 2.4.4. One can show that when A = X is a classical scheme, and Y
is the obtained as the formal completion of a classical scheme Y along a regular
closed embedding X — Y, then Vcaled is a nil-schematic ind-scheme (i.e., formal
scheme) equal to the formal completion along X x A' of the scheme given by the
usual deformation of Y to the normal cone.

2.5. The action of the monoid A!. Above to any ) ¢ FormMody, we have
assigned an A'-family Vicalea of objects of FormMod » /- However, this family pos-

sesses an extra structure: that of left-lax equivariance with respect to the monoid
Al

According to Sect. this is exactly the kind of structure that allows to endow
linear objects attached to Y with a non-negative filtration. The latter observation
will be extensively used in the sequel.

2.5.1. Recall that by construction, the groupoid
Bifurc? yieq € ((Sch™) 51)™
could be naturally upgraded to

. °
B1furcscaled7 Al

right-lax

€ ( ((Schaﬁ)/m )A‘l'ig““ax )Op .

Consider now the functor

FormMod xx—/ jyx- : (SchTyoP  1_Cat, S~ FormMod x5/ /yxs -

By transport of structure, we obtain that for J e FormMody/, the object
YVscaled € FormMod 1/ /yxats
viewed as a natural transformation
Al - FormModXX_//yx_

has a natural structure of left-lax equivariance with respect to Al, where the target
presheaf of categories FormMod x_//y«- is endowed with the trivial action of Al

Thus, we obtain a well-defined object

1
Aleft—lax

yscaled,A1 € (FormMOdXxAl//yxAl )

left-lax
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2.5.2. Restricting along {0} - A!, we obtain the object

Your, € (FormMody,)
that according to Proposition identifies with

Vectx (T(X/Y)[1]),
where T'(X'/Y) is regarded as an object of

IndCoh(X) ~ IndCoh(X)&"=! ¢ IndCoh(X)&"2 ~ IndCoh(X )™ ier-tax

3. The canonical filtration on a Lie algebroid

In this section we will show that any Lie algebroid on X gives rise, in a canonical
way, to a filtered Lie algebroid. This construction is a generalization of the con-
struction in Sect. that assigns to a Lie algebra in IndCoh(X') (or any symmetric
monoidal DG category) a filtered Lie algebra.

The associated graded of this filtration will yield the trivial Lie algebroid, and
this fact will be subsequently used to establish various properties of formal moduli
problems.

When working in the setting of classical algebraic geometry, the above filtered
structure can be constructed ‘by hand’. However, in the context of derived algebraic
geometry we will use the deformation to the normal bundle to produce it.

3.1. Deformation to the normal bundle and Lie algebroids. In this subsec-
tion we will adapt the material of Sect. to the language of Lie algebroids.

3.1.1. Consider the presheaf of categories

LieAlgbroid(X x /=) : (Sch®§)°P  1-Cat, S ~ LieAlgbroid(X x S/S).
We obtain that for any £ € LieAlgbroid(X') there is a canonically defined object
. 1
£ ¢ (LieAlgbroid(X x A/Al))"er
Moreover, this assignment is functorial in £. We denote the resulting functor
1
LieAlgbroid(X') — (LieAlgbroid(X x Al/Axl))Alef“ax
by AddFil.
3.1.2. Let us denote by ass-gr the functor
1
(LieAlgbroid (X x Al/Al))Ale“'lax - (LieAlgbroid(X))A%Cft’l“ )
given by taking the fiber at 0 € A®.
By Sect. the composite functor
ass-gro AddFil : LieAlgbroid(&X') — LieAlgbroid(X)
equals the composition

oblvyicalgbroid deg=1

LieAlgbroid(X) — IndCoh(X) — IndCoh(X)%" ~ IndCoh(X)Alle“-lax -

tI‘iVLie

VL LieAlg(IndCoh(X ) erinx ) ~ LieAlg(IndCoh (X)) eriax 8% Lie Algbroid (X )er-iax.
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REMARK 3.1.3. As in Remark one can show that the above functor
1
AddFil : LieAlgbroid(X') — (LieAlgbroid(X x Al/Al))A‘e“"“
is part of a richer structure. Namely, the functor
LieAlgbroid(X x —/-) : (Sch®)°P - 1-Cat
carries a canonical action of the monoid A'.

3.2. Compatibility with the forgetful functor. We shall now study how the
above canonical filtration on a Lie algebroid is compatible with the forgetful functor

OblVLieAlgbroid /T : L1eAlgbr01d(X) ind IndCoh(X)/T(X) .

3.2.1. Consider presheaf of categories
IndCoh(X x =) /p(x)xn.s (SChZH)P — 1-Cat, S+ IndCoh(X x S)/1(x)[xes-
The functor oblvycaighroid /7 defines a natural transformation

LieAlgbroid(&X x —/-) — IndCoh(X x =) /7 (x)|x._-

We endow IndCoh(X x =) /7(x)|x,. With the trivial action of the monoid Al
and the above natural transformation is (obviously) Al-equivariant.

In particular, we obtain a functor

ObIV i Alghroid 7 ¢ (LieAlgbroid(X x AlJAT)) e

Al@ ft-lax
(IndCOh(X XAl)/T(X”xml) teft-tax

1
3.2.2. Note that by Lemma|l.5.2(a), the category (IndCoh(X x AI)/T(XNXXM )Ale“'lax
identifies with

(3.1) (IndCoh(X)"™2%) /1 ).

Above we view T(X) as an object of IndCoh(X)¥20 via the functor (gr —
Fil) o (deg = 0), i.e.,

IndCoh(X) =~ IndCoh(X)¥12%<0 c IndCoh(x)""2°,

3.2.3. Recall now that in Chapter 8, Sect. 5.3.5, we defined a functor

Alc ‘t-lax
IndCoh(X)r(x) ~ (IndCoh(X x A") jreay ., ) <.

Namely, for F - T(X) € IndCoh(X),r(x), the underlying object (F 3 T(X))scaled
of IndCoh(X x Al)/T(X)l;ngl is given by

Vscaled

]:|X><A1 - T(X)|X><A17
where the value of Yscaled OVer A € Al equals A - 7.

The structure of left-lax Al-equivariance on (F 2 T(X))scaled 18 defined natu-
rally. Denote this functor by AddFil.
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3.2.4. In terms of the identification 7 the functor AddFil sends F > T(X) to
(gr — Fil) o (deg = 1)(F) % (gr — Fil) o (deg = 0)(T(%)).
Here for i > 0, we recall that (gr — Fil) o (deg = 7) denotes the functor
IndCoh(X) =~ IndCoh(X) 2" c IndCoh(X)""2* c IndCoh(X)"2°
(i.e., we take an object of IndCoh(JF) and place it in degree 7).
3.2.5. The goal of this section is to establish the following:

PROPOSITION 3.2.6. The following diagram of functors commutes:

AL (LieAlgbroid (A x Al/AL))"er

LieAlgbroid(X)
(3.2>)bleieA1gbroid /T l lObleieAlgbroid /T

i 1
IndCoh(X)r(x) LA, (IndCoh(X X Al)/T(X)\xXAl )Aleft-lax .

REMARK 3.2.7. Note that by adjunction from the commutative diagram ((3.2)),
we obtain a diagram that commutes up to a natural transformation:

i 1

LieAlgbroid(X) AddFil (Lie Algbroid(X x A/ Al))Aleft—lax
(33) fl‘eeLieAlgbroidT Tﬁ‘eeLieAlgbroid
AddFil Al

left-lax

IndCOh(X)/T(X) —_— (IndCOh(X X Al)/T(Xﬂxml)

We note, however, that the above natural transformation is not an isomor-
phism. Indeed, the two circuits give a different result even after applying the
functor ass-gr.

Le., the structure of filtered Lie algebroid on filtration on free;caigbroid (F 2
T(X)), given by the construction in Chapter 8, Sect. 5.3 is different from the
canonical filtration that exists on an arbitrary Lie algebroid, given by the construc-
tion in Sect. 311

3.3. Proof of Proposition
3.3.1. For £ € LieAlgbroid(X) the object

ObIVL i Algbroid /7 © AddFil(£) € (IndCoh(X x A") 1y, ) esie
can be described as follows.
Let )V be the object of FormMody/, corresponding to £. Consider the corre-
sponding prestack

Bifurc

Riscaled 1= WeilAl icaled (X X Bifurc;caled) X (y x Al)v

Weil } " Fenled (PxBifurclyoq
equipped with a structure of left-lax equivariance with respect to A'.
Consider the object

T(Rscalcd/X X A1)|X><A1 € IndCoh(X X Al)’
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1
scaled*

where Rgcaled = & x Al is induced by the map ¢ : A! - Bifurc
s5: Al - Bifurcl.,).q induces a map

T(Rscaled/X X Al )|X><A1 - T(X)|X><A1a
and the resulting object of IndCoh(X x Al)/lndcoh(XXAl)/T(X)l ) naturally lifts to
X xA

The map

(IndCoh(X x Ay, ) e
which is our oblvyeaigbroia © AddFil(£).
We need to show that the above object is obtained from the tautological map
T(X]Y)->T(X)
by the scaling procedure of Sect.
3.3.2.  We identify
T (Recated/ X x A" xxar = Fib (T(Recatea/V x A|xxar = T(X x A1)V x A1)),
which, by , identifies with
T(X/Y)®Fib (F(Bifurcicaledv Ositurct_,,) 5 T(AY, Op )) )
and its map to
IndCoh(X x A')/r(xy, . 2 T(X) ®@T(A', Opr)
identifies with

T(/Y) & Fib (T (Bifurcun O, ) &> T(41,00))

*
S
) >

- T(X/y) ® F(Bifurcicaledv OBifurcl

scaled

S T(X[Y)®T(A',041) » T(X)@T(AY, Oy1).
3.3.3. Thus, we need to show that the composite arrow
Fib (F(Bifurcgcaledﬂ OBifurcl 1 d) t:) F(Al7 OAl )) -

*
. 1 s 1
g F(Blfurcscalcdv OBifurCsl-caled) - ]-—‘(A ) Opr )7

viewed as an object of
(QCoh(A")0,,) v,
is obtained by the scaling procedure of Sect. [3.2.3|from the identity map Oy1 - Oy:.
3.3.4. We identify the above map with
Fib((AF! 5 k) > (AP Sk,
where (A" is the filtered algebra from Sect. m Here the two maps k® k =~
A' 3 k@ k are the projection on the first and the second copy of k
The resulting map in VectF 120 ig
(gr » Fil) o (deg = 1) (k) — (gr — Fil) o (deg = 0)(k),

as required.
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4. The case of groups

In this section we will show that assignment £ ~ £l of Sect. reproduces
in the case of Lie algebras the construction of scaling the Lie algebra structure

see Chapter 6, Sect. 1.4.3.

This is not altogether obvious, since the filtration in the case of Lie algebras was
produced purely algebraically, and in the case of Lie algebroids we used geometry

(specifically, the co-simplicial scheme Bifurcy.,oq)-

4.1. Deformation to the normal cone in the pointed case. In thus subsection
we will consider the deformation

y ~ yscaled,Al

left-lax

when ) is an object of Ptd(FormMod, ). Denote
H = Qx(y)

In this case, by functoriality, Vicajed a is an object of

left-lax

1
(Ptd(FOrmMOd/XxAl ) )A“““'lax .

4.1.1. Consider the corresponding object
Hscaled = QX(yscaled)
in (Grp(FormMod/XXN)).

By functoriality, it lifts to an object

1
Hscaled,Al € (Grp(FOI"mMOd/XXAl ))Alefﬁ—lax )

left-lax

4.1.2. Applying the functor
Liez : Grp(FormMod, z) — LieAlg(IndCoh(Z2))

(see Chapter 7, Sect. 3.6), we obtain an object

1
Liexxat (Hscateanr, ) € (LieAlg(IndCoh(X x Al))meﬁ.m .

Using the equivalence of (|1.3), we regard it as an object, denoted
Liex (%) € LieAlg(IndCoh(X)¥120).

We claim:

THEOREM 4.1.3. The above object Liey (HF!) € LieAlg(IndCoh(X)F120) iden-
tifies canonically with the object (Liex(H))! of Chapter 6, Sect. 1.4.3.
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4.1.4. Tt will follow from the proof that the isomorphism in Theorem [{.1.3] is
compatible with the corresponding forgetful functors.

Namely, it follows from Proposition that there is a canonical isomorphism
(4.1) oblvy(Liex (H¥1)) = (gr — Fil) o (deg = 1) 0 oblvy;c(Liex (H)).

In addition, by construction,
(4.2) oblvy;.((Liex (#))™) = (gr - Fil) o (deg = 1) 0 oblvyc(Liex (H)).

Now, the isomorphisms (4.1]) and (4.2)) are compatible via the isomorphism of
Theorem E1.3

4.1.5. Translating to the language of Lie algebroids we obtain:

COROLLARY 4.1.6. The following diagram canonically commutes

LieAlg(IndCoh(X)) 224 (LieAlg(IndCoh(X x Al))Aie-iax

diagl ldiag

i 1
LieAlgebroids(&X’) AddFil (LieAlgbroid(X % A1/A1))A1eu.1ax '

4.1.7. The compatibility in Sect. amounts to the fact that the data of com-
mutativity of the outer square in

LieAlg(IndCoh(X)) 229  (LieAlg(IndCoh(X x Al))Aies-1ax

diagl ldiag

i 1
LicAlgebroids(¥) 2% (LicAlgbroid(& x Al/A1))"
ObIVLicAlgboia/T(x) l lObleieAlgrboid /T(X)
AddFil Al
IndCoh(X),r(xy —— (IndCoh(X XAl)/T(X)\XXAl) tefttax

equals one in the outer square of

LieAlg(IndCoh(X))  —2™ (LieAlg(IndCoh(X x Al))Aieriiax

l |

IndCoh(X) W IndCoh(X % Al)Afeft_lax

l |

i 1
IndCoh(X)r(x) AddFil (IndCoh(X x Al)/T(X)\XxAl )Aleft-lax 7

where the lower vertical arrows are given by

F e (F3T(X)).
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REMARK 4.1.8. By adjunction, the next diagram commutes up to a natural
transformation:
LieAlg(IndCoh (X)) 2299%  (LieAlg(IndCoh(X x Al))Aes-1ax

ker-anch I T ker-anch

i 1
LieAlgebroids(X) AddFiL (LieAlgbroid (X' x AI/AI))A“’“'I*“‘ ,

We note, however, that this natural transformation is not an isomorphism.

4.1.9. The rest of this section is devoted to the proof of Theorem [£.1.3]

4.2. A digression: category objects and group-objects. We will now explain
a general categorical paradigm that will be used in the proof of Theorem

4.2.1. Let C be a pointed category with finite limits. Let ¢* be a Segal-object
(a.k.a., category-object) of C; see Volume I, Chapter 5, Sect. 5.1.1 for what this
means.

On the one hand, we consider the simplicial object of C equal to
(4.3) e =% x 0,

0

where ¢’ — c" is given by the degeneracy map.

It is easy to see that c® is a groupoid-object in C with c°
structure of group-object on d :=‘c'.

4.2.2.  On the other hand, consider the group-objects Q(c!) and Q(c°). The ‘tar-
get’ map t: ¢! - ¢ defines a homomorphism Q(c!) - Q(c). Define

"d := Fib((c') - Q(")).

= %, i.e., it defines a

We claim:

PROPOSITION 4.2.3. Under the above circumstances, there is a canonical iso-
morphism of group-objects in C
Id ~ ”d.

PRrOOF. Consider the category-object in Grp(C) given by Q(c*). We can regard
it as a group-object in the category of category-objects in C and as such it acts on
/.0

c®. This action defines an action of the group-object €2(c') on the object of C
underlying c!.

The action of the group Fib(Q(c!) - Q(c”)) on ‘¢! has an additional structure:
it commutes with the action of the group-object ‘c! on itself by right translations.

This defines a homomorphism "d — ‘d. At the level of the underlying objects
of C, this map is the map
* X (>e><>(—)—>>e><>e—>>e><co,
* %k cl cl ct
which is an isomorphism since the degeneracy map ¢ — ¢! is a right inverse to
t:ct > 0.

O

4.3. Proof of Theorem [4.1.3l
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1
4.3.1. Step 1. We claim that the object Hycajeq,a1 € (Grp(FormMod, x a1 ))Ale“'lax

. . left-lax
is given by

X xBifurc

1
(4.4) Weily 0 ! (H x Bifurc!.,;.q) N (X x AY),

with its natural left-lax equivariant structure with respect to A', and the map

X xBifurc? .
et e (3 x Bifurcloq) = H x Al

scaled

.1 X xBifurc,

1
Weil oo oo (H x Bifurclyoq) — Weil

scaled

0
scaled

1

g Bifurcscaled .

is induced by t : Bifurc

Indeed, we apply the setting of Sect. to the category

1
C := (Ptd(FormMod, xxa1) ))Ale“'lax

and

X xBifurc’,

o s scale; 1 1
c = WellXxAl fed (y X Blfurcscaled)'

Then the object ‘d of Sect. identifies with

. Bifurc?,.q . . 1y _
WellAl seate (X X Blfurcscalcd) Bifurce X (y x A ) - HSC&]Cd'
Weil 4 scaled (3 xBifurc?,

scaled

This is while the object "d of Sect. identifies with (4.4)).

Note that the group structure on (4.4) is induced by that on H (i.e., the
groupoid structure on Bifurcgcaled is not involved).

4.3.2. Step 2. From the commutativity of the diagram (A.7)), we obtain a canonical
identification of objects of objects of LieAlg(IndCoh(X) ® QCoh(Al))Alleft-lax

X xBifurc

LieXXN (WeilXXAl

scaled (H x Bifurcicaled) ’}-LXAl (X x Al)) =

. X xBifurcl g /1
~ Fib (WeﬂXxAl (Llek‘(,H)|2(><Bifurc1

bod) = Liew (H)lans ).
Now, it follows from Remark that the latter expression is canonically
isomorphic to (Liex (H))F!. O

5. Infinitesimal neighborhoods

Let X - Y be a closed embedding of classical schemes. In this case we can
consider the n-infinitesimal neighborhood of X inside Y (it corresponds to the n-th
power of the defining X in Y).

However, the derived version of this construction is not so evident (what do we
mean by the n-th power of an ideal?).

In this section we will define the corresponding derived version in the general
context of formal moduli problems. The key tool will be deformation to the normal
bundle from Sect. 2
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5.1. The n-th infinitesimal neighborhood. Let X — )Y be a map objects of
PreStkiagi-der- In this subsection we will construct a sequence of objects

X=X xO 5 L x0 =),
with X (™) e FormMod, .

The prestacks X will generalize the construction of the ‘n-th infinitesimal
neighborhood of X in Y’ for a closed embedding of classical schemes X - Y. (In
the case when the embedding is regular, the derived construction will agree with the
classical construction. However, in general, even if both X and Y are classical, the
derived n-th infinitesimal neighborhood will have a non-trivial derived structure.)

It will follow from the construction that X is the square-zero extension cor-
responding to the map T(X/Y) - T(X), i.e.,

RealSqZ(T(X[Y) - T(X)),
see Chapter 8, Sect. 5.1.1.

5.1.1.  We will construct the objects X" inductively, starting from n = 0. In fact,
we will construct their filtered enhancements, denoted

(n) Allef -lax
scaled,Al ;| € (Forrnl\/[OdX><A1//yxAl ) ' :
Let
Xs(crged € FOI'IHMOdXXAl//yXA1
be the object obtained from XS(CZL LAl by forgetting the structure of left-lax

left-lax

equivariance with respect to A', so that X is the fiber of x pat le Al

scalec

(0) . 1 (n-1) : :
Set X 1. QAL = X x A" Assume that X dal, equipped with a map
(n-1)
scaled,Al - yscalCdaAl

left-lax left-lax

has been constructed.
5.1.2. Consider the object
T(X" /)| x € IndCoh(X).

It canonically lifts to an object in IndCoh(X)F1120 € IndCoh(X)¥!, denoted (T (X1 /Y)|x)FIL.
Namely, we consider

T(X " 1Y cated)|exar € IndCoh(X x A1),

scaled

equipped with the natural structure of left-lax equivariance with respect to A', and
thus giving rise to the sought-for

(T(X™D 1)) € IndCoh(X x Al)Aertax ~ IndCoh(X)Fil:20,

We will prove:

THEOREM 5.1.3. The object (T (X1 /V)|x)F! belongs to IndCoh(X)Fib=",
and the n-th term of the filtration identifies canonically with

Sym™ (T'(X/¥)[1]) [-1].
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Here, by a slight abuse of notation, we denote by Sym"(T(X/Y)[1])[-1] the
object of _ .
IndCoh(&X)F 2" c IndCoh(&)F20

that should properly be denoted
(gr > Fil) o (deg = n) (Sym"™(T'(X/Y)[1])[-1]).
5.1.4. Let i,_1 denote the map X - X1 and let in-1,scaled denote the map
X x Al xmD

scaled *
Assuming Theorem we obtain a canonically defined map
(Z’nfl,scaled )indCOh (Symn (T(X/y) [1] ) [_1] ) e T(XS((Z;Icld) /yscaled ) .

X(nfl)

ealed COTTEsponding to

5.1.5. We let XS(CZ{E 4 denote the square-zero extension of

the composite map

(in-1 scated) P (Sym™ (T(X/Y) 1) [-1]) = T(XL01 [Vacatea) = T(XILD).
By transport of structure, the object
scaled

X(n) € FOYmMOdXXA1//yXA1

lifts to an object

1
(n) Alegt-1ax
ScaIEd’Alleft_lax € (FOI'mMOdXXAl//yxAl ) 5
(n-1) . . . .
the map XscaledAlle&_m = Vscaled, AL, 18 equipped with an extension to a map
(n) N 3y
scaled,Al | scaled,Aj g oy

5.2. Computing the colimit. In this subsection we will show that the colimit
of the n-th infinitesimal neighborhoods recovers the ambient prestack.

5.2.1. Recall that according to Chapter 5, Corollary 2.3.6, the category FormMod x,
admits sifted, and in particular, filtered colimits. Consider the object

colim X (™) ¢ FormMody/,

which is equipped with a canonically defined map to ).

PROPOSITION 5.2.2. The map
colimx™ »y
is an isomorphism in FormMod x, .

ProOOF. By Chapter 1, Proposition 8.3.2, it suffices to show that the map in
question induces an isomorphism at the level of tangent spaces

T (X [colim X™) - T(X/Y).
By Chapter 5, Corollary 2.3.6, the natural map
colimT(X /X ™) - T (X [colim X (™)

is an isomorphism.
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Hence, it suffices to show that the colimit
colimT(X™ [Y)|»
vanishes.

However, this follows from Theorem[5.1.3] Indeed, the above colimit lifts to an
object of IndCoh(X)F:20 which belongs to IndCoh(X)¥:>" for any n.
O

By combining with Chapter 5, Corollary 2.3.7, we obtain:
COROLLARY 5.2.3. The map
colimxX™ -y

is an isomorphism in (PreStkiag ) x; -

5.2.4. By combining Proposition with Chapter 7, Corollary 5.3.3(b) (or,
alternatively, just using Corollary [5.2.3|) above, we obtain:

COROLLARY 5.2.5. For ) € FormMody,, there is a canonical isomorphism

colim ()99 (W) = wy,

where f, denotes the map X - Y.

5.3. The Hodge filtration (a.k.a., de Rham resolution). Let £ be a Lie
algebroid on X. In the classical setting, the object wy, when equipped with the
canonical structure of £-module, admits a canonical ‘de Rham’ resolution with
terms induced from

Symn(OblVLieAlgbroid(ﬂ)[1])[—n].
In this subsection we will carry out the corresponding construction in the derived
setting.
The statement will be that the unit object in the category £-mod(IndCoh) has
a canonical filtration with subquotients indg (Sym" (oblviiealgbroid (£)[1])).
Applying this to £ =T (X), we recover the Hodge filtration on

Wxyr € IndCoh(XdR).

5.3.1. Let £ be a Lie algebroid on X € PreStkj,s_gef, corresponding to an object
(f: X »Y)eFormMody, .
Let wx ¢ denote the object of £-mod(IndCoh(X)) corresponding to wy ¢
IndCoh()). Tautologically,

Oblv/g(w;(’g) =Wx.

We will prove the following;:

PROPOSITION-CONSTRUCTION 5.3.2. There exists a canonical lift of wx ¢ to
an object
(wx.e)" € £-mod(IndCoh(X))F 20,
such that
ass-gr" (wx ¢) = indg (Sym" (oblviicalgbroia (£)[1])) -
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5.3.3. Proof of Proposition . Let X be the n-th infinitesimal neighborhood
of X in Y, see Sect. 5| Let iy, ip-1,, and f, denote the maps

X - xm xr=b L xm) and x5y,
respectively.

We let
(wa,e)=" = (fa) 19N (wrm).

Recall that by Corollary [5.2.5] the canonical map
colim (£,,)1 %M (Wxn ) = wy
n
is an isomorphism.

Hence, it remains to construct the isomorphisms

(51) coFib ((fn—l )indCOh(UJX(nfl) ) - (,fn)indCOh ((JJX('/L) )) ~
= [N (Sym™ (oblVLicatgbroia (€)[1])) -

The left-hand side in ([5.1)) identifies with

(fn)l*ndCOh (COFib ((inq,n)indCOh (Wxn-1) = Wam )) .

Let us recall that by construction, the map 4,1 p : X1 o x(") hag a struc-
ture of square-zero extension corresponding to

(in-1)34C" (Sym™ (T(X/Y)[1]) [-1]) € IndCoh (X "),
Hence, by Chapter 8, Proposition 6.4.2,
coFib ((in,l,n)indCOh(wX(nfl)) - wx(n)) ~
% (ip-1,0) 349" 0 (i) PN (Sym™ (T(X/Y)[1])) =
2 (i) 49N (Sym™ (T(X/Y)[1])) -
And hence, the left-hand side in identifies with
(F2)349 0 ()24 (Sym™ (T(X/P)[1])) = £ (Sym™ (T(X/P)[1]))
where

T(X]Y) =~ oblviicaigbroid (L),

as desired.
O

5.4. Proof of Theorem [5.1.3} reduction to the case of vector groups. In
this subsection we will reduce the assertion of Theorem [5.1.9] to the case when ) is
of the form Vectx (F) for F € IndCoh(X).

5.4.1. Since the functor
ass-gr : IndCoh ()20  IndCoh(x)&">°
is conservative, it is enough to prove that in
ass-gr((T(X™ V1) 2)F1) € IndCoh(x )"0
the lowest graded piece is in degree n, and is canonically isomorphic to Sym™ (T'(X/Y)[1]) [-1].
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5.4.2. By Sect.[2.5.2]and the compatibility of the functor RealSqZ with base change
(see Chapter 8, Proposition 5.4.3) this reduces the assertion of the proposition to
considering the case of

Y= Vectx(F) € (FormMod/X)Alleft-lax,
for
F ¢ IndCoh(X) ~ IndCoh(X)#"~! ¢ TndCoh(X)#"* = IndCoh (X )sesx,
5.5. Proof of Theorem the case of vector groups. When dealing with

vector groups we ‘know’ what the n-infinitesimal neighborhood must be, and this
is what we will establish, along with the assertion of Theorem [5.1.3]in this case.

5.5.1. Consider the symmetric monoidal category IndCoh(X)&" 2%, Let
CocomCoalg®"# (IndCoh(X)&>?) ¢ CocomCoalg™"# (IndCoh(X)&"27)

be the full subcategory consisting of objects, for which the augmentation co-ideal
belongs to IndCoh(X')&">0.

Consider also the category
LieAlg(IndCoh(X)&">?).

We have a pair of adjoint functors
(5.2)
Chev®™ : LieAlg(IndCoh(X)&>%) 2 CocomCoalg™é (IndCoh (X )&">) : coChev®™ .

By [EraGl Proposition 4.1.2], the adjoint functors in (5.2 are mutually inverse
equivalences.

5.5.2. For
F e IndCoh(X) =~ IndCoh(X)&"=" c IndCoh(X)#"=°
we consider the objects
Sym(F) and Sym="(F) e CocomCoalg®"(IndCoh(Xx)&">?).

Note that there is a canonical isomorphism
coChev™™ (Sym(F)) = trivyi (F[-1]).

(The above isomorphism is a particular case of Chapter 6, Theorem 4.2.4, but is
much simpler, since we are in the graded category, and the functors in (5.2)) are
equivalences.)

Note that
BX (tI‘iVLie(.'F[—].D) =~ VeCt)( (.7:)
Denote
g™ := coChev™" (Sym="(F)).
For example,
g(l) = freer;o (F[-1]).
(Again, this isomorphism holds because the functors in are equivalences.)

Denote 1
Vectx(}')(") := By (g(”)) c (FormModX/)Aleft-lax'

Let 7,, denote the map X — Vecty (F)™.
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5.5.3. Consider )
Y :=Vectx(F) € (FormMod/X)AlcftflaX,

and the corresponding object X" e (FormModX/)Allcftflax.
We are going to prove that there exists a canonical isomorphism in (FormMod /)Alleft-lax.
Vect x (F)™ = x ™),

and that the assertion of Theorem holds for Vecty (F )("). More precisely, we
will prove the following assertion:

PROPOSITION 5.5.4.
(a) The lowest graded terms in the objects of IndCoh(/"c')Allcftflax ~ IndCoh( )80

T (Vect x(F) "D/ Vectx (F)™)|x and T (Vectx (F)"™1 [ Vectx (F))|x
are in degree n; the map
T(Vectx (F) "D Vectx (F)™)|x » T(Vectx (F) "D/ Vecta (F))|x
induces an isomorphism of degree n terms, and both identify canonically with Sym" (F)[-1].
(b) The map
RealSqZ ((7n_1)£“d00h(8ym” (F)[-1]) » T(Vectx (.7-')("_1))) - Vect;((]:)("),

induced by the identification in (a), is an isomorphism.

5.5.5. The assertion of Proposition implies the required properties of Vect x (F) (n)
and X by induction on n.

5.6. Proof of Proposition The proof of Proposition will involve
some ‘cheating’: instead of performing the crucial computation, we will reduce
it to the case of classical algebraic geometry, namely, the embedding of 0 into a
finite-dimensional vector space.

5.6.1. Before we prove Proposition let us translate its assertion into the
language of Lie algebras.

Point (a) says that the objects
Fib (obleie(g(”_l)) - obleie(g(”))) and Fib (obleie(g("_l)) - F[-1])
both live in degrees > n, and their degree n part is isomorphic to Sym" (F)[-2].
Point (b) says the following. Let F,, denote the object
coFib (Sym" (F)[-2] = oblvr (")) € IndCoh(X)&=°.
We have a canonical map
obleie(g("_l)) - Fn.

Let
freericaig ), (Fn)

be the corresponding free object in the category of Lie algebras in IndCoh(X') under
(n-1)
g .

By point (a) of Proposition [5.5.4] we have a canonical map
(53) freeLieAlgg(n,l)/ (-7:71) - g(n) .
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Now, point (b) of Proposition is equivalent to the fact that the map (5.3))
is an isomorphism.

5.6.2. The above reformulation of Proposition [5.5.4 makes sense when IndCoh(X)
is replaced by an arbitrary symmetric monoidal DG category O. Furthermore, the
assertion of both points of Proposition [5.5.4] is about the comparison of pairs of
functors O — O, given by symmetric sequences.

Hence, we can replace IndCoh(X) by Vect, and we can assume that F is a
finite-dimensional vector space that lives in the cohomological degree 0.

In the latter case, the assertion of Proposition is manifest. ([

6. Filtration on the universal enveloping algebra of a Lie algebroid

Let £ be a Lie algebroid on X. Recall that in Chapter 8, Sect. 4.2 to £ we
associated its universal enveloping algebra U(£), which was an algebra object in
the monoidal DG category

Functeons (IndCoh(X), IndCoh(X)).

In this subsection we define a crucial piece of structure that U(£) possesses,
namely, the canonical (a.k.a. PBW) filtration.

6.1. The statement. In this subsection we state the main result of the present
section, Theorem

6.1.1. Consider the monoidal category

(Functeons (IndCoh(X), IndCoh(X)))F2° .

We claim:
THEOREM 6.1.2. The object
U(L) € AssocAlg (Functeont (IndCoh(X), IndCoh(X))),
canonically lifts to an object
U(L)F! € AssocAlg ((Functcont (IndCoh(X), IndCoh(X)))Fil’ZO) .

The corresponding associated graded identifies canonically with the monad given by
tensor product with freecom © oblviieaigbroia (£)-

The theorem will be proved in Sects [6.2][6.4]

6.1.3. The following corollary results from the construction of the filtration and

Theorem 1.3

COROLLARY 6.1.4. For £ = diag(h), the filtration on U(L) defined in Theo-
rem identifies with the one coming from the canonical filtration on U(h).

6.2. Constructing the filtration. As a first step, we will construct U(£)F! as
an object of the category

AssocAlg ( (Functon (IndCoh(X), IndCoh(X)))"™),
where we identify the latter with
Functeent (IndCoh(X), IndCoh(X)) ® QCoh(A)®m.
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6.2.1. Consider the forgetful functor

1
(FOrmMOdXXAl//yXAl )A‘e“""“‘ - (FOrmMOdXXAl//yXAl )Gm

Let us consider the resulting prestacks
X x A'/G,, and Vscated/Gom
over A'/G,,.
The map ficaled : X X Al = Vicaled gives rise to a QCoh(A!/G,,)-linear functor
(fscaled/Gm)" : IndCoh(Vscaled/Grm) = IndCoh(X x A'/G,,).

Since the symmetric monoidal category QCoh(A!/G,,) is rigid, the left adjoint
of the functor (fscaled/Gm)'s i€, (fscalea/Gm )N is also QCoh(A!/G,, )-linear.

Hence, by Volume I, Chapter 1, Sect. 8.4.4, the composition
(fscaled/Gm)! o (fscaled /(G7’n)£-ndcoh

has a natural structure of algebra object on the monoidal category
Functqeon(at/e,,) (IndCoh(X x A'/G,,),IndCoh(X x A'/G,,)),
while the latter identifies with
Functeont (IndCoh(X), IndCoh(X)) ® QCoh(A)®m.

This provides the sought-for lifting.
6.2.2. Our task is now to show that the object

U(£)" e AssocAlg ((Functeon (IndCoh(X), IndCoh(X)))™)
constructed above, belongs to the essential image of the (fully faithful) functor
AssocAlg ((Functcont (IndCoh(X),IndCoh(X)) )Fﬂ’zo) -
— AssocAlg ((Functcom (IndCoh(X), IndCoh(X)))Fﬂ) .

Note, however, that for any monoidal DG category O the following diagram is
a pullback square:

AssocAlg (OFH’ZO)

AssocAlg (OF”)

oblvassoc J( lOblvAssoc
OFil.20 N OFil.
Hence, we obtain that it suffices to show that the object
0b1V Ass0c (U (L)1) € (Functeon: (IndCoh(X), IndCoh(X)))™
in fact belongs to (Functcont(lndCOh(X),IndCoh(X)))Fﬂ’zo.

6.3. The categorical setting for the non-negative filtration. In this subsec-
tion we explain a general categorical paradigm for establishing that the filtration
on

0bIV Ags0c (U (£)F)

is non-negative.
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6.3.1. Consider the following presheaf of categories
(6.1) (Sch®™)°P - 1-Cat, S~ QCoh(S)-mod,
see Example (iii) in Sect.
We denote the value of this functor on Z € PreStk by ShvCat(Z).
6.3.2. We regard as equipped with the trivial action of a monoid G.

According to Sect. for a prestack Z, equipped with an action of G one
can talk about the category

ShvCat(Z)9ter-iax,
6.3.3. Assume now that Z = Z € Sch®T. Let C, D and D’ be three objects in
ShvCat(Z)%ishtax and let G: C - D and F’ : C - D’ be morphisms.
Applying the forgetful functor
ShvCat(Z)%ien-1ax  ShyCat(Z) ~ QCoh(Z)- mod,

the objects C, D and D’ give rise to QCoh(Z)-module categories, and G and F’ to
QCoh(Z)-linear functors.

Assume that G, viewed as a functor between QCoh(Z)-linear categories admits
a left adjoint, denoted F. Since the monoidal category QCoh(Z) is rigid, the functor
F is also naturally QCoh(Z)-linear.

6.3.4. Assume now that D and D’ are of the form
Dy ® QCoh(Z) and Dy ® QCoh(Z),

respectively, where the structure on D and D’ of objects of ShvCat(Z)9risnt-lax is
induced by the structure on QCoh(Z) of an object of ShvCat(Z)%ieht-lax (in fact,
ShvCat(Z)), arising from the G-action on Z.

We have:
LEMMA 6.3.5. Under the above circumstances, the object
F’ o F € Functqeon(z) (D, D’) = Functeont (Do, Dy) ® QCoh(2)
corresponding to GoF, admits a canonical lift to an object in the category
Functeont (Do, D)) ® QCoh(Z)Feit-1ax,

6.4. Implementing the categorical setting. We will now apply the setting of
Sect. to deduce the filtration on U(£).

6.4.1. We take the monoid G to be A! and Z = A!, equipped with an action on
itself by multiplication.

We take Dy, D{, = IndCoh(X).
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6.4.2. We take C to be IndCoh(Yscaled ), where the structure on C of an object of
the category ShvCat(A! )Alleft-lax is given by the lift of Vscaleq to the object of

1
yscaled,Al € ((PreStklaft )/Al )Alcft—lax .

left-lax
We take G and F’ to both be the functor of pullback along the map
X x Al = Vscaled-
The functor oblvassec(U(L)) is then one corresponding to F/ o F. The lifting
of Lemma defines the sought-for filtered structure.
6.4.3. The associated graded of U(£)¥! has the prescribed shape by Sect.

6.5. The filtration via infinitesimal neighborhoods. In this subsection we
realize the following (intuitively clear) idea: the canonical filtration on U(£) stated
in Theorem [6.1.2 can be realized by considering n-th infinitesimal neighborhoods
of the diagonal in the corresponding groupoid.

6.5.1. For (f:&X - ) e FormMody/, consider the corresponding groupoid
R=XxX,
y
and the algebroid £.

Let ps,p; denote the two projections R 3 &. Let Ay/y denote the diagonal
(i.e., unit) map X - R.

Let ‘X denote the n-th infinitesimal neighborhood of X in R, defined as in
Sect. Let ngn) denote the restriction of p; to ‘X i=s,t.

6.5.2. Consider the object of (Functcont(lndCoh(X),IndCoh(X)))Fﬂ’zo given by
(6.2) ne~ (pgn))indc‘)h o (p™)!,  Z2° - Functeont (IndCoh(X), IndCoh (X))
Let as assume Theorem [6.1.2] From it we will deduce:

THEOREM 6.5.3. There exists a canonical isomorphism between the object (6.2)
and

OblvAssoc(U(S)Fil)
in the category (Funthont(IndCOh(X), IDdCOh(X)))Fﬂ’ZO.
The rest of this subsection is devoted to the proof of this theorem.

6.5.4. Proof of Theorem Step 1. To prove the proposition, we need to con-
struct a compatible family of maps

(") o (™)' = 0BV Assoc (U (£)) ",
so that the induced maps
coFib ((p{" )4 o (p" ) > (pf) 1M 0 (1))
= coFib (0b1v Agsoc (U (L))" = 0blv psoc(U(£))=")
are isomorphisms.
First, the base change isomorphism
oblv Assoc(U(L)) := f! ° findCOh = (pt)indCOh ° p!s
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of Chapter 3, Proposition 2.1.2 defines a compatible system of maps
(6.3) (") o (p)' = oblVAssoc(U(2)).

6.5.5. Proof of Theorem[6.5.3, Step 2. As in Sects. [6.3] and [6.4] the prestack

7 p(n)
Xscalcd,Al

left-lax

1
Aleft-lax

€ (FormModXxA1//yxA1) )

and the corresponding maps

n),Fi n),Fily . 1(n
(pg »F 1)’ (pg ) ) : Xs(cajed,Al - & x Al’

left-lax

lift the system to an assignment

n e (p™ i IndCoho (), (MFIY 720 (Functeon (IndCoh(X), IndCoh(X))) ™.
In addition, the system of maps lifts to a system of maps

(64) pgn)f‘il)indCoh o (pgn),Fil)! = ObIVASSOC(U(S)FH).

Hence, taking into account (the filtered version of) Corollary [5.2.5, to prove
the proposition, it suffices to show the following:

LEMMA 6.5.6.
a) For every n, the filtration on p(n)’Fil IndCoh ,, pﬁ”)’“ ' stabilizes at n, i.e., the
t
maps
) s . Lo\ SmAl
( pgn),Fll)indCoh R (pgn),Fll)!)<m . ( pgn),Fll)indCoh o (pgn),Fll)!)<m+

are isomorphisms for m > n.

(b) For everyn, the map (6.4)) induces an isomorphism of the n-th associated graded
quotients.

6.5.7. Proof of Theorem Step 3. In order to prove Lemma [6.5.6] since the
functor ass-gr is conservative on (Functeon(IndCoh(X),IndCoh(X))) ™, it is
enough to prove the corresponding assertion at the associated graded level.

By Sect. this reduces are to the situation when ) = Vectx(F) for some
F € IndCoh(X).

However, in the latter case, the assertion of Lemma is manifest from

Corollary [6.1.4] and Sect. [5.5.3}

7. The case of a regular embedding

Recall that if f: X - Y is a regular closed embedding of classical schemes, then
we have Grothendieck’s formula that says that the functors f* and f' are related
by tensoring by the determinant of the normal bundle.

In this section we will establish an analog of this assertion in the derived setting.

7.1. The notion of regular embedding. In this subsection we will introduce
the notion of regular embedding in the context of formal moduli problems.
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7.1.1. Let X be an object of PreStkiag_der, and let (f: X > V) € FormMod y, .
We shall say that f is a reqular embedding of relative codimension n if
T*(X/Y)[-1] € Pro(QCoh(X)")
belongs to QCoh(X)™ and is a vector bundle of rank n (i.e., its pullback to any
affine scheme S is Zariski-locally isomorphic to OF"). Throughout this subsection
we will assume that f has this property.
7.1.2. Denote
det(T7(X/Y)) := Sym"™(T™(X/Y));
this is a cohomologically shifted (by [n]) line bundle.

Consider the objects Sym™ (T*(X/Y)) € QCoh(X). Note that they all are also
vector bundles. Moreover, Sym™ (T*(X/))) vanishes for m > n.

7.1.3. Note also that
T(X[Y) = Tx((T*(X[P))"),

where (T*(X/Y))Y € QCoh(X) is the tensor dual of T*(X/Y) in QCoh(X). In
particular, T(X/Y) is dualizable as an object of the symmetric monoidal category
IndCoh(X).

Furthermore, Sym™ (T'(X/Y)) € IndCoh(X) is dualizable for any m, and van-
ishes for m > n.

7.1.4. We now claim:
PROPOSITION 7.1.5. Let f: X = Y be a regular embedding. Then the functor
IndCoh ; 1ndCoh(X’) — IndCoh())
admits a left adjoint (to be denoted fmdCoh» ).

PROOF. In order to show that the functor fd€°h admits a left adjoint, it
suffices to show that it commutes with limits. Since the functor f' is conserva-
tive and commutes with limits (being a right adjoint), it suffices to show that the
composition

flo findCeh  1ndCoh(X) - IndCoh(X)

commutes with limits.

Let £ denote the Lie algebroid 7(X/Y). We have to show that U(£), viewed
as an endo-functor of IndCoh(X), commutes with limits.

Note now that Sect. implies that the canonical filtration on U(£) has the
property that ass-gr™ (U (£)) vanishes for m > n. Le., the filtration is finite. Hence,
it is enough to see that each graded term, viewed as endo-functor of IndCoh(X),
commutes with limits.

However,
ass-gr™ (U(L)) = Tx(Sym™ (T(X/Y))) ® -,
and the assertion follows.
O

7.2. Grothendieck’s formula. In this subsection we state the main result of this
section: Grothendieck’s formula that relates fmdCeh* and f'.
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7.2.1. The goal of this section is to prove the following result:
THEOREM 7.2.2. Let X be an object of PreStKiageger, and let (f : X - V) €
FormMody, be a regular embedding. Then:

(a) The natural transformation

fIndCoh,x-(_) N fIndCoh,x-(wy) é f!(_)

is an tsomorphism.

(b) There exists a canonical isomorphism

frdCohx () = Ty (det (T (X/V))) .

7.2.3. Combining points (a) and (b) of the theorem, we obtain:

COROLLARY 7.2.4. There exists a canonical isomorphism of functors IndCoh(Y) —
IndCoh(X)

FrRACon (=) = det(T(X/P)) © f'(-),
where ® is understood in the sense of the action of QCoh(-) on IndCoh(-).

7.3. Applications. In this subsection we give some applications of Theorem[7.2.2]

7.3.1. Schematic regular embeddings. Let f: X — ) be a schematic map between
objects of PreStky,g. Assume that f is a closed embedding, and that the map,
denoted

XY =Xar x YV
Yar
is a regular embedding of relative codimension n in the sense of Sect.
From Theorem [7.2.2] we shall now deduce:

COROLLARY 7.3.2. The functor
frmdCehx IndCoh()) - IndCoh(X),

left adjoint to fI"4C°P s defined, and we have a canonical isomorphism
Fracon () 2 det(T*(X/)) ® £(-).

PRrROOF. By base change, we can assume that X = X and Y = ) are schemes.
The condition on f implies that it is quasi-smooth, and hence eventually coconnec-
tive (see [AG] Corollary 1.2.5]). Hence, existence of the functor fmdCoh* follows
from [Gall, Proposition 7.1.6].

Let U Ly be the open embedding of the complement of image of f. Let ¢
denote the map Y - Y.

It is easy to see that fMdCoh~* o i - 0. Hence, by [GaRoll Proposition

7.4.5], the functor fmdCeh* factors through the co-localization i' : IndCoh(Y) —
IndCoh(Yy), ie.,

fIndCoh,* ~ (f/\)IndCOh,x— ° Z‘

Similarly, f' = (f*)'oi'. Now, the required result follows from the isomorphism
of Corollary for the morphism f”.
O
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7.3.3. Smooth maps. Let now g : X - Z be a schematic map between objects of
PreStkyas. Assume that g is smooth of relative dimension n.

Note that in this case T*(X/Z) € QCoh(X) is a vector bundle of rank n.
Denote

det(T*(X/Z)) == Sym™ (T* (X/Z)[1]).
This is a cohomologically shifted (by [n]) line bundle.
We claim:
PRrROPOSITION 7.3.4. The functor
gmdeoh*  IndCoh(Z) - IndCoh(X)
left adjoint to gi"C°P s defined, and we have a canonical isomorphism
graCon () = det(T" (X/2))" @ ¢'(-).
7.3.5. Step 1. By [Gall, Propositions 7.1.6 and 7.3.8], for any map f : X - X',

whose base change by an affine scheme is schematic and Gorenstein, the functor
firdCoh.* evists, and we have:

Kajar ® Fracerr (<) = f1(-)
for a canonically defined line bundle on Ky, s on X.

It follows formally that for a Cartesian diagram with vertical arrows Gorenstein

X, — . x

)

h/
X

we have a canonical isomorphism in QCoh(X;)
(7.1) R (Kxyxr) = Ky yars

Furthermore, it follows that for a composition of Gorenstein maps

PES S

we have a canonical isomorphism in QCoh(X)
(7.2) J (Kxryxn) ® Kxjxr = Kxjan.

Let g : X - Z be a Gorenstein map. Consider the diagram

V=X % x 2. x

| |s

g

X — Z.

By (7.1) and , we have:
(7.3) Kyjz = (ps) (Kxjz) ® (p:)" (Kx/z)-
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7.3.6. Step 2. Assume now that g: X — Z is smooth. We need to show that
’Cx/g o~ det(T*(é\.’/Z))
Let f denote the map
X->Y=XxX.
z

Since g is smooth, the map f is a regular closed embedding, i.e., satisfies the

assumptions of Sect. In particular, it is Gorenstein, and by Corollary
’Cx/y ~ det(T*(X/:)J))@_l.

Combining ([7.3]) and (7.2]), we obtain:

Kxjz=2Kx/z®Kxz®Kxjy-
Hence,

Kx/z = /c%, ~ det(T*(X/Y)).
L.e., it remains to show that

det(T*(X[Z)) ~ det(T*(X[Y)).
However, this follows from the canonical identification

T(Xx[y) =T (x]Z)[1].

7.4. Introducing the filtration. The rest of this section is devoted to the proof
of Theorem The idea is to upgrade the required isomorphism to one between
filtered objects, using the deformation to the normal cone of Sect. [2}

7.4.1. Consider again the object

1
Aleft-lax

yscaledAl € (FOI'mMOdXXAl//yXAl) s

left-lax

Gm .
and we will regard it as an object of (FormMod XxAl/ /yxA1) via the forgetful
functor

1
Gm
(FOI'IDMOdXXAl/ JYxAL )Ale“-lax g (FOI‘IHMOdXXAl//yXAl )

7.4.2.  The construction of Sect. upgrades the endo-functor frdceh.*o fIndCoh
of IndCoh(X') to an object

(7.4)  (ffmaCohx o pIndCoh( 2y ¢ (Bunct, (IndCoh(X), IndCoh (&))"

By construction, the object (7.4)) is the left-dual of oblv,esec(U (L)1), when

both are viewed as objects in the monoidal category (Functcont (IndCoh(X'), IndCoh(X)))

Since,
OblvaSSOC(U(S)Fﬂ) € (Funthont (IndCOh(X); IndCOh(X)))Fil,ZO,Sn 5

we obtain that
(7.5) |
(fimdConx o pIndCoh( £))™ ¢ (Bunctoon (IndCoh(X), IndCoh())) 270

Fil
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7.4.3. Similarly, the object fmdCoh*(¢)y,) naturally upgrades to an object
(fIndCoh,*(wy))Fil c IndCOh(X)Fil.

Finally, the natural transformation
fIndCoh,*(_) N fIndCoh,x-(wy) ® f!(_)
also lifts to a natural transformation of functors

IndCoh(X) - IndCoh(X)*,

7.4.4. We claim:
LEMMA 7.4.5.
(fimdCohox (1, ) Fil ¢ ndCoh (X )il
PROOF. Recall the construction in Proposition Note that the assignment
ks fRACOR (£ wam)),
as well as the maps

fmdCohyx o (g yIndCohy, oy, pIndCohyx o (p  yIndCoh, 0y
and
fImdCohux o (g yIndCohy, oy pIndCohyx (. y
all lift to the category IndCoh(X)FiL.

Hence, it is enough to show that for every k, we have

* ndCo Fil il,>-n
(fIndCoh, ° (fk)i dC h(wx(k) )) € IndCOh(X)F 1,> .

‘We note that the identification

COFib(fIndCoh,* ° (fk—l)indCOh(wX(k—l)) = fIndCOh,x— ° (fk)indCOh(wX(k)) ~
~ fIndCohﬁ* o indCoh (Symk(ObIVLieAlgbroid(‘g)[1]))

lifts to an isomorphism

: ndCoh,* ndCo Fil ndCoh,* ndCo Fil
COFlb((fI dCoh.x o (fk—l)i 4 h(wxoc—l))) - (fI dCohx g (fk)i ¢ h(wx(m)) )g
~ (fIndCOh,* ° f,{ndCOh)Fﬂ(wX) ® (Symk(ObleieAlgbroid(S)[1])) ,

where (fIndCoh,x gIndCoh)Fil j¢ 5q iy Sect. and where (Symk (oblviicalgbroid (£) [1]))
is in degree k.

Now,
(fIndCoh,* ° IndCoh)Fil(wX) € IndCOh(X)Fil’Z_n,

*

while (Symk (oblviiealgbroid (£)[1]) ) is non-negatively filtered.
O

7.5. Reduction to the case of vector groups. In this subsection we will reduce
the assertion of Theorem to the case when Y = Vectx (F) for F € IndCoh(X).
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7.5.1.  Since the essential image of IndCoh(X') under fI*4C°h generates IndCoh()),
in order to prove the isomorphism of Theorem a), it suffices to show that the
natural transformation

(76) fIndCOh,x- ° ){ndCoh(f-) N fIndCoh,x-(wy) ®F
is an isomorphism for any F € IndCoh(X).

7.5.2. Taking into account Lemma and ([7.5)), we obtain that in order to show
that (7.6) is an isomorphism, it is enough to prove that the isomorphism holds at
the associated graded level.

Using Sect. [2.5.2] this reduces point (a) of Theorem to the verification of
(7.6

the isomorphism ([7.6)) in the case when
Y :=Vectx (T(X/V)[1]).
7.5.3.  We will prove the following assertion:

PROPOSITION 7.5.4. With respect to the canonical filtration on fIC°N*(wy),
we have

0ifk+-n
T (det(T*(X/Y))) if k= -n.

Note that by Lemma [7.4.5] the assertion of Proposition [7.5.4] implies also The-
orem b).

In order to prove Proposition it is also enough to do so in the case when
Y i= Vectr (T(X/P)[1]) € (FormMod., )™,
where T'(X'/Y) is given grading 1.

ass—grk (fIndCoh,* (OJ)()) ~ {

7.6. The case of vector groups. In this subsection we will explicitly perform
the calculation stated in Theorem in the case of vector groups.

7.6.1. Let c
Y = Vectx(F) € (FormMod /) ™,

where F = T x (&), where £ € QCoh(X) is a vector bundle of rank n, and where we
regard F as an object of

IndCoh(X) ~ IndCoh(X)8"=! c IndCoh(X)*".

We note that in this case
T (det(T*(X/)) = Sym"(F'[1]),
where FV is the monoidal dual of F in the symmetric monoidal category IndCoh(X').
7.6.2. We have:
IndCoh(Y)®™ = freecom (F[-1])-mod(IndCoh(X)¢™),

where f' is the tautological forgetful functor

0blVeee,,. (F[-1]) * freecom (F[-1])-mod(IndCoh(X)®) - IndCoh(X)®™,
and fIndCoh ig the functor

indgrecq,,, (F[-1]) = freecom (F[-1]) ® -



A. WEIL RESTRICTION OF SCALARS 423

7.6.3. Consider the following abstract situation: let O be a symmetric monoidal
DG category, and let F € O be an object of dimension n, i.e., F is dualizable and
Sym™ ! (F[1]) = 0. Set

[:= Sym"(F[-1]).

Consider the commutative algebra A := freecom (F[-1]) and the corresponding
adjunction

indy : O 2 A-mod : oblv 4.
The assumption on F implies that oblvgem(A) is dualizable as an object of
O. Hence, the functor ind 4 commutes with limits, and thus admits a left adjoint.
In this case, it is easy to see that the natural transformation
(ind)*(-) - (indA)*(10) ® oblv 4(-)
is an isomorphism and that

(indA)L(lo) > [®71

A. Weil restriction of scalars

In this section we will establish several facts of how the operation of Weil
restriction behaves with respect to deformation theory.

In particular, we show that Weil restriction along an affine map of a prestack
with deformation theory is a prestack with deformation theory, and we describe
the pro-cotangent complex of the Weil restriction. Furthermore, we show that Weil
restriction of formal groups can be computed using Lie algebras.

A.1. The operation of Weil restriction of scalars. In this subsection we recall
the operation of Weil restriction of scalars of a prestack.

A.1.1. Let f:Z; - Z5 be a map of prestacks. Let X be a prestack over Z;. Let
X = Weil 2! (X1) € PreStk z,
be the Weil restriction of X} along f.
By definition, for S5 € (Sch®™) /25, We have

Maps, z, (S2, X2) = Maps, z, (S1,&1), S1:=21 X 5.
2

A.1.2. Assumption. From now on we will assume that the morphism f is affine
(i.e., its base change by an affine scheme yields an affine scheme).

A.2. Weil restriction of scalars and deformation theory. In this subsection
we will study the deformation theory of objects obtained as by the operation of
Weil restriction of scalars.
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A.2.1. Assume now that X; admits deformation theory relative to Z;.

It follows from the definitions that in these circumstance, X5 will admit defor-
mation theory relative to Z5. Moreover, its cotangent complex can be described as
follows.

For an Ss-point x5 of Xy, let x1 be the corresponding S;-point of X, where
S1:=21 sz Ss.

Denote by fs the corresponding map S; — Ss.

Let Pro((fs)«) be the corresponding functor

Pro(QCoh(S1)”) — Pro(QCoh(S2)7).

Then we have:
(A1) T,,(Xa/Z3) =~ Pro((fs)«) (T, (X1/21)).
A.2.2. Note that if in the above circumstances, X7 is itself of the form

Z, ZXQ Xy, Xye PreStk, z,,

and the point x; comes from an Ss-point x5, of X3, then we have
(A2) Ty, (X2 25) ~ Ty, (X5/ 22) & (f$)«(Os,).
2

A.2.3. Assume that Z1, 25, Xy € PreStky.g. It follows from the definitions that in
this case X5 also belongs to PreStkyag;.

In this case we can talk about
T(Xy) € IndCoh(&;) and T'(X3) € IndCoh(Ay).

We have the diagram
Zix Xy —
Z2

fxidl

Xs.
Let ((f xid)")# : IndCoh(Z, x X>) —» IndCoh(AXs) be the functor right adjoint

to
(f xid)' : IndCoh(X5) — IndCoh( 2, X X).

Note that ((f xid)')® is continuous because f was assumed is eventually cocon-
nective.

From we obtain:
(A.3) T(Xz/Zs) = ((f xid)") " o ev'(T(X1/21)).

Similarly, in the circumstances of Sect. we have
(A.4) Ty, (X2] 29) = Ty (X5/ 25) L& fe(Ox),
X2

where ® understood in the sense of the action of QCoh on IndCoh.

A.3. Weil restriction of formal groups.
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A.3.1. Let O be a symmetric monoidal DG category and P an operad (see Chap-
ter 6, Sect. 1.1 for our conventions regarding operads). For a morphism f : Z; - Z5
as above, pullback defines a functor

f*:P-Alg(0O ® QCoh(Z5)) - P-Alg(0O ® QCoh(Z)).

This functor admits a right adjoint, denoted also Weilg that makes the diagram

oblvp

P-Alg(O ® QCoh(2;)) —— QCoh(Z2;)
(A.5) Weil 21 l lf*

oblvp

P-Alg(O ® QCoh(Z;)) —— QCoh(Z2,)
commutative.

A.3.2. Assume now that Z; and Z5 belong to PreStkj,sx. Then in the above
discussion we can replace QCoh and IndCoh, and the diagram (A.5)) by

oblvp

P-Alg(O ® IndCoh(Z;)) —— IndCoh(Z,)
(A.6) Weil 7L l l(f!)R

oblvp

P-Alg(O ® IndCoh(Z;)) —— IndCoh(Z2,)

A.3.3. Let Z; and Z, again belong to PreStkj,s. Note that by Chapter 7, Sect.
3.5, we have a commutative diagram:

Liczl .
Grp(FormMod,z,) —— LieAlg(IndCoh(Z2,))
H’—’Zl X HI I *
Z, f

Lie
Grp(FormMod, z, ) —=, LieAlg(IndCoh(Z22)).

By passing to right adjoints along vertical arrows, we obtain the following
commutative diagram:

Grp(FormMod, z, ) LieAlg(IndCoh(Z2,))

(A7) Weil Z1 l Weil Z1 l

Lie
Grp(FormMod, z, ) —=, LieAlg(IndCoh(Z3)).






Bibliography

[AG] D. Arinkin and D. Gaitsgory, Singular support of coherent sheaves, and the geometric Lang-
lands conjecture, Selecta Math. N.S. 21 (2015), 1-199.

[BarS] C. Barwick and C. Schommer-Pries, On the unicity of homotopy theory of higher cate-
gories, arXiv: 1112.0040.

[BB] A. Beilinson and J. Bernstein, A proof of Jantzen’s conjectures, Advances in Soviet Mathe-
matics 16, Part I (1993), 1-50.

[BD] A. Beilinson and V. Drinfeld, Quantization of Hitchin?s integrable system and Hecke eigen-
sheaves, available at http://www.math.harvard.edu/~gaitsgde/grad-2009/.

[Bez] R. Bezrukavnikov, On two geometric realizations of the affine Hecke algebra,
arXiv:1209.0403.

[BFN] D. Benzvi, J. Francis and D. Nadler, Integral transforms and Drinfeld centers in derived
algebraic geometry, J. Amer. Math. Soc. 23 (2010), no. 4, 909-966.

[Bezr] R. Bezrukavnikov, On two geometric realizations of the affine Hecke algebra,
arXiv:1209.0403.

[BoV] J. M. Boardman and J. M. Vogt Homotopy Invariant Structures on Topological Spaces,
Lecture Notes in Mathematics 347, Springer-Verlag, Berlin and New York (1973).

[De] P. Deligne, Catégories tannakiennes, in: “The Grothendieck Festschrift”, Vol. II, 111-195,
Progr. Math. 87, Birkhaduser Boston, Boston, MA, 1990.

[Dr] V. Drinfeld, DG Quotients of DG Categories, J. Algebra 272 (2004), no. 2, 643—691.

[DrGal] V. Drinfeld and D. Gaitsgory, On some finiteness questions for algebraic stacks, GAFA
23 (2013), 149-294.

[DrGa2] V. Drinfeld and D. Gaitsgory, Compact generation of the category of D-modules on the
stack of G-bundles on a curve, joint with V. Drinfeld, arXiv:1112.2402, Cambridge Math
Journal, 3 (2015), 19-125.

[Fra] J. Francis, The tangent complex and Hochschild cohomology of En-rings, Compos. Math.
149 (2013), no. 3, 430-480.

[FraG] J. Francis and D. Gaitsgory, Chiral Koszul duality, Selecta Math. (N.S.) 18 (2012), 27-87.

[FG] E. Frenkel and D. Gaitsgory, D-modules on the affine flag variety and representations of
affine Kac-Moody algebras, Represent. Theory 13 (2009), 470-608.

[Gal] D. Gaitsgory, Ind-coherent sheaves, arXiv:1105.4857.

[Ga2] D. Gaitsgory, The Atiyah-Bott formula for the cohomology of the moduli space of bundles
on a curve, arXiv: 1505.02331.

[Ga3] D. Gaitsgory, Sheaves of categories and the notion of 1-affineness, Contemporary Mathe-
matics 643 (2015), 1-99.

[Ga4] Notes on Geometric Langlands, Generalities on DG categories, available at
http://www.math.harvard.edu/~gaitsgde/GL/.

[GaRol] D. Gaitsgory and N. Rozenblyum, DG indschemes, Contemporary Mathematics 610
(2014), 139-251.

[GaRo2] D. Gaitsgory and N. Rozenblyum, D-modules and crystals, PAMQ 10, no. 1 (2014),
57-155.

[Jo] A. Joyal, Quasi-categories and Kan complezes, (in Special volume celebrating the 70th birth-
day of Prof. Max Kelly) J. Pure Appl. Algebra 175 (2002), no. 1-3, 207-222.

[JT] A. Joyal, M. Tierney, Quasi-categories vs Segal spaces, Categories in algebra, geometry and
mathematical physics, Contemp. Math. 431, Amer. Math. Soc., Providence, RI (2007), 277—
326.

[Kr] H. Krause, The stable derived category of a Noetherian scheme, Compos. Math., 141(5)
(2005), 1128-1162.



428 BIBLIOGRAPHY

[LM] G. Laumon, L. Morret-Baily, Champs algébriques, Ergebnisse der Mathematik und ihrer
Grenzgebiete (3 Folge, A Series of Modern Surveys in Mathematics), 39, Springer-Verlag,
Berlin, 2000.

[May] P. May, The geometry of iterated loop spaces, Lecture Notes in Mathematics 271, Springer-
Verlag, Berlin and New York (1972).

[LZ1] Y. Liu and W. Zheng, Enhanced siz operations and base change theorem for Artin stacks,
arXiv: 1211.5948.

[LZ2] Y. Liu and W. Zheng, Gluing restricted nerves of infinity categories, arXiv: 1211.5294..

[Lul] J. Lurie, Higher Topos Theory, Annals of Mathematics Studies, 170, Princeton University
Press, Princeton, NJ, 2009.

[Lu2] J. Lurie, Higher Algebra, available at http://www.math.harvard.edu/~lurie.

[Lu3] J. Lurie, (00, 2)-categories and Goodwillie calculus-I, available at
http://www.math.harvard.edu/~lurie.

[Lu4] J. Lurie, DAG-VII, Spectral schemes, available at http://www.math.harvard.edu/~lurie.

[Lub] J. Lurie, DAG-VIII, Quasi-Coherent Sheaves and Tannaka Duality Theorems, available at
http://www.math.harvard.edu/~lurie.

[Lu6] J. Lurie, DAG-X, Formal moduli problems, available at
http://www.math.harvard.edu/~lurie.

[Ne] A. Neeman, The Grothendieck duality theorem via Bousfield techniques and Brown repre-
sentability, J. Amer. Math. Soc. 9 (1996), no. 1, 205-236.

[Rezkl] C. Rezk, A model for the homotopy theory of homotopy theory, Trans. Amer. Math. Soc.
353 (2001), no. 3, 973-1007.

[Rezk2] C. Rezk, A Cartesian presentation of weak n-categories, Geom. Topol. 14 (2010), no. 1,
521-571.

[Seg] G. Segal, Categories and cohomology theories, Topology 13, (1974), 293—-312.

[Sim] C. Simpson, Algebraic (geometric) n-stacks, arXiv: 9609014.

[To] B. Toen, Descente fidélement plate pour les n-champs d’Artin.

[TV1] B. Toen and G. Vezzosi, Homotopical Algebraic Geometry-I.

[TV2] B. Toen and G. Vezzosi, Homotopical Algebraic Geometry-II.

[TT] R. Thomason and T. Trobaugh, Higher algebraic K -theory of schemes and of derived
categories, The Grothendieck Festschrift, Vol. III, 247-435, Progr. Math., 88 (1990).

[YZ] A. Yekutieli and J. Zhang, Dualizing Complezes and Perverse Sheaves on Noncommutative
Ringed Schemes, Selecta Math. 12 (2006), 137-177.



Index of Notations

A®-, 225 Chev,y, 251
AddFil, 227 Chevy, 251
or, 354 Chevy; /a1, 251
anch, 333 Chevenh7 2592
Annul(F,~), 355 Coassoc?18, 235
ass-gr, 226
Assoct, 223 b, 2%
As?oc)Alga“g(O), 223, 247 coBar)q, 250
At(€), 340 coBary, 250
Aut™ (Y/X), 321 coBarlf /15 249
BF g9o7 coBar:, 249
BLie’ 205 coBarl//l, 249
B');, ’231 coBar®™ 249
Bgcaled, 391 coChev, 2}51
B ) 391 coCheve™ | 252
scaled, Ay gy 1oy’ Cocom®"&, 235
Bx, 208 CocomBialg(0O), 254
Bx(R), 214 CocomCoalg(0)aus:ind-nilp 990
ﬁz’(j‘lé) 265 CocomCoalg®"8(0), 240

CocomHopf(O), 254

* —
Bar®(4,-), 265 cofreep, 264

enh _

ﬁar ;g, ), 265 cofree(s*®, 241

ar+, ind-nilp
Bar/;, 249 cofreeQ , 236
Bary, 249 Coh(X), 123
Bary, /1, 248 coTnvggfi—), 268
Bar®, 248 coinv®"(h, -), 269
Bar®, ., 248 Com™"%, 223
Bariﬁlﬁl 4o ComAlg®"£(0), 223
Bif o 393 coPrimp, 233

' urcscaled’Aiight—lax7 coPrimSitind-nilp Fil " 93g
Bifurcy,,joq, 393 coPrim;,nh’ind’n“p, 238
C(X)g 387 (:oPrim;;ﬂ7 238

’ . . ind-

C(X)gleft-lax7 387 Corr(mdmeChlaft):{harﬁrc’per, 145
C(X)Yrignt-lax | 387 Corr(indinfSchyag; ) 275, 144
CFil 225 Corr(indnilSchlaft);r;ﬁ;ﬁ)lmper, 168
CFil.20 925 indinfsch & ind-proper
CFil,go’ 295 Corr(PreStKiate )iy dintschiall PP, 149
Csr) 226 Corr(PreStkiate )iy jin sch;al» 150
Cer20 296 coTan, 351
Cen<0 296 coTan,e], 351
can, 353 coTanfé‘lh, 351
canNgree, 354 Crys(Z), 161
Chev, 251 /zCrys‘(Z)7 173
Chev, 251 P Crys(presiiqun )y 173



430 INDEX OF NOTATIONS

/yCrys ind-proper, 173

Corr(/¥indnilSchyag ) 515

1Y Crys ind-proper , 172

indnilsch;all

Corr((PreStkyatt)y)
o Crys((PreStkias )/ )indnilsch ’ 173

1
Crysprestiag» 160
Crys ind-proper 168
all;all
indnilsch & ind-proper 4 167
indnilsch;all

167

Corr(indnilSchy, ¢t )

CrysCorr(PrcStklaft )

CrySCorr(PreStklaft)ml_oPen ’

indnilsch;all
CrySindnilSchy g 164
Crys(X), 175

Crys"(X), 177

Crys"(Y)x, 181

DY, 175

DY, 177

D\Z/:erdier, 169

D\Z{erdier’ 168

(deg =n), 226

0, 40

0, 354
"(DGCatSymMen) 289
diag, 335

diag®™", 363, 366

diag -, 209

o(Diff), 177

Diffx, 174

Distr, 289

Distr*, 289

Distr2“g, 289
Distrcecom, 289
DistrCocem™® 989
DistrCocom™ s 4™ Tog0
Dmod!(X), 175

Dmod" (X), 177
Dmod"(Y) x, 180

dR, 160

IYdR, 172
Corr(dR)jHoRe . 167
dzx, 40

(dz)*, 40

expy, 301

fyar.« 173
Fyqms 173
fht 176
fhr o181
fDmod,*v 183
fdr, 160
de,x—a 164
fig, 161
Fi, 175
F, 178
fAl 176
f4r, 180
fA, 418

FormGrpoid(X), 211
FormMod, », 202
FormMod x// /2, 202
FormMod y/, 204
FormSeg(X), 211
free 4, 264
freessoc, 246
freeLicAlgbroid, 333
freey o algbroidel s 368
freep, 223

F(X, 7)IndCOh, 140
FDmod(Xv _)7 183
Tar(Z,-), 169

(gr — Fil), 226
Grp(FormMod, x ), 208
Grp(FormMod, x ), 312
Grp((PreStkyat;) /), 211
Grp(Spcx), 210
Grpoid(X), 209
Grpoidy,g (X), 211

H-mod(IndCoh (X)), 316
h-mod(0O), 268

‘indjp y, 178
il‘lddR7 171
inddR’Z, 170
indg, 340

ind}g y, 175
indjjg x, 177
IndCoh(X)2°, 122
IndCoh(X)=0, 122
IndCoh(X)®, 212

!
IndCohy;, ginsen,, g0 137

IndCoh! 137

'(indinfSChlaft Inil-closed ’
IndCohindSChlaft , 120

!
IndCOh(i"dSChlaft )ind-proper ’ 123
138

!
IndCOh(i"dinfSChlaft nil-isom’
!
IndCOh(indSChlaft Inil-isom ’ 138
IndCoh; 123

(Schagt)proper’

IndCOhCorr(indinfSchlaft)Z{ld_;‘])lmper’ 145

IndCOhCOrr(indSchlaft):;ﬁ:l’lr()per , 146
IndCoh

Corr(indinfSchy,g ) 2il-closed s 144

all;all

IndCoh indinfsch & ind-
Corr((PreStkiar)/yindintachiall @

172

IndCOhCorr(PreStklaft )iﬁgiﬂﬁziﬁiﬁnd_pmpﬁ ’
149

IndCOhcorr(PreS°klaft)?:‘;[;fsch;au ’

IndCohcorr(Schaft ynil-closed 5 144

all;all

IndCohindinfSchyyg,» 139
IndCOhilldSChlaft7 125
Indcoh(indschlaft)incl—closecl7 125
IndCOh(indSChlaft)ind—proper7 125

151



IndCohindinSchyy ) nit-crosear 139

IndCohgep,, , 124
indinfSchlaft, 102
(indinfSChlaft)nil»isom: 138
(indinfSChlaft)nil—closed7 137
/YindnilSchyag, 173
indnilSchy,g, 162
(indnilSchyagt Jnil-closed s 165
indSch, 79

lindSch, 79

lindSchyg, 79

indSchyag, 79
(indSChlaft), 138
<"indSch, 79

<"indSchyg, 79

redindSch, 79
redindSchyg, 79

Inert(R), 329

inert(R), 332

Inerte™?, 363

Inert™™, 331

Inert™f-enh | 366

Inert x, 330

Inerty, 331

inert y, 332

inSCh]aft7 102

ker-anch, 334

£Fil 398
£-mod(IndCoh(X)), 340
Lie, 223

Liey, 308

Liex, 303

LieAlg(0O), 223
LieAlgbroid(X), 333
LieAlgbroid(X)°!, 368
LieAlgbroid(X/Z), 334
LOC!),))/X? 322

MIncrtX , 362
MInert;‘;f’ 365

Monad (%), 364
Monad(%)%P!, 364
Monoid(FormMod, x ), 208
Monoid(Spec™), 294

nilSchyg, 162

O/, 228
'oblng’X, 178
oblv 4, 264
oblvassoc, /15 247
OblvAssoc,l//lv 247
0b1vAssoc,1/7 246
0b1vAssocAlg,+7 247
oblv g, 264
OblVdR7 161
OblVdR,z, 161

INDEX OF NOTATIONS

ObIVFil, 226

oblvg,, 226

oblvy, 268

oblvg, 340

oblvly , 175
oblvyiecalgbroid, 333
ObleieAlgbroidC1 JTnaive, 368
ObleieAlgbroid /T> 333, 334
oblvp, 223

oblvg, 240

oblvyd P, 236

oblviy x, 177

WDmod, X > 179

Qfake 330, 331, 335

Qp, 231

Qx, 208

P-Alg(0), 223

PV, 240

PdR,z, 161

PV, 223

PV, 237

Perf, 338

PreStkClosed in x, 84
PreStkger, 53
(PreStklaft )/)17 172
PreStkIaft,def, 53
PreStkyil-closed in x> 104
PreStknil—isom to x, 111
PreStknilp»emb into x> 38
Primg, 240

Primgi,_ 2;12 )

Prim QM memiP 239
Primgd-nilp, 239
convPro(QCoh(X)~)fke, 39
Pro(QCoh(&)™)fke, 38
Pro(QCoh(X) iast, 33
convpro(QCoh(S)7), 32
Ptd(FormMod, x ), 206
Ptd((PreStklaft )/X ), 211

9-Coalg(0O), 240
Q-Coalg™d™iP(0), 236
Qv, 237
QCoh(X)9-Proi:®o 369

Rscaleds 395
Rscaled’ 395
RealSplitSqZ, 24, 310, 351
RealSqZ, 42, 343, 351
RealSqZ, x,, 347

Rees, 226
aug_ y:
I.eSAssoc L1e7 257
resCocom—»Coassoc 251
bl
resComﬂAssoc7 251

res* %, 241

Sr, 24

431



432 INDEX OF NOTATIONS

(n)

Scale, 301 Focateanr, 406
Scale®left-1ax | 391 X4, 102
(Sch) affine, 45 X/ exp(freer;e(V)), 358
SChcloscdﬂin X 84
(<°°SCh?t )nil—isom from X 205 yO>A1leftflax ’ 398
Schyil-closed in x> 104 redy’ 59
rSethSné;:;f)mE)tg x, 111 YVscaled; 396

5 yscaled,Allcftilax ’ 397

SChX/,inf—closcd7 42
Seg(X), 209 Z4g, 102
Seglaft(x)v 211

ShvCat(Z), 414

Speci™f, 292

Specinf(A)nil—isom7 292

Specinf,ind—nilp7 204

SplitSqZ(S), 24

SqZ(PreStk), 70

SqZ(Sch), 46

(SqZ(SCh))afﬁnev 45

SqZ(X,T), 70

Sym, 252

Sym, 253

Sym_, 253

T(X), 39
T(X), 336
T(X/Y), 337
T*(X), 41

T (X), 25
Tr(X]X), 28
Traive (X)) 368
T (X), 35
trivy, 268
trivp, 223
trivg, 240
triviy* P, 236

U, 257

U(£), 342
U(L)t, 342
U(L)F1 412
UFil 258

Uer, 259
UHorf 958
(UHopf)Fil7 258
TDmod,x, 179
Tx g, 179

ydeg=n_ 296
Vect™, 222
Vect?, , 235
Vect x (F), 294
VF(X), 359

WeilZ! (21), 423

x(M) | 406
xM 406

scaled’



Index

(—n)-connective corepresentable
deformation theory, 53
(—n)-connective cotangent complex, 37
(—n)-connective pro-cotangent space, 31
(—n)-connective deformation theory, 53
(—n)-connective pro-cotangent complex, 37
(—n)-connective pro-cotangent space, 31

admits cotangent spaces, 27

admits pro-cotangent spaces, 27

almost of finite type (pro-)quasi-coherent
sheaf, 33

anchor map, 333

Atiyah algebroid, 340

augmented associative algebra, 223

augmented commutative algebra, 223

Chevalley functor, 250

classical ind-scheme, 79

classical Lie algebroid, 368

closed embedding, 59

co-algebra over a co-operad, 240
co-differential map, 40

co-operad, 235

cocommuative bialgebra, 254
cocommutative Hopf algebra, 254
codifferential of z, 40

composition monoidal structure, 222
connective cotangent spaces, 31
connective pro-cotangent spaces, 31
cotangent complex, 36

cotangent space, 26

crystal, 160

de Rham prestack, 102

de Rham resolution, 408

deformation to the normal bundle, 396
differential of x, 40

effective epimorphism, 364

(strict) equivariance, 385

eventually connective cotangent space, 31

eventually connective pro-cotangent space,
31

exponential map, 301

filtered object, 225

433

formal completion, 102

formal moduli problem over X, 202
formal moduli problem under X, 204
formal vector prestack, 294

formally smooth, 56

given by a surjective system, 82
graded object, 226
groupoid, 209

Hodge filtration, 408

ind-affine ind-scheme, 85
ind-affine morphism, 85
ind-closed embedding, 85
ind-finite morphism, 86
ind-inf-scheme, 101
ind-nilpotent co-algebra, 236
ind-proper morphism, 86
ind-schematic morphism, 85
ind-scheme, 79

inertia group, 330

inertia monad, 362

inf-affine, 298

inf-scheme, 101

inf-spectrum, 292
infinitesimal inertial group, 331
infinitesimally cohesive, 50
infinitesimally linearizable, 24

Koszul duality, 236

left D-modules, 175

left-lax equivariance, 385

Lie algebroid, 333

Lie operad, 223

locally eventually connective cotangent
space, 31

locally eventually connective deformation
theory, 53

locally eventually connective pro-cotangent
complex, 37

locally eventually connective pro-cotangent
space, 31

map of square-zero extensions, 45

n-coconnective ind-scheme, 79



434 INDEX

n-th infinitesimal neighborhood of X in Y, zero Lie algebroid, 337
406

nil base change, 131

nil-closed, 59

nil-closed-embedding, 162

nil-isomorphism, 59

(ind)-nil-schematic, 162

nil-schematic ind-scheme, 88

nil-separated, 148

nilpotent embedding, 49, 59

non-negatively filtered object, 225

non-positively filtered object, 225

(unital) operad, 223

P-algebras in O, 223
pro-cotangent complex, 36
pro-cotangent space, 25
pseudo-nilpotent embedding, 59

reduced indscheme, 79

regular embedding of relative codimension
n, 417

relative pro-cotangent space, 27

right D-modules, 177

right-lax equivariance, 385

shifted anchor map, 335

smooth of relative dimension n, 419
special monad, 365

split square-zero extension, 24
splitting of a Lie algebroid, 336
square-zero extension, 42
square-zero extension of X, 70
symmetric sequence, 222

tangent Lie algebroid, 336
tangent space, 35

uniformly eventually connective
corepresentable deformation theory, 53

uniformly eventually connective cotangent
complex, 37

uniformly eventually connective cotangent
spaces, 31

uniformly eventually connective
deformation theory, 53

uniformly eventually connective
pro-cotangent complex, 37

uniformly eventually connective
pro-cotangent spaces, 31

universal envelope of a Lie algebra, 256

Verdier duality, 169
‘WEeil restriction, 423

X admits corepresentable deformation
theory, 53
X admits deformation theory, 53



	Preface
	1. What is the object of study in this book?
	2. How do we do we construct the theory of IndCoh?
	3. What is actually done in this book?

	Acknowledgements
	Introduction
	1. What is done in Volume II?
	2. What do we use from Volume I?

	Part I.  Inf-schemes
	Introduction
	1. Why inf-schemes?
	2. Deformation theory
	3. Inf-schemes
	4. Ind-coherent sheaves on inf-schemes
	5. Crystals and D-modules

	Chapter 1. Deformation theory
	Introduction
	1. Push-outs of schemes
	2. (pro)-cotangent and tangent spaces
	3. Properties of (pro)-cotangent spaces
	4. The (pro)-cotangent complex
	5. Digression: square-zero extensions
	6. Infinitesimal cohesiveness
	7. Deformation theory
	8. Consequences of admitting deformation theory
	9. A criterion for being locally almost of finite type
	10. Square-zero extensions of prestacks

	Chapter 2. Ind-schemes and inf-schemes
	Introduction
	1. Ind-schemes
	2. Proofs of results concerning ind-schemes
	3. (Ind)-inf-schemes
	4. (Ind)-inf-schemes and nil-closed embeddings

	Chapter 3. Ind-coherent sheaves on ind-inf-schemes
	Introduction
	1. Ind-coherent sheaves on ind-schemes
	2. Proper base change for ind-schemes
	3. IndCoh on (ind)-inf-schemes
	4. The direct image functor for ind-inf-schemes
	5. Extending the formalism of correspondences to inf-schemes
	6. Self-duality and multiplicative structure of IndCoh on ind-inf-schemes

	Chapter 4. An appliction: crystals
	Introduction
	1. Crystals on prestacks and inf-schemes
	2. Crystals as a functor out of the category of correspondences
	3. Inducing crystals
	4. Comparison with the classical theory of D-modules


	Part II.  Formal geometry
	Introduction
	1. What is formal geometry?
	2. Lie algebras
	3. Formal groups vs. Lie algebras
	4. Lie algebroids
	5. Infinitesimal differential geometry
	6. A simplifying remark

	Chapter 5. Formal moduli
	Introduction
	1. Formal moduli problems
	2. Groupoids

	Chapter 6. Lie algebras and co-commutative co-algebras
	Introduction
	1. Algebras over operads
	2. Koszul duality
	3. Associative algebras
	4. Lie algebras and co-commutative co-algebras
	5. The universal enveloping algebra
	6. The universal envelope via loops
	7. Modules
	A. Proof of Theorem 2.9.4
	B. Proof of the PBW theorem
	C. Commutative co-algebras and bialgebras

	Chapter 7. Formal groups and Lie algebras
	Introduction
	1. Formal moduli problems and co-algebras
	2. Inf-affineness
	3. From formal groups to Lie algebras
	4. Proof of Theorem 3.1.4
	5. Modules over formal groups and Lie algebras
	6. Actions of formal groups on prestacks

	Chapter 8. Lie algebroids
	Introduction
	1. The inertia group
	2. Lie algebroids: definition and basic pieces of structure
	3. Examples of Lie algebroids
	4. Modules over Lie algebroids and the universal enveloping algebra
	5. Square-zero extensions and Lie algebroids
	6. IndCoh of a square-zero extension
	7. Global sections of a Lie algebroid
	8. Lie algebroids as modules over a monad
	9. Relation to classical Lie algebroids
	A. An application: ind-coherent sheaves on push-outs

	Chapter 9. Infinitesimal differential geometry
	Introduction
	1. Filtrations and the monoid A1
	2. Deformation to the normal bundle
	3. The canonical filtration on a Lie algebroid
	4. The case of groups
	5. Infinitesimal neighborhoods
	6. Filtration on the universal enveloping algebra of a Lie algebroid
	7. The case of a regular embedding
	A. Weil restriction of scalars

	Bibliography
	Index of Notations
	Index


